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MULTIPLICATIVE FUNCTIONS 

&1 WILSON'S THEOREM 

LEMMA 1. 

A positive integer a is self-invertible modulo p if and only if 

Et1 (mod p). 

Proof Given: a S self-invertible modulo p 

a 1 (mod p) 

ie, p | (a- 1)

pI (a-1) (a + 1) 

pla-1 (or) p |a +1 
Hence either a = 1 (mod p) or a = -1 (mod p) 

Converse part: 
Given: a =1 (mod p) or a = -1 (mod P) 

In either case, a = 1 (mod p) 

a is self-invertible modulo p. 

Theorem 1. 
(Wilson's theorem) If p is a prime, then (p - 1)! = -1 (mod p) 

Proof Given p is a prime. 

To prove (p- 1)= -1 (mod p) (1) 

Proof: For p = 2, 
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5.2 
(1) (2-1)! =-1 (mod 2) 1!-1 (mod 2) 

1 E -1 (mod 2) 
the theorcm is true for p = 2 

So, let p> 2, 

op. 

the lcast positive residucs 1 through p - 1 are invertible me 
But two of them, 1 and p - 1, are their own inverses by lemma 

p-2 
So we can group the remaining p - 3 residues, 2 throuah 

into (p-3)/2 pairs of inverses a and b = a such that
ab 1 (mod p) for every pair a and b 

Hence, 2.3... (p - 2) = 1 (mod p) 

(p-1)! = 1.12.3.. p-2)]. (p - 1) 
= 1.1.(p - 1) (mod ) 

(P-1)! = -1 (mod p) 

Theorem 2. 

If n is a positive integer such that (n - 1) != -1 (mod n), then 
n is a prime. 

Proof: We prove this by contradiction method 

Let n is composite, say n = ab, where 1 <a,b < n. 

Since a ln and n|[(n - 1)!+1] 

alI(n-1)!+ 1]. 
Since 1<a <n, a is one of the integers 2 through n -1, so0 a l(n-1)!. 
Therefore, a|[(n -1)! +1-(n - 1)!] ie., a|1. 
So a = 1, a contradiction. 

Hence, n must be a prime. 
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Theorem 3. 

Ifp be a primc and n any positive integer, then 

(p)= (-1" (mod p) n!p" 

Solution: 

Let a be any positiveC integer congruent to 1 modulop. Then, by 

Wilson's thcorem, 

a (a + 1).. (a+ (p- 2)] = (p - 1)! = -1 (mod p). 
p)! (np)! Then 
n!p p.y.sp... (p) 

= II (- 1)p + 1]... [(r-1)p +(p - 1)] 
r=1 

= [I (P - 1)! (modp) 
r=1 

= [I (-1) (modp) 

E (-1" (modp) 

Example 5.1.1 
ind the self-invertible least residues module each prime p 

(a) 7 (b) 23 

Solution 

Then (p -1)! = 6!= 1.2.3.4.5.66 

a) Given p =1 

The least residues mo modulo 7 that are self-invertible are 1 and 6. 
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(b) Givenp = 23 

Then (p- 1) 221 

22. 
The least residucs modulo 23 that arc self invertiblc arc I and 2 

Example 5.1.2|| 
Solve the congruencc x=1 (mod m) for cach modulo m. 

(a) 6 (b)8 

Solution 

(a) Given m = 6 

= 1 (mod 6) 
x = 1 1= 1 (mod 6) 

4 41 (mod 6) 
9 91 (mod 6) 

X = 2 

X = 3 

x = 4 16 1 (mod 6) 
x = 5 25 1 (mod 6) 

= 1, 5 

(b) Give m = 8 

= 1 (mod 8) 
x = 1 1 (mod 8) = 

X = 2 4 1 (mod 8) 
X = 3 9 = 1 (mod 8) 
x = 4 16 #1 (mod 8) 
x = 5 25 = 1 (mod 8) 
X = 6 36 1 (mod 8) 

49 = 1 (mod 8) 
x = 1, 3, 5, 7 
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Example 5.1.3/ 

re or disprove: If the congruence x = 1 (mod m) has exactly 

Prove 

(wO 

solutions,
then m is a prime. 

S 

Solution : 

The congruence 
FI (mod 6) has exactly two solutions, but 

m 
=6 iS not a prime. 

Hence, the given 
statement is not true. 

Example 5.1.4| 

If e1 1 (mod p) and =1 (mod q), does it follow that 

El (mod pg), where p and q are distinct primes? 

Solution: 

Yes. Since x=1 (mod p) and =1 (mod q), 

=1 (mod [p, ql) i.e., 1 (mod pq) 

Example 5.1.5 

Let a be a solution of the congruence x' = 1 (mod m). Show that 

m-a is also a solution. 

Solution 

Let a 1 (mod m) 

(7 a) = m- 2am + a = 1 (mod m) 

S0 m-a is also a solution. 
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Example 5.1.6| 

Without using Wilson's theorem, verity that (p- 1)! = -1 (mod p) 
for each p. 

(a) 5 (b) 7 

Solution: 
(a) Here p = 5 

(p-1)! (5 - 1)! = 4! = 24 = -1 (mod 5) 

Hence, verified. 

(b) Herep = 7 

(p - 1)! = (7- 1)! = 6! = 720=-1 (mod 7) 

Hence, verified. 

