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UNIT-V.

CLASSICAL THEOREMS AND

VMULTIPLICATIVE FUNCTIONS

=
| WILSON'S THEOREM

]

A positive integer a 1is self-invertible modulo p if and only if
=%l (mod p). o

(i

Proof : Given : a is self-invertible modulo p
> 4’ = 1 (mod p)

ie, pl|@-1)
> pl@-H@+]
> pla—-1(r)pla+l
Hence either a =1 (mod p) or a= -1 (mod p)
Converse part :
Given : a=1 (mod p) or a= -1 (mod p)
In either case, 2> =1 (mod p)

-~ g is self-invertible modulo p.

Theorem 1.}

(Wilson’s theorem) If p is 2 prime, then (p

—1)!= -1 (mod p).

Proof : Given : p is 2 prime.

To prove : (P~ )= -1 (mod p) . (1)

Proof : FOr P = 2,
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12 s1ne_
(1) = @-NH =-1(mod2) = 11=_, (Mo 7)
= 1 = -1 (mod 2)

- the theorem is true for p =2
So, let p > 2,
< the least positive residucs 1 throughp — 1 are invertibje Moy
U 0
p

But two of them, 1 and p — 1, are their own inverses by lem, |
a7
So we can group the remaining p ~ 3 residues, 2 throy

' X . -1 Bhp - 2,
into (p — 3)/2 paurs of inverses @ and b = 4 such that
ab = 1 (mod p) for every pair @ and b
Hence, 2.3..(p-2)= 1 (mod D)
@-1! = 1.[2.3...(p—2)].(p—1)
= 1.1.(p - 1) (mod p)
@-1)! = -1 (mod p)
Theorem 2.
If n is a positive integer such that (n — D= -1 (mod n), the,
nis a prime.

- Proof : We prove this by contradiction method
Let n is composite, say n = ab, where 1< a,b <n,
Since a[n and n|[(n - 1)1 + 1]
all(n-1)1 +1).

Since 1<a<n, a is one of the integers 2 through n -1, s0
al(n—-1)!.

Therefore, a|[(n — DI+1-(n- D! ie, a|l.
Soa=1 a contradiction.

Hence, n must be a prime.
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G,asslc

[ p be @ prime and n any positive integer, then

(np)!

al = (=1)" (mod p)

Solution :
Let a be any positive integer congruent to 1 modulo p. Then, by
wilson's theorem,

a(a+1)..,[a+(p—2)]s(p—1)! =—1 (mod-p).

np)! _ (np) !
np®  P-p.3p...(np)

Then

=ﬁg0—np+umw—np+@—m

1l

iwmnmm@>

= ]:'[1 (=1) (modp)

= (-1)" (modp)

P —

@nple 5.1.1

Find the self-invertible least residues module each prime p

(a) 7 (b) 23

Sﬂlution .
(0 Givep p=17

Thep P-1)1 =6! = 123456

The 1eqg residues modulo 7 that are self-invertible are 1 and 6.

N
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/
(b) Given p =23

Then (p — 1) = 22!

The least residucs modulo 23 that are sclf-invertible are | and 7

Example 5.1.2

Solve the congruence x* =1 (mod m) for cach modulo m,
(a) 6 (b) 8
Solution :

(a) Given : m = 6

. ¥ = 1 (mod 6)
x=1 = 1> = 1 (mod 6)
x=72 = 4% 1 (mod 6)
x=3 = 9% 1 (mod 6)
x=4 = 16 # 1 (mod 6)
x=5 = 25 =1 (mod 6)
x =115

(b) Give : m = 8

x=1 =1 =1 (mod 8)
x=2 = 4 =1 (mod 8)
x=3 = 9 =1 (mod 8)
x=4 = 16 = 1 (mod )
x=5 = 25 =1 (mod 8)
x=06 = 36 = 1 (mod 8)
x =" = 49 =1 (mod 8)
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| The

or disprove If the congruence x* = 1 (mod m) has exactly

then /m is a prime.

The congruence =1 (mod 6) has exactly two solutions, but

_6 18 not a P
m=

me.