Example 5.1.7|| 

If p is a prime and p be odd, then 2 (p - 3)! = -1 (Mod p) 

Solution 
By Wilson's theorem, (p - 1)! = -1 (mod p) 

ie, -3)! (p - 2) (p- 1) = (p -3)! (-2) (-1) 

2 (p-3)!=-1 (mod p) 
ie, 

Example 5.1.8| 

Prove that p-1) (p -2). (p-k) = (-1)* k! (mod p), where 

1k< P 
Solution 

(p 1) (P - 2). (p - k) = (-1) (-2) .. (-k) = (-1)* k! (mod P) 

P-1=-1 (mod p), p - 2=-2 (mod p)...(p - k) = -k (mod p)l 
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Example 5.1.9 

odd. Then 12.3... (p- 2) = (-1){P + /2 (mod p) 

Let p 
be odd. 

Solution 

We know that i P-i) (mod p) .. (1)

.3..(p- 2)°= 1.3... (p -2)1[1.3... (p -2)](mod p) 

[1.3... (p-2)] [[-(p-1)N[-(p-3) .. I-(p-(p-2)] (mod p) by (1) 

[1.3 ... (P - 2)] [(p - 1) (P -3).. 2)] (-1)P-/2 (mod p) 

= (p-1)! (-1)P-1)/2 (modp) 

P-22 (mod p), by Wilson's theorem. 

= P+1/2 (modp) 

Example5.1.10| 
A positive integer n 22 is a prime if and only if (n-2)!=1 (mod n) 

Solution: 

Let n 2 2 be a prime. 

hCn, by Wilson's theorem, (n - 1)! = -1 (mod n); 

(-2)! (n - 1) = (-1) (n -2)! =-1 (mod n), 

SO (n-2)! = 1 (mod n) 

Conversely, let (n - 2)! = 1 (mod n). 

nen (n-1)! = (n -2)! (n - 1) =1.(-1) = -1 (mod 1), so by 

the 
hen (n 1)! : 

COnverse of Wilson's theorem, n is a prime. 
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Example 5.1.11|| 

Let r be a positive integer <p such that r! = (-1)' (mod p). Tha hen (p-r- 1)! = -1 (mod p) 

Solution: 

By Wilson's theorem,

-1 = (p- 1)! = (p - r- 1)! [(p -).. (p- 1)! (-1)] 
= (p -r- 1)! (-1)"r! = (p -r- 1)! (-1)' = (p-r- 1)! (mod p) 

Thus (p -r- 1)! = -1 (mod p) 

Example 5.1.12| 

1.3.5.p- 
2.4.6... (P 

= (-1)(P -1)/2 (mod p), where p > 2 

Solution: 

1.3.5...(p-2) 
2.4.6... (p - 1) 

[1.3.5... (p - 2)1 [1.3.5... (p -2)1 

[2.4.6... (p - 1)] [1.3.5... (p - 2)] 

1.3.5 (p-2) 
P-1)! 

. (1) 

Nr = [1.3.5... (p - 2)][1.3.5... (p - 2)]1 (mod p) 

[1.3.5..(p -2)1|-(p- 1)]| [-(p-3)].-(p-(p-2) (mod p) 
.is - (p -i) (mod p) 

= [1.3.5... (p - 2)] [P - 1) (p - 3)... 2] (-1){P- 1/2 (modp) 
= (p-1)! (-1)P- 12 (mod p) 

(-1)Py (p -1)! (modp) 
(P 1)! 

(1) 

= (-1)P* 1y (mod p) 
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Example 5.1.13/ 

Prove that I1 (1+p/n) = 1 (mod p) 
n=1 

Solution 

Let N TI (1 +p/n) = 
n=1 

(1 +P) 

(p+ 1) (p + 2).. (2-1) = (22-1 
(p 1)! 

is an integer. Then

1 (p-1)! - (p +1) ... p- 1) 

1.2.. (p -1) (mod p) 
(p-1)! (mod p) 

Since (p-1)1,p) = 1, it follows that N= 1 (mod p) 

EXERCISE 5.1| 
1 .Find the self-invertible least residues modulo each prime p. 

(a) 13 (b) 19 

olve the congruence x = 1 (mod m) for cach modulus m. 

(a) 12 (b) 15 

Without using Wilson's theorem, verify that (p-1)!=-1 (mod p) 
tor each p. 

(a) 3 (b) 13 

rove each, where p is a prime. 
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4. Let p bc odd. Thcn 2 (p - 3)! = -1 (mod p) 

Lct p be odd. Then 2.4... (p -1) = (-1P + 12 5. 1/2 (mod p) 
Let 0 Sr sp - 1. Then r! (p -1-)!+ (-1)' =0 (mod p) 

6. 

7. sn (modp) 

5.2 Fermat's Little theorem 

Lemma 1.| 

Let p be a prime and a any integer such that p a. Then the least residues of the integers a, 2a, 3a, ., (p-1)a modulo p are a permutation of the integers 1,2, 3, , (p- 1)

Proof 

I-Part 

To show that, ia # 0 (mod p), 1sisp -1 

Suppose ia = 0 (mod p) 

p ia 

But (p, a) = 1 

So p |i, which is impossible since i <p 

ia 0 (mod p) 
I1-Part 

To show that if ia = ja (mod P), 1si,jsp - 1 then i=) 

Suppose ia = ja (modp), 1 si,j sp - 1 

Since (p, a) = 1 

i =j (mod p) 
But both i and j are least residues modulo p. 
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So, i=j 

Hence, if ia = ja (modp), 1 si,j sp -1 theni =j 

dher words, no two least residues of a, 2a, 3a, .., (p-1) a are 
In other words, no 

ongruent modulop. 

Theorem 1 

(Fermat's Litt mat's Little Theorem) Let p be a prime and a any integer 

ch that p a. Then aP-1 = 1 (mod p). 

Proof 

By lemma 1, the least residues of the integers By 
.24, 34, ... (p - 1)a modulo p are the same as the integers 

1, 2, 3, (p - 1) in same order. 

their products are congruent modulo p. 

ic, a. 2a.3a.. (p - 1) a =1.2.3... (p 1) (modp) 

(p-1)!aP = (p-1)! (modp) 

But (p-1)!, P) = 1 

aP= (mod p) 

Since we know that, 

ac = bc (mod m) and (c, m) =1 then a =b (mod m) 

Example 5.2.1 

Find the primes p for which 
2P-1 is a square. 

Solution 
P 

La2 1 -n for some positive integer P 
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ony 2P- 1 = pn'. 

Clearly, both p and n must be odd. 

Let p = 2k +1. (1) for some positive integer k. 

Then 22%-1 = pn (2- 1'= pn* » (252 = (21 
= +12 

(2-1) (2 + 1) = pn?. 

Since 2- 1 and 2+1 are consecutive odd integers, they ar tegers, they are 
relatively prime. 

Consequently, cither 2- 1 or 2" + 1 must be a perfect square 

Suppose 2 1 is perfect square 

2-1 = 2 

2k= +1 

(25= (+1 

2k(+1 
2P-1= (+1 by (1) 1.., 

Since r21 and is odd, r = 2i +1 for some integer 20 

Then 2* = (2i +1)' = 2 (2i4 +2i+1) ; this is possible 1 auu 

only if i = 0. 

Then r= 1, so 2Pl = (1 + 1) = 4 and hence p = 3. 

Suppose 2T' is a perfect square s 

2k+1 2 

2k=s- 1 
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- (-1» 2* - [G- 1)G + )] 

2P= s - 1) (6+1) 

3 and is odd, s = 2i-+1 for some i 2 1. 
Since s 3 an 

Then 2 = (2i+ 1)- 1 =4i(t 1), that is 2k-2=, i (i +1). 

This is possible if and only if i = 1. 

Then s=3 and hence 2P= 22.42=26 

So p 7. 

Hence, p must be 3 or 7. 

Example 5.2.2| 

Find the remainder when 24* is divided by 17. 

Solution 

24= 7(mod 17) 

241947= 71947 (mod 17) . (1) 

Fermat's little theorem is aP= 1 (mod p), p prime, any integer

Lela 
16 1947 

Cre, p= 17, p - 1= 16, a = 7, 17 \ 7 
1936-11

76 1 (mod 17) . (2) 

71947=(16) (121) + 11 = (716121 7 

71947 1121 7l1 (mod 17) 

71947=71 (mod 17) .(3) 
7 -2 (mod 17) 
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711 = (7S 7 (mod 17) 

= (-2)° 7 (mod 17) 
= (-32) (7) (mod 17) 
= (2) (7) nod 17 

14 mod 17 .. (4) 

241947 = 14 mod (17) by (2), (3) & (4) 
So, the remainder is 14 

Example 5.2.3 

Find the remainder when 30 is divided by 19. 

Solution: 

30(-8) (mod 19) 
302020 (-8)2U2 (mod 19) 

=82020 (mod 19) .(1) 

Fermat's little theorem is aP =1 (mod p), p prime, any integer 

Lpha 
818 1 1 (mod 19) 18 2020 

g2020=(88112 gt (mod 19) 112-4 

= (1) 8 (mod 19)
= 11 (mod 19) .(2) 8= 4096 

302020= 11 (mod 19) 4096 19 

215-11 
Example 5.2.24||

cimal 
Find the ones digit in the base-seven expansion of each d 

number 

(a) 5101 (b) 373434 
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Solution 

= -2 (mod 7) 

s101= (-2)101 (mod 7) .(1) 

Fermat's little theorem is a =1 nod p), p prime, any integer 

6 101 

(-2)°= 1 (mod 7) 
16-5 

(-2)= (-2)) (16)+5 (mod 7) 

= (-2)1) (-2)° (mod 7) 
732 

= (1) (-2)° (mod 7) 4-4 

-4 (mod 7) 

5101 = 3 (mod 7) 

6) 37 = 2 (mod 7) 

(373434 23434 (mod 7) 

Fermat's little theorem is aPl =1 (mod p), p prime, any integer 

LPa 

2 = 1 (mod 7) 
6 3434 

572-2 

23434=(26ST2 22 (mod 7) 
= (1)972 (mod 7) 

= 4 (mod 7) 
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Theorem 2.| 
Let p be a prime and a any integer such that p\ a. Then aP-2 

is an inverse of a modulo p. 

Proof 
By Fermta's little theorem, a'= 1 (mod p). That is, 
By 

a.aP 1 (mod p), so aP is an inverse of a modulo p 
a.a 

Theorem 3.| 
Let p be a prime and a any integer such that p a. Then the 

of the linear congrucnce ar = b (mod p) is given by solution 

xE aPb (mod p) 

Proof 

Since pa the congruence ax =b (mod p) has a unique 

solution. 