Hence, the given statement is not true.

if #=1 (mod p) an
), where p and g are distinct primes?

d x¥*=1 (mod g), does it follow that

2=1 (mod pq
Sulution :
Yes. Since “=1 (mod p) and X’ =1 (mod g),
¥ =1 (mod [p,gq) 1e, x* =1 (mod pq)
Example 5.1.5

Let a be a solution of the congruence x2 =1 (mod m). Show that

Mm—a 1s also a solution.

Solution :

Let a* 1 (mod m)

1l

(m —a)® = m2 — 2am + a*> = 1 (mod m)

So .
m — g is also a solution.

T
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Example 5.1.6
Without using Wilson’s theorem, verify that (p — 1) | = —1 (g p)
for each p.
(a) 5 (b) 7
Solution :

(@ Herep =5
@—-1! = (5-1)!

Hence, verified.

4 = 24 = —1 (mod 5)

(b) Here p=7

-1 = 7-1! =6! = 720 = -1 (mod 7)
Hence, verified.
Example 5.1.7
If p is a prime and p be odd, then 2(p — 3)! = —1 (Mod p)
Solution :

By Wilson’s theorem, (p — 1)! = —1 (mod p)

ic, (G-3NE-2@-1)=@-3)(-2) (-1
=2({ —3)!=-—1 (mod p)

Example 5.1.8

Prove that (p — 1) (p —2)... (p — k) = (—1)*k! (mod p), where
1<k<p

Solution :
P-DP-2) . p—k) =(-1)(=2) .. (k) = (—1)*k! (mod p)

[."p—1=-1 (mod p), p — 2=—2 (mod p)...(p — k) = —k (mod pl
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Lot P be odd. Then 1%2.3% ... p - 2)2 = (_1)(P 12 (mod p)

golution *

4o know that i = —(7 = i) (mod p) . (1)
2. -2 =13 -2][1.3.. (¢ —2)] (wod p)

_ (13.-@-DN - @=DI [=(=3) ... [-(=(p~2))] (mod p) by ()
1.3 0 =IE =D @=3).. 2] (-HF "V (mod p)

= p-1! (-)® D (modp)

- (1) (-1)® = 2”2 (mod p), by Wilson’s theorem.

= (—-1)(p +1)72 (mod p)

Example 5.1.10

A positive integer n = 2 is a prime if and only if (n—2)!=1 (mod n)
Solution :
Let n =2 be a prime.
Then, by Wilson’s theorem, n—-Dl=-1 (mod n);
le, (n — -1 =(-1)(n—-2)'=-1 (mod n),
50 (n—2)!=1 (mod n)
COHVE:rsely, let (n—-2)!=1 (mod n).

Then m—Y=@m-2)@r-1)=1. (-1 =-1 (mod 1), so by

CONVere . i : :
nverse of Wilson’s theorem, n 1s 2 prime.

o
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Example 5.1.11

Let 7 be a positive integer < p such that 7!
@-—-r—1!'=-1 (mod p)

= (=17 (mod p), Then,
Solution :
By Wilson’s theorem,
—1=@-Dl=@E-r=-DE -7 .- (-1
=@E-r=DIEDA=@—r=DH-D"= @ -r-1)! (mod )
Thus (p —r — 1)! = —1 (mod p)

Example 5.1.12

(mod p), where p > 2

b=

3.5..(p—-2) _ _
4.6...p—1) (-p® b7

Solution :

1.3.5..p—-2 _ [1.3.5...(p—2)][1.3.5... (p —2)]
2.4.6..p-1)  [2.4.6..(p—-D][1.3.5...(p —2)]

12.32.5% ... (p — 2)?
- (p_lg’ @

Nr = [1.3.5...(p—2)][1.3.5... (p — 2)] (mod p)
= [135..¢ = 2] [I=¢ = DI] [~ = 3)]..[~(p—(-2)] (mod P
Ji==(p—i) (modp)
=[1.3.5.@-2lEe-1)@E-3)..2] (=)@~ V2 (modp)

= (p -1 (_1)(P —1)72 (mod p)

s = EDPTP2 e - i (modp)
@ - 1)!