Since, ais an inverse of a modulo p, multiplying both sides 

of the congruence by a*, we have 

aP (ar) = a'*b (mod p) 

aPlx = P-b (mod p) 

x ab (mod p), by Fermat's little theorem. 

Theorem 4.| 

Let p be a prime and a any positive integer. Then a =a (mouP 

Proof 

m, 
Case 1 : Suppose pha. Then, by Fermat's little tn 

aP =1 (mod p), so aP =a (mod p) 
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2: Suppose p | a. Then p = a =0 (mod p), so aP =0 (mod p) 

Theorems and Multiplicative Functions 

aP=a (mod p) 

Hence, in both cases, a =a (mod p) 

Theorem5. 

Let Di P2 -. Pk be any distinct primes, a any positive integer, and 

I P1-1,P2-1, Pk11. Then a*' =a (mod p1P2.. P) 

Proof 

Bv Fermat's little theorem, a* =1 (mod pi), where 1si sk. 

Since pi- 1/1 

(aPi 11 (P- 1) = 1 (mod pi). 

ie., a =1 (mod pi). Thus, +1 =a (mod pi). 

Consequently, a *'=a (mod [P1.P2 Pk) 

ie., =a (mod P1P2.. P). 

Corollary 1. 

t a be any integer and p and prime> 3. Then a =a (mod 6p). 

Example 5.2.5 
Solve each linear congruence 

(a) 12x = 6 (mod 7) 

(b) 24r = 11 (mod 17) 

(c) 43r = 17 (mod 23) 

Solution 
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(a) Let p be a prime and a any integer such that p\a. Then the 

solution of the lincar congruence ax = b (mod p) is gjven by 

xE aPb (mod p) 

12r6 (mod 7) 
7| 248832 

x = (12)-6 (mod 7) 
35547-3 

= (12 6 (mod 7) 

(3%6) (mod 7) 

4 (mod 

[ 12 = -2 (mod ) 

12= (-2) (mod 7) 

E - (2) 2 (mod 7) 

F (-4) (1) (mod 7) 
E -4 (mod 7) 

3 (mod 7)] 

(6) Let p be a prime and a any integer such that p\a. Then the 
solution of the linear congruence ax = b (mod p) is given by 
xE a°b (mod p) 

24x 11 (mod 17) 

x = (24)"11 (mod 17) 
= (24) 11 (mod 17) . 1) 

24 7 (mod 17) 



Theorems and Multiplicative Functions 5.19 
Classícal 

245= 3 (mod 17) 243 = 13824 

(1)x 
= (24°)° 11 (mod 17) 17 13824 

= (3 11 (mod 17) 813-3 

17 2673 
= 2673 (mod 17) 

157-4 
= 4 (mod 17) 

c) Let p be a prime and a any integer such that p a. Then the 

solution of the linear congruence ax =b (mod p) is given by 

E a*b (mod p) 

43r 17 (mod 23) 

x = (43)"* 17 (mod 23) 

= (43) 17 (mod 23) .(1) 

43 20 (mod 23) 433= 79507 

43)= 19 (mod 23) 23 79507 

3456-19 
(1) x (43*)' 17 (mod 23) 

x = (19)' 17 (mod 23) .(2) 

19= 5 (mod 23) 

X = (19 ) (19) (17) (mod 23) (2) 

= (5)° (323) (mod 23) 

2 (inod 23) 
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Example 5.2.6|| 
= 

Compute the least residue of each 

(a) 2510 (mod 341) (b) 11l+ 17 (mod 187) 

Solution: 

(a) 23 (mod 381) 

10 1 (mod 11) 
230 1 (mod 31) 
2340= (2034 = 1 (mod 11) 
2340 (230,11 210 = (1) (1) = 1 (mod 31) 

2 3401 (mod [11, 31) 
= 1 mod (341) 

(6) 11= 1 (mod 17) 

17=1 (mod 11) 

11l617= 1+0 = 1 (mod 17) 
11+17 = 0+1 = 1 (mod 11) 

1116 +170 = 1 (mod [17, 11]) 

11l6+170 = 1 (mod [187|) 

Example 5.2.7 
Verify (12 + 15) "= 12+ 15 (mod 17) 

Solution 

(12 + 15) = (27)*' = 27 (mod 17) by theorem 4. 
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= (12+15) (mod 17) 
Classica 

5.21 

= 12+ 15 (mod 17) by theorem 4. 

Example 5.2.8 

P-12Pt... + (p - 1)P-1= -1 (mod p). 
If be any odd prime and a any non-negative integer then 

Solution: 

We know that, k* 1 (mod p) by Fermat's theorem 

where 0 <k <p 

1P-1+2P+... + (p - 1)P-1 (1+1+1+... +1) (modp 

p-1) (mod p) 
= -1 (modp) 

EXERCISE 5.2|| 
1. Find the remainder when the first integer is divided by the seco 

(a) 7001 17 

2. Find the ones digit in the base-seven expansion of each decimal 

(b) 151976, 23 (c) 433555, 31 

number. 

(a) 121111 (b) 292076 

Solve cach linear congruence. 

(a) 8r 3 (mod 11) 

(b) 26r = 12 (mod 17) 

(c)15x =7 (mod 13) 

(16+21)23 = 1623 +2123 (mod 23) 
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heory 
cube. 

5. Find the primes p such that (2P - 1)/p is a perfect 
6. Let p and q be distinct primes, and a, b, and n arhitra- 

intcgers. Prove each 
arbitrary sitive 

(a) If aP =bP (mod p), then a =b (mod p) 

(b) If aP= bP (mod p), then aP = bP (mod p) 

c) +Pl =1 (mod p�) 

(d) p+g =p +q (mod p�) 

7. Using Fermat's little theorem, prove that 

(a + b)P = aP + bP (mod p) 

5.3 Euler's theorem - Euler's Phi function 

Definition: Euler's Phi function 

Let m be a positive integer. Then Euler's phi function o(m) 
denotes the number of positive integers m and relatively prime to m. 

Theorem 1 
A positive integer p is a prime if and only if o (p) =p -1 

Proof 

Let p bea prime. 

Then there are p -1 positive integers Sp and relatively P 
to p, so p (P) =p - 1 

- 1. Conversely, let p be a positive integer such that ô (p) =P 
Let dlp, where 1<d <p. 

Since there are exactly p - 1 positive integers P 
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5.23 d is one of them, and (4,p) *1 
So (P) <p-1, a contradiction. 
Hence, p must be a prime. 

Theorem 2. 

Let m be a positive integer and a very integer with (a, m) = 1. Let r2o (m) o c posIve integers m and relatively prime to m. 

Then the least residues of the integers ar, ar2, , a ro (m) modulo m are a permutation of the integers r1 2 do (m) 
Theorem 3.| 

(Euler's Theorem) (or) Generalised Fermat's theorem 
Let m be a positive integer and a any integer with (a, m) = 1. 

Then am) = 1 (mod m). 
Proof 

Given m is a positive integer a any integer such that (a, m) = 1 

Let ,2 ., o (m) be the least residues modulo m that are relatively prime to m. 

1o prove that (ar, m) = 1 for every i 

Let (ari, m) >1 

Let p be a prime factor of (ari, m) 

P ar and p | m parp P|a or p ril 

tplr, then p |r and p | m, 
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So, i, m) * 1, a coatradiction. 

So pla 

This coupled with p|m PIG 7m), a, m) * 1 apain 
contradiction. 

Hence, (ar, m) = 1 

i.e., the integers ar ar2 aro (m) are relatively prime to m. 

So the integers a1, ar2,., aTo (m) are congruent modulo m t 
1 2o (m) In same order. 

(ar 1) (ar2),. (p (m)) = p2 To (m) (mod m) 

Since each r; is relatively prime to mn 

/2.ro (m)» m) 1 

am)= 1 (mod m) 
Hence the proof. 

Definition : Multiplicative Function 
A number theoretic function f is multiplicative 

S (mn) = f (m)f(«) whenever m and n are relatively prinmc 
Theorem 4. 

Let f be a multiplicative function and n a posIL canonical decomposition n = pi p?... P 

ger with 

Then f(n)=f(p$)f (PE). f (PE) 
Proof: We prove this by induction on the nu primes in n 

number of distinct 
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TE k= 1, that is, if n = Pi, then f(n) = f (p$V, so the theorem is 

trivally true. 

A 
Assume that it 1s true Ior any integer with canonical decomposition 

consisting 
ofk distinct primes 

Let n be any integer with k+1 distinct primes in its canonical 

decomposition, 

n =pî P... pst 

Since (p.. P P) = 1 and f is multiplicative 

fPi- P P$) = f(Pi...P)f PD 

- f(P)..f (P$Df PTD, 
by the inductive hypothesis. 

Therefore, by induction, the result is true for any positive integer n. 

Theorem 5.| 
Let p be a prime and e any positive integer. Then Then 

P) =p° -p 
Proof 

PP)=number of positive integers p° and relatively prime to it 

various multiples of p they are p, 2p, 3p, , (P P, and p in 

number of positive 

integers p 
number of positive integers s p°| 

and not relatively prime to it 
- 

C positive integers p and not relatively prime to it are the 

number. 



Algebra and Number Tho 
5.26 

Theory Hence o (p) = p°-p 

Note: ) =p°- p*l = p* (1-) p. 

Theorem 6.| 

Let n = pilp2... p be the canonical decomposition of a Dosit 
integer n. Then 

(n) = n 

Proof 

Given: n = pîp?... p 

. is multiplicative] 
(n) = P¢|P 

A p1- by Theorem 5 
Pk 

R-R )-1. 
P 

Theorem 7. 
The Euler function o is multiplicative. 

Proof 

Let m and n be positive integers, such that (m, n) 
To show that o (m n) = ¢ (m) ¢ (n) 

each Arrange the integers 1 through mn in m rowS O 
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Cassic 

2m +1 (n-1) n +1 n+1 

2m +2 (n 1) m +2 m +2 

m+3 

3 

2m +3 (-1) m +3 

2m+r n 1) mn +r row 

2m 3m n m 

Letr be a positive integer s m, such that (r, m) > 1. 

To show that no element of the r" row in the array relatively 

prime to mn. 

Let d=(, m). 

Then dir and d|m, so d \knm +r for any integer k. 

i.e., d is a factor of every element in the r" row. 

Hence, no element in the r" row is relatively prime to m and 
hence to mn if (r, m) >1. 

5y definition, there are p (m) such integersr and hence p (m) SUch rows. 

OW, let us concentrate on the rh row, where (7,m) =1 

C Clements are r,m +r, 2m +r, ., (n - 1) m +r 

1) of which (n) are relatively prime to n. 