= (=) Y2 (mod p)
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c

p—1
prove that [ (1 +p/n) =1 (mod p)
n=1

Let N :i}i[i(l +p/n)= (1 +f%) (1 +§-) (1+%) (1+—P———)

- a+p (232) 252 . (522

_etHE+D .. -1 _ (2p—1)
@ — ! p—1

is an integer. Then

(- D! (2;’__11) = @+1)..@ -1

=1.2...(p —1) (mod p)
= (p — 1! (mod p)
Since ((p - 1)}, p) =1, it follows that N =1 (mod p)

EXERCISE 5.1

L. Find the self-invertible least residues modulo each prime p.

(a) 13 (b) 19
2 Solve the congruence x> = 1 (mod m) for each modulus m.
(a) 12 (b) 15
> Without using Wilson’s theorem, verify that (p—1)!=—1 (mod p)
for €ach p.
@3 (b) 13

Pro :
Ve each, where p is a prime.

T
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4. Let p be odd. Then 2(p — 3)! = -1 (mod P)

5. Let p be odd. Then 2% .42 (p—1)% = (—1)P + 1,2 -
105c P

6. letO=sr=p-—1. Then rl(p—1 —Nl+ (-1 =g (modp

7. ('}7[1) =n (mod p)

5.2 Fermat’s Little theorem

Lemma 1.

Let p be a prime and a any integer such that p { 4. Then the
least residues of the integers a,2a,3a, .., (P — 1) a modulo p are 4
permutation of the integers 1,2,3, ..., (p — 1)

Proof :

I-Part
To show that, iz % 0 (mod p), 1 <i =p-1
Suppose ia = 0 (mod p)

= p|ia
But (p,a) = 1
So p | i, which is impossible since i < p

" ia % 0 (mod p)

I1-Part
To show that if ia = ja (modp), 1 <1, <p-—1theni=]
Suppose ia = jg (modp), 1<i,j<p-1
Since (p,a) = 1

= i = j (mod p)

But both i and j are least residues modulo p.
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d Theorems

ic
e

i#l

16nC: i ja=ja(modp), 1<i,j<p—1 then i=]

other words, no two least residues of a,2a,3a, .., (p — 1) a are
In

gruent modulo P-
0

freorem 1
(Fermat’s Little Theorem) Let p be a prime and @ any integer
_1 =
 that p\ @ Then @7 " =1 (mod p).
s

proof :

gy lemma 1, the least residues of the integers
12, %, .. (p — 1) @ modulo p are the same as the integers

1,23, ..., (p—1) in same order.
-, their products are congruent modulo p.
ie,a.2a.3a ... p—1)a=1.2.3..(p—1)(modp)
= (p-1!7 = (p-1)! (modp)
But ((p—l)!,p) =1
> Pl = (mod p)
Since we know that,

Fac = pe (modm) and (c,m) =1 then a = b (modm)

I : p-1_1
"l the primes p for which = is a square.
‘ p
'Sbluﬁﬂn i
LCI Z_P‘l ~1 |
\\P\ = n? for some positive integer n

N
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Clearly, both p and n must be odd.

Let p=2k+ 1 .. (1) for some positive integer

Then 22X — 1 = pn? 292 — 12 = py? ky2
1en pn = (2%) pn” = (29% - (r2+1)2

= 2% = (2 +1)?

> 2" - 1) 2+ 1) =pn2

Since 2¥ — 1 and 2X + 1 are consecutive odd integers they 4
relatively prime. -

Consequently, either 2% — 1 or 2+ 1 must be a perfect square

Suppose 2k _ 1 is perfect square 7

-1 =/
- X = 2+1
= 22 = (* +1)°
> 2% = (P + 1)
ie., P71 = >+ 1)% by (U

Since r =1 and is odd, r =2i + 1 for some integer =0

Then 2¥ = (2% +1)> =2 (22 + 2 + 1) ; this is possible I and
only if i =0.

Then 7 =1, so 2P = (12 + 1)2 = 4 and hence p =3
Suppose 2%*1 is a perfect square 52

kb1 =g
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M 2
/ = @)= (" -1 > 2 = [(s —1) (s + 1)]

1= (s —1)% (s + 1)?

=

- 3 and 1S odd, s =2i+ 1 for some i = 1.

gince § =
k= (2i+ 12— 1=4i(i +1), that is 27> =i (i + 1).
Then
This i possible if and only if i = 1.
Then § = 3 and hence P 1 =22 42=725
sop="T

Hence, p must be 3 or 7.

Find the remainder when 241947 is divided by 17.

Solution :

24 = 7 (mod 17)

> 241947 = 7947 (mod 17) w (1)

Fermat’s little theorem is aP~* = 1 (mod p), p prime, any integer

a
16 | 1947

Here, p=17, p—1=16,a=17, 17\ 7
. , a=T, 17} 1936—11

7 =1 (mod 17) e

1
7 947“:‘ 7(16) (121) + 11 _ (716)121 711

1947
T = 1121 911 (mod 17)
1947
7= 71 (mod 17) . (3)
72 -
= -2 (mod 17)

T
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7 = (7%°7 (mod 17)

= (—2)5 7 (mod 17)

= (=32) (7) (mod 17)

= (2) (7) mod 17

= 14 mod 17 e (4)
= 247 = 14 mod (17) by (2), 3) & (4)

So, the remainder is 14

Example 5.2.3

Find the remainder when 30%°2 is divided by 19.

Solution :
30 = (—8) (mod 19)
30220 = (—8)%%0 (mod 19)

= 820 (mod 19) - (1)

Fermat’s little theorem is aP ™1 = 1 (mod p), p prime, any integer
pla

g8 = 1 (mod 19) 18 | 2020
2020 _ (818)112 8* (mod 19) 1124
= (1) g (mod 19)
= 11 (mod 19) ~ (2) 8% 1= 406
30" = 11 (mod 19) v l_j40_?§_
215-11

Example 5.2.24

mal

. ... : cl
Find the ones digit in the base-seven expansion of cach de
number

( a) 5101 (b) 373434
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Glasslcal !
tio™ °
§0 5 = —2 (mod 7)
5101 = (—-2)101 (mod 7) . (1)

= 1 (mod p), p prime, any integer

6| 101
(,_2)6 = 1 (mod 7) l—

16—5

(_2)101 = (_2)(6) (16) +5 (mod 7)

_ (_6(16) _ S
= (-2) (—2)” (mod 7) . I 35
(1) (—2)° (mod 7) 4—4

—4 (mod 7)

5191 = 3 (mod 7)

() 37

2 (mod 7)

37> = 23*3* (mod 7)

Eat’s little theorem is @ 1 =1 (mod p), p prime, any integer
P\a

26

6 L3434
1 (mod 7)

572-2
23434

(2%°7222 (mod 7)

= (1)°"222 (mod 7)

Il

4 (mod 7)

-
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Let p be a prime and a any integer such that p )\ a. Thep gp-2

. an inverse of a modulo p.

Algebra and Number Theq
—0

Proof :

By Fermta’s little theorem, P l=1 (mod p). That it

2.a"P2=1 (mod p), so a’ =2 js an inverse of a modulo p

Theorem 3.

Let p be a prime and a any integer such that p )\ a. Then the
solution of the linear congruence ax =Db (mod p) is given by

x=aP ?b (mod p)
Proof :

Since p )} @ = the congruence ax =b (mod p) has a unique
solution.

Since, a2 is an inverse of @ modulo p, multiplying both sides

of the congruence by aP ™2, we have
"% (ax) = a®*b (mod p)

@%b (mod p)

I

a® Ly

x = aP7%p (mod p), by Fermat’s little theorem.

Theorem 4.

)

Let p be a prime and q any positive integer. Then al =a (m"dp

Proof :

p— Case 1 : Suppose P\ a. Then, by Fermat’s little theorem™
a —1 (mOdp) so aP =4 (mod P)

_; "
B———




r

| Theorems and Multiplicative Functions 5.17

Giass'ca|

case 2 ¢ SUPPOSE P | @. Then p = a = 0 (mod p), so aP = 0 (mod p)

. a? =a (mod p)

Hence, 10 both cases, aP = a (mod p)

=

Let p1» P2> -+ Pk be any distinct primes, a any positive integer, and

I+1 _
1=[p1 - 1,pp— L Pk~ 1]. Then a" " =a (mod pyp; -, Pi)

proof :
By Fermat’s little theorem, a?"1=1 (mod p;), where 1 <i <k.
Since p; — 1/1
= (aPi— 1)l/ @~ D=1 (mod py).

[+1 =

ie., d=1 (mod p;). Thus, a a (mod p;).