Their least residues modulo n are a permutation of 0, 1, 2, . 

and hence to mn. 

aeuy p (n) elements in the row are relatively prime to 
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N Hence, therc are o (m) rows containing positive integers relatiul prime to mn, and each row contains (n) elements relativelv nri to it. 

So the array contains p (m) $ (n) positive integers Smn relatively prime to mn and 

1.e., p (m n) = 0 ^ (m) p (n) 

is multiplicative. 

Example 5.3.1 
Find o (11) 

Solution 

11 is a prime. 

Every positive integer < 11 is relatively prime to 11 

(11) = 10 

Example 5.3.2| 
2 18 Find (18) 

9 
Solution 

18 (2) (3) 

(18) p (2)¢ (3) 

= (2)3 

- (1) 9)3 
(2) = 2-1 by Theorem 

= 6 

p)=p° (1 - Theorem5 
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Example 5.3.3| 28 2 

Find (28) 
2 14 

Solution 

28 (2) (7) 

(28)-(2) ¢ () 

#1- (6) T (7) =7-1 by Theorem 1]J 

= (4 ) -(1-) Theorem 5] 

12 = 

Example 5.3.4|| 

Find the remainder when 245 is divided by 18. 

Solution 

245= 11 (mod 18) 

2451040 = 111040 (mod 18) (1) 

(18) ¢(3 x 2) 
= p (3)¢ (2) 

-1-0 

-

6 = 

11P18)= 11 = 1 (mod 18) by Euler. 
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eory 
(1) 11 = (11)".11 = 173(121) mod 18 

6 1040 

(1)111040 

= 13 mod 18 

173-2 Hence, thc rcmainder is 13 

Example 5.3.5| 
Find the remainder when 19940 is divided by 28, 

Solution 

199 3 (mod 28) 

1992020 = 3020 (mod 28) (1) 
(28) = o(2)# (7) 

14 - # (1-

(6) = 12 = 

3 (28)3 = 1 (mod 28) 
12 2020 (1) » 1992020 32020 (mod 28) 

168-4 
= (312168 3 (mod 28) 
= 16 (81) (mod 28) 
= 25 (mod 28) 

Hence, the remainder is 25. 

Example 5.3.6| 
value Using Euler's theorem, find the ones digit in the decima of 237777 

Solution: 
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23 3 3 (mod 10) 

237777 = 3 (mod 10) .(1) 

(10) = ¢(2) # (5) 

=(1) (4) = 4 

2(10)= 3 = 1 (mod 10) by Euler. 

(1)23 237= 37777 (mod 10) 

(319 1944 3 (mod 10) 4 7777 

= 144 3 (mod 10) 
1944-1 

3 (mod 10) 

So the ones digit is 3. 

Theorem 8.|| 

Let m be a positive integer and a any integer with (4, mn) = 1. 

Then aP {m)*i is an inverse of a modulo m. 

Theorem 9.| 

Let m be a positive integer and a any integer with (4, m) = 1. 

nen the solution of the linear congruence 
ar =b (mod m) is given 

by x =a (m) -1 (mod m). 

Example 5.3.7]|| 
dOlve the linear congruence 

25r = 13 (mod 18) 

Solution : 

25r= 13 (mod 18) 
(1) 

7r= 13 (mod 18) 
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(18) (2)4 (3) 

(2-1) 32 

-

6 

(1) = T(18)-' 13 (mod 18) X 

x 713 (mod 18) 

= (13) (mod 18) (2) 

7 13 (mod 18) 

(2) x = (13) (13) (mod 18) 

7 (mod 18) 

Theorem 10. 
Let mi, nm2, , mk be any positive integers and a any integer such 

that (4,m;) = 1 for 1<isk. then 

fo(m),9 (m2), ...9 (mD = 1 (mod [m, m2, .. ml) 

Corollary : Let mj, m2, be pairwise relatively prime ntegets 

and a any integer such that (a, m;) =1 for 1 Sisk. Then 

o(m), (m-2), .. (m = 1 (mod m m2... m) 

Theorem 11. 
Let n be a positive integer. Then (d) = n 

dn 
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Example 5.3.8 

Compute 2 (d) for n = 7 
dn 

Solution 

2 () = ¢ (1)+¢ (7) 

= 1 + 6 

7 

Example 5.3.9| 

Prove that m be a positive integer and a any integer with 

(a, m) = 1. Then a° m) is an inverse of a modulo m. 

Proof: 

By Euler's theorem, a°\m) E1 (mod m) 

i.e, a .a(m) ~l = 1 (mod m). 

a m) *1 is an inverse of a modulo m. 

Example 5.3.10| 

Ifn = 2k, then ¢ (n) = 

Solution 
Given n = 2* . (1) 

(n) = p (25) 

h(1- 
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-by (1) 

Example 5.3.11| 

Compute o (p!) for the prime 7. 

Solution: 

(71)= ¢(2".3.5.7) 

(4) (6) 
= (8) (6) (4) (6) 
= 1152 

Example 5.3.12| 

Derive a formula for o (pa), where p and q are twin primes. 
Solution : 

(pg) 

(p-1) (q - 1) 
= p - 1) (p + 1) 

2-1 
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Example 5.3.13 

how 
that ¢ (22k*1 is a square. 

Solution: 

(22k+1 = 22k-+1 1 

= 22k+1 

24R 

= (23 

o (24 ) is a square. 