Consequently, d*1=a (mod [py,p2 - Pi)

d*l=a (mod p;p3 --- Py

165
Corollary 1.

Let ¢ be any integer and p and prime > 3. Then @ = a (mod 6p).

’E"ample 5.2.5|

Solve each linear congruence.

(a) 12x =6 (mod 7)
(b) 24x = 11 (mod 17)

(c) 43x = 17 (mod 23)
Suluﬁml :

-
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(@) Let p be a prime and @ any integer such that Py oa. They the
solution of the lincar congruence ax = b (mod p) iy gj

ven l,-/
x=aP"2p (mod p)

12x = 6 (mod 7)

7 | 248832
> x = (12726 (mod 7)

35547-3
= (12)° 6 (mod 7)
= (3)(6) (mod 7)
= 4 (mod 7)

[ 12 = -2 (mod 7)

12 = (-2)° (mod 7)

- (22’ (mod 7)
(=4) (1) (mod 7)
—4 (mod 7)

3 (mod 7)]

in

(b) Let p be a prime and g any integer such that p \ . Then the
solution of the linear congruence ax=bh (

mod p) is given by
x=aP"?p (mod p)
24 = 11 (mod 17)
x = (29" 11 (mod 17)

= 2911 (mod 17) )
2 = 7 (mod 17)
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ic
243 = 3 (mod 17) 243 = 13824
(1) = x = (24%° 11 (mod 17) 17 | 13824
= (3)° 11 (mod 17) 813-3
= 2673 (mod 17) ol l ks
157—4
= 4 (mod 17)

Let p be a prime and @ any integer such that p \ a. Then the

©

solution of the linear congruence ax =b (mod p) is given by

x=aP b (mod p)
43x = 17 (mod 23)

x = (43)27% 17 (mod 23)

= (43)117 (mod 23) = i)

43 = 20 (mod 23) 433 = 79507
3_

(43)°= 19 (mod 23) 23 l 79507

3456—19

=  x = @337 17 (mod 23)
x = (19)" 17 (mod 23) . (2)

193

5 (mod 23)

2) » x = (19%2(19) (17) (mod 23)

(5)% (323) (mod 23)

= 2 (mod 23)
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Example 5.2.6

Compute the least residue of each

(@) 220 (mod 341)  (b) 11'® + 17" (mod 187)

Solution :
(a) 2**° (mod 381)
2! = 1 (mod 11)
20 = 1 (mod 31)
2290 = 219%* = 1 (mod 11)
230 = 2391210 = 1y (1) = 1 (mod 31)
= 20 =1 (mod [11, 31))
= 1 mod (341)
(b) 11 = 1 (mod 17)

17" = 1 (mod 11)
= 11%+17°%= 140 = 1 (mod 17)
> 11%+17%= 0+ 1 = 1 (mod 11)
> 11 +17% = 1 (mod [17, 11])

11 +17°% = 1 (mod [187))

Example 5.2.7

Verify (12 +15)" = 1217 + 157 (mod 17)

Solution :

7
12+ 15" = @) = 27 (mod 17) by theorem 4.
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55!
M/E (12 + 15) (mod 17)

_ 17 17
= 12" + 15" (mod 17) by theorem 4.
Zrample 528

If p be any odd prime and «a any non-negative integer then
U R P! = —1 (mod p).

1
golution *

_.1 _
We know that, kF" = 1 (mod p) by Fermat’s theorem
where 0 < k<p

Pl+2P 2+ L+ (—1P!

A1+1+1+..+1) (modp

( — 1) (modp)
—1 (mod p)

EXERCISE 5.2

1 Find the remainder when the first integer is divided by the secor

(a) 7191 17 (b) 15°76,23 (c) 43%%5 31
2. Find the ones digit in the base-seven expansion of each decimal
number.

Solve each linear congruence.
() & =3 (mod 11)

(b) 26x = 12 (mod 17)

(€) 15 =7 (mod 13)

(16 + 21)2 = 1623 + 212 (mod 23)

.
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ory
5. Find the primes p such that (2P71 — 1)/p is a perfect Cube,
6. Let p and g be distinct primes, and a,b, and » arbitrary PO
Itive

intcgers. Prove each
(a) If aP = bP (mod p), then a =b (mod p)
(b) If @ =bP (mod p), then aP = bP (mod p?)
() P71 +¢°71 =1 (mod p)
(d) pi+4°=p+q (mod pg)

7. Using Fermat’s little theorem, prove that

(@ +b)? =aP + bP (mod p)

5.3 Euler’s theorem - Euler’s Phi function
Definition : Euler’s Phi function

Let m be a positive integer. Then Euler’s phi function ¢ (m)
denotes the number of positive integers < m and relatively prime to m.

Theorem 1

A positive integer p is a prime if and only if ¢ (p) =p—1
Proof :

Let p be a prime.

Then there are p — 1 positive integers < p and relatively prime
0,50 ¢ (p) =p — 1

Conversely, let P be a positive integer such that ¢ (p) =P ~ b

Let d|p, where 1 < 4 <p.

Since there are exactly p

\

— 1 positive integers < p,

i | T Ce—
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/di:;; of them, and (d,p) =1
sop@)<P—1,a Contradictiop

Hence, p must be a prilne_

Let m be a positive integer and a very
Let 71,72 ~»T¢ (m) be the positive Integers <
to m.

integer with (a,m) =1,
m and relatively prime

Then the least residues of the integers q

are a permutation of the integers r,,

IFheorem 3.

"Lar, ...ar, (m) modulo m

725 sy d¢ (m)

(Euler’s Theorem) (or) Generalised Fermat’s theorem

Let m be a positive mnteger and g any integer with (a,m) =1.

Then ¢® ™) = ¢ (mod m).

Proof :

Given m is a positive integer a any integer such that (@a,m)=1

Letry,ry, ..., 7$ (m) be the least residues modulo m that are relatively
prime to s

To prove that (ar, m) =1 for every i

Let (ar, m) > 1

Let p be a prime factor of (ar;, m)

=>P|driandp|m [Vplar,plaorp|n)

IfPlri, then p | r; and p | m,

.




nd NUrﬂber The()
So, (r,,m) # 1, a contradiction. \
’ 1’

So pla

This coupled with p|m = pl@a,m), = (@,m) = {
2
contradiction.

Hence, (ar;,m) = 1
ie., the integers ary, ary, .., @7y (m) are relatively pripe o m,
€

So the integers ary,ary, .., ary () are congruent modyl, m to

i rder.
Ty s T (m) 10 SAME O

(ary) (ary), ... (ary (m)) = I T (m) (mod m)

Since each r; is relatively prime to m
= (rlrz... r¢ (m),m) =1

= a®™) = 1 (mod m)

Hence the proof.

Definition : Multiplicative Function

. e if
- - ve
A number theoretic  function f i multiplicati

f(mn) =f (m) f (n) whenever m and n are relatively prime.

Theorem 4 |

ith
s, a3 . . er wil
Let f be a multiplicative function and n a positive (¢

canonical decomposition n=piip%e . Dik.

Then f (n) =IO S

Proof -
pr imUS in n

~f (i)

. '[inC[
of dis
by induction on the number

\ )

We Prove thig
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| M

if k=1 that is, if n = p{!, then f (n) =f (P$Y, so the theorem is

trivﬂuy tru

pssume that it is true for any integer with canonical decomposition
isting of k distinct primes
cons

f0) = O D ... £ @l

Let n be any integer with k + 1 distinct primes in its canonical

deCOmpOSition’
n = pitp? ... pEhl
Since (p1!... Py, PR = 1 and fis multiplicative
f@S - PREPEHD = £ (5 .. i) f (o)
= F@D - f O f @D

by the inductive hypothesis.

Therefore, by induction, the result is true for any positive integer n.

iTheorem 5.

Let p be a prime and e any positive integer. Then

¢ (p°

) = number of positive integers < p° and relatively prime to it

number of positive]  (number of positive integers < p°
integers < p© and not relatively prime to it
The Positive integers < p® and not relatively prime to it are the
-1

0 In[-:ls muhlples Of p, they are pa 2P7 3p) veey (P )p) and p in
Cr.

N
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W
Hence ¢ (p°) = p° _Pc_l

Note : ¢ (p) =p° —p°~! = p° (l_l)

Theorem 6.