Example 5.3.14|| 

If a and b are relatively prime, then a° +b°8)=1 (mod ab). 

Solution: 

By Euler's theorem a° =1 (mod b) and b°= 1 (mod a). 

a )+ b° (@) = 1+0 = 1 (mod b) 

a ) +b @) = 0+ 1 =1 (mod a). and 

Hence a) + 6P @) = 1 (mod [a, b]) = 1 (mod ab) 

EXERCISE 5.3|| 
1 Compute p (m) for each integer m 

(a) 8 (b) 15 
2. Ast the positive integers m and relatively prime to it. 

3. 
Verify that a = 1 (mod 18) for a = 1,5, 7, 11, 13 and 17. 
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Using the values of p (m) for m s 15, make a conjectur on' 

4. 

the evenness of ô (m) 

5. Find the remainder when the first integer is divided by the 
5. 

(a) 7 0, 15 (b) 79o, 24 (c) 250, 18 

Using Euler's theorem, find the ones digit in the decimal Valhe 

6. 

alue of 176666 

7. Using Euler's theorem, find the ones digit in the hexadecimal value of cach. 

(a) 71030 (b) 13444 

8. Solve each linear congruence

(a) Tx= 8 (mod 10) (b) 143x s 47 (mod 20) 
(c) 23x= 17 (mod 12) (d) 17x = 20 (mod 24) 
(c) 79x = 17 (mod 25) 

g 
9. If m and n are relatively prime, then o (mn) = ¢ (nm) .p )* this fact, compute each. 

(a) (15) b) p (105) (c) (35) 

16. Compute o (d) for each n. 
dn 

(a) 12 (b) 17 
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4 
Tau 

and Sigma functions 

finition 
: The Tau function 

Let n be a positive integer. Then T (n) denotes the number of 

5.37 
ClassIcal Theore 

POsiti 
sitive factors of n, 

i.e., T (1)= 2 
dn 

Definition: The Sigma function 

Let n be a positive integer. Then o (n) denotes the sum of the 

pOsitive factors of n, 

ie, o (n) = 2d 

dn 

Definition: Let f be a multiplicative function. 

Then F is defined by 

F(n) = 2 f(d) 

dn 

Theorem 1.| 
Iff is a multiplicative function, then F (n) = 2 f(d) is also 

multiplicative. 
dn 

Proof 

Let m and n be relatively prime positive integers. 

To prove : F (mn) = F (m) F (n) 

By lefinition, 

F (mn) = 2S(d) 
d mn 
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of 
Since (m, n) = 1, every positive divisor a of mn is the prode uct a unique pair of positive divisors d of m and dh of n, w 

(d1, d2) = 1. 

F (mn)= 2 f(djda) 
d,|m 
d2m 

fldh d) = f(d1)f(d2). f is multiplicative. 

So F (mn) - f4da 
d,m 
dzm 

= F (m) f(d2), by the definition of F 
d2n 

F (m)2fd) 
dn 

= Fm) F (n) 

Thus, F is multiplicative. 

Corollary 1. 

The tau and sigma functions are multiplicative. 

Proof 

We know that the constant function f(n) = 1 and the identity 

function g (n) =n are multiplicative. 

2S) = 21=r(m) and 8(d) = 2d * 

dn In dn dn d 

and are multiplicative, i.e., if (m, n) = 1, then T (m n)= r (m) T () 
a (m n) = a(m) a (n) 
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Theorem 2.| 

Let P 
be any prime and any positive integer. Then 

)=e +1 
and a (p°) = 1 

P -1 

Proof: 

The positive factors of p" are of the form p', where 0 s i se; 

ere are e +1 of them, so T (p°) = e +1 

o) - 2- 
P-1 

Theorem3. 

Let n bea positive integer with canonical decomposition 

1=pî p.. P. Then r (n) = (¢1 + 1) (e2 +1) ... (ek + 1) and 

an)- P 1*1-1 P+1-1 

P1-1 P21 Pk-1 

Proof 

Since t is multiplicative, 

T(n) = r(pf).r (p)... (p) 

= (e+1) (e2 + 1)... (¢k +1) 

Since a is multiplicative, 

a (n) = a (p?).o (P2)... (P) 

-
Pi*-1 p2*1-1 P1- 1 

P1-1 P2-1 Pk-1 
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Example 5.4.1| 

Compute T(n) for each n 

(a) 18 (b) 23 (c) 1560 (d) 2187 

()36 ( 6120 

Solution : 2 18 

3 
(a) 18 = (2')(3 

(18) = r (2)7 () 

= (1+1) (2+1) T = (p) =e+1] 
= (2) (3) = 6 

Note: The number of positive divisors of 18 are 1, 2, 3, 6,5, 9 
and 18 

(6) 23, being a prime 

23 has exactly two positive divisors 

so T (23) = 2 

Note: The number of positive divisors of 23 are 1, 23 

1560 (2) (G) 6) (13) 
| 1560 (c) 2 

2 780 

(1560)= (c)r(c)r(s)r (13) 2 390 

= (3+1) (1 +1) (1 + 1) (1 +1) 195 3 

65 
- (4) (2) (2) (2) 

13 
32 
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2187 3 
(d 

3 2187 

3 729 (2187)= r (3') 

= (7 +1) 
3 243 

3 81 
8 = 

3 27 

(c) 36 (2) (3) 2 36 |3 9 
2 18 (36) = T (2): (3) 
3 

2 6120 = (2+1) (2+1) 