Let n = p{! p% ... pi be the canonical decomposition of a POsitiye
integer n. Then

1 A _1
$(n) = n [1—;)—1) [1-—pz] (1 pk]

Given : n = p{ipS ... pfk

Proof :

2@ = ¢ (p7) ¢ (p5) .0 (p) [ ¢ is multiplicative
1 : 1 1
=pf |1—=|p% |1 -X ok [ = = , by Theorem 5.
P1 ( Pl] P2 [ Pz] Px [ Pk]
1 1 1
=P p2..pyr |1-—=| [1-=2] . [1-L
P1 p2* ... py [ Pl] [ Pz) [ Pk]
=n|1-1L =2 o 1 = ==
P1 P2 Px

Theorem 7.

The Euler function ¢ is multiplicative.

Proof :

Let m and » be Positive integers, such that (m,n) = 1

To show that ¢p(mn)=¢ (m) ¢ (n)

: ach
Arrange the mtegers 1 through mn in m rows of 7 ¢
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Gias5lcal
T S P
| m+2 2m + 2 (;1—1)m+2
)
m+3 2m + 3 n=1m+3
k)
Lo +r 2m tr (n—T)ym+r < M row
m 3m nm

Let r be a positive integer < m, such that (r,m) > 1.

To show that no element of the /M row in the array relatively
prime to mn.

Let d = (r,m).

Then dr and d|m, so d|km + r for any integer k.

ie, d is a factor of every element in the ™ row.

Hence, no element in the

row is relatively prime to m and
bence to m n if (r,m) > 1.

By definition, there are @ (m) such integers r and hence ¢ (m)
Sch rows,

NOW, let us concentrate on the r row, where (r,m) =1
The clements are rm+r,2m+r, .., (n—1)m+r

Their et residues modulo n are a permutation of 0, 1, 2, ..,
1) of which ¢ (n) are relatively prime to n.

tXactly ¢ (n) elements in the r'" row are relatively prime to-

.
in
@ hence to mn.

N
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Hence, therc are ¢ (m) rows containing positive inte

prime to mn, and each row contains @ (n) elements
to it.

gers relatiVely
relativc]y Prime

So the array contains ¢ (m) ¢ (n

itive i
. ) positive integers SMmn gng
relatively prime to m n

e, ¢ (mn) = 0 ¢ (m)¢ (n)

= ¢ is multiplicative.

Example 5.3.1

Find ¢ (11)

Solution :
11 is a prime.

Every positive integer < 11 is relatively prime to 11

(1) = 10
Example 5.3.2
Find ¢ (18) 5 ____18
319
Solution : 3
18 = (2)(3)

¢(18) = 329 (3P

5(2)3 (1 3J

P )
= (1)(9) (g)} [Fp@2)=2-1 by Theorem 1]

6 f_ € (1 = i} Theorem 3|
L P p/ ]

©
<
o
~—
i
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(185
> |28
7
golution *
8 =@
= P (1 — %) (6) [." ¢ (7) =7—-1 by Theorem 1]
4 ) (6) ¢ (P9 = p° 1-1) Th rem 5]
= () g =p ( p) €o
= 12
_Example 5.3.4

Find the remainder when 245'% is divided by 18.

Solution :

245

11 (mod 18)

2451040 = 11190 (mod 18) ... (1)
$(18) = ¢ (3*x2)

= ¢3¢ (2

1
3 (1 = 5) (1)

- ) (%] M

= 6

11?8 = 196 = 1 (mod 18) by Euler.

———
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(1) = 1'% = 119" 112 = 18 121y mod 18

= 13 mod 18 6 l&
173<

Hence, the remainder is 13

Example 5.3.5

Find the remainder when 1992 is divided by 28,
Solution :
199 = 3 (mod 28)

19920 = 3200 (1o 9g) - (1)

$(28) = ¢ (2Hg(7)

2 |14
“20-Yo =

= @ (%) ©) = 12

3 =32 2 1 (mod 28)

12 | 2020
(1) = 199520 = 32020 (1 9g)

168-4
= (3%)!%3* (mod 28)

= 1'% (81) (mod 28)

= 25 (mod 28)

Hence, the remainder is 25.

Using Eulers theorem,
of 237777

. alue
find the ones digit in the decimal ¥

Solution -

Lﬂ:_; e
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23 = 3 (mod 10)
3777 = 3777 (mod 10) e
p(10) = 2(2) ¢0)
=1 @ =4

3¢ (10) = 3* = 1 (mod 10) by Euler.

=237 = 37777 (mod 10)

(34)1944 3 (mod 10) 4 | 7777

Il

= 1% 3 (mod 10) 1944—1
= 3 (mod 10)
' §o the ones digit is 3.
IThearem 8.
(a,m) =1

Let m be a positive integer and a any integer with

oy = s .
Then 2% (m)—1 ;5 an inverse of @ modulo m.

Theorem 9.

Let m be a positive integer and a any integer with (a,m) = 1.

Then the solution of the linear congruence ax = b (mod m) 1s given

by x=g? (™ ~1 (mod m).

@“Ple 5.3.7

Solve the linear congruence 25 = 13 (mod 18)
Solution
25y = 13 (mod 18)
. 7 = 13 (mod 18) - @)

- I
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¢ 2)¢(3)

2-1) 3 [1—%]

¢ (18)

- ) (%)
= 6
M= x =78®"113 (mod 18)
x = 77113 (mod 18)

7> (13) (mod 18) (2

7 = 13 (mod 18)

(2 >

o
It

(13) (13) (mod 18)

7 (mod 18)

Theorem 10.

Let mq, m,, ..., my be any positive integers and @ any integer such
that (a,m;) = 1 for 1 <i<k. then

a[¢ (m1)1 ¢ (mz), ¢ (mk)] =1 (mod [ml’ mz, aee mk])

Corollary : Let my, m,, .., my be pairwise relatively prime integers

and @ any integer such that (@,/m;) =1 for 1 <i <k. Then

gl M09 M (MOl = 1 (mod mym, ... my)

[ Theorem 11.

Let n be a positive integer. Then > ¢(d)=n
d|n
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(oS

Compute E ¢ (@) for n =7
d|n

golution *

Y@ =o1)+e¢(D)

a7
=1+ 6

=1

[Erample 5.39

Prove that m be a positive integer and @ any integer with

(a,;m) = 1. Then a® ™) ~1 s an inverse of a modulo m.
Proof :

By Euler’s theorem, a? (M) =1 (mod m)

ie, a.a® ™~ 1=1 (mod m).

s M) =1 4o on inverse of @ modulo m.

[Example 5.3.10

If n = 2% then ¢ (n) = %
Solution -
Given : n = 2k (1)

k

¢(n) = ¢(2)
I
— f\i\ J——
-~ (1 2>
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1 ) .
= 529

= 5 by (1

Example 5.3.11

Compute ¢ (p!) for the prime 7.

Solution :
oM =¢@2.32.5.7
=@ )8 ()
= 2 [1—%] 32 [1——%—} (4) (6)
= (8)(6) (4) (6) °
= 1152

Example 5.3.12

Derive a formula for ¢ (pq), where p and g are twin primes.

Solution :
PP =o@e(
=@-D@-1
=@-DE+

= 92
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k+1y
ShoW that ¢ (22 *1) is a square.

I _ ~2k+1 (4 1
¢(22k+ ) = 7 (1 2)

2k+1 (1
= (3

22k

Ii

— (242

R (22k+1) is a square.

fE;mple 5.3.14

Ifa and b are relatively prime, then a? ®) + p? @ =1 (mod ab).

Solution :

By Euler’s theorem a? ®) =1 (mod b) and p? @) =1 (mod a).
@® 1 p?@ =14+0=1 (mod b)

and @®® 4+ p?@ =0+1=1 (mod a).

Hence o2 ®) 4 p2(@) =1 (mod [a,b]) =1 (mod ab)

EXERCISE 5.3

Compute ¢ (m) for each integer m

(a) 8 (b) 15

[

List the positive integers =M and relatively prime to it.

Verify thil[ af) =1 (mod 18) for a = 1, 5, 7, 11, 13 and 17.

N
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4.

10.

w
Using the values of ¢ (m) for m < 15, make 5 co

Njectyre on g
g
cvenness of ¢ (m)

Find the remainder when the first integer i divided the e, i
nd,

Using Euler’s theorem