2 3060 
- (3) (3) = 9 

2 1530 

6120 (2) 5)3) (17) 765 
3 153 

r(6120) T (2)r (5)r(3)r (17) 
3 51 

= (3+1) (1+1) (2 +1) (1 +1) 
17 

(4) (2) (3) (2) = 48 

Example 5.4.2|| 
Compute a (n) for each n 

(a) a (12) (b) o (28) (c) o (36) (d) o (6120) (e) o (2187) 

Solution: 

Let p be any prime and e any prime, hen 

e+l- 1 
op)-P p 1 

(a) 12 (2) 3) 2 12 

a (12) = oa (2).o(3)) 

- T-T| 
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-

= (7) (4) 

= 28 

(b) 28 (2) (7) 

o (28) = a (2/) o (7') 
2 28 

2 14 

-
56 

(c) 36 (2) (3) 

o (36) a 2)o (3) 

2 36 

2 18 

= (7) (13) 

= 91 

(d) 6120 (2))5) (17) 

a (6120) = o(2)a (3)o (5) o (17) 

171-1 
17 1 
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2 6120 

2 3060 
- (15) (13) (6) (18) 

2 1530
21060 

765 
|255 

3 

2187 3 3 

a (2187) = o(3') 3| 2187 5 85 
3 729 17 

3-1 
3 1 

3 243 

3 81 

6560 3 27 
2 

3 9 = 3280 

3 
Example 5.4.3 

List the positive factors of each, where p and q are distinct primes 

(a) p (b) p 

Solution: 

(a) 1,p,4.Pg, q and pq 

6) 1,P,9.P4,.p?.4.4p4. P4 Pa'.p? q and p? 
Example 5.4.4|| 
rind the sum of the positive divisors of each n'imber 

(a) pq (b) pq 
Solution 

(a) o (pq) = 1+p +q+ p4 

(6) a (pq) = (1 +p +p) (1 + q) 
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Example 5.4.5|| 

Let p andq be distinct primes find the sum of the positive factore 
of p' 

Solution 

opd) = o (p)o(g) 

P-1 q-1 

Example 5.4.6|| 

Let n = pP1P2 -.. Pk be a product of k distinct primes. Find T (n) 
and o (n) 

Solution 

Given n = P1P2.. Pk 

Each p; is a prime. 

'Each Pi has 2 factors 1 and p; 

Tand o are multiplicative functions 

T (n) = T(Pi)T (P2) . T (PK) . 

= (2) (2) .. (2) 

= 2 

a (n) = a (Pi) o (P2)... a (Pk) 

(P1+1) P2+1) ... (Pk + 1) 
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Example 5.4.7| 

fn = find t () and o (n). 

Solution: 

Given 
n= 22 

T (n) = r (2) = 2° + 1 

T(n) = a (2) = 22** - 1 

Example 5.4.8| 

Show that o ) -p* = 2 
P-1 

Solution: 

a (p-P = 

p-l 

pe*l-p-p (p- 1)
P-1 

P-p-p*+p* 

p-1 

p-1 

Example 5.4.8|| 
Let n = 2P (2P - 1) where p and 2 - l are primes, find r (n) 

and o (n) 

Solution: 
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Theory . (1) Given n = 2 (2- 1)

Iand a arc multiplicalivc functions 

Let 4 2P-1 

(1) n= 2P 

(n) = r (2P) r (q') 

= (p-1+ 1) (1 + 1) 
= p (2)

= 2p 

a (n) = a (2P) o (g) 

2P-1+1-1 *1-1 
2-1 -1 

(2- 1) 2P

(2P-1)2P 
2 (2P 1) 2P-1 

2n 

Example 5.4.9| 
Let n be the product of a pair of twin primes, p being u of the two 

(a) Find T (n) 

(b) Prove that o (p +2) a (p) +2 
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(c) Find p for which o(p) is odd. 

(d) Prove that a (n) = (p +1) (p +3) 

Solution: 

(a) Let n = pp+ 2) 1s the product of two primes 

r (n) = r (p) T (p +2) 

= (2) (2) = 4 

(b) a (p +2) = 1+(p +2) [:p +2 is a prime] 

= (1+p)+2 

= a p) +2 

co (p) = 1+p to be odd p must be even p is a prime and 

p must be even 

p 2 [' the only even prime is 2] 

(d) a (n) = o(p p+2)) 

= a (p) a (p +2) 

= (p +1) (P +3) 

Example 5.4.10| 
Prove that if n is a power of 2, then o (n) is odd. 

Proof 

Let n= 2 
. 

a (n) = a (2) 

2-1 -zit1-1 is always odd. 
2 1 

o (n) is odd. 
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Example 5.4.11|| 

Prove that o (n) is multiplicative. 

Proof: We know that, F(n) = f (d) is multiplicative 
dn 

Let f(n) = n* 

Ok F (n) = >d* is multliplicaive. 
dn 

:f is multiplicative] 

EXERCISE 5.4 
1. Compute r (n) for each n and o (n) for each n 

(a) 43 (b) 2187 (c) 44982 

2. List the positive factors of each, where p and q are distinct primes. 

(a) p (6) p4 

Find the product' of the positive divisors of p". 
3. 

4. Prove that for a prime, o (p) +o (p) is always even. 
. 

Prove that if n is a square, then o (n) is odd. 
5. 

Prove that P) p 
p P 1 

6. 
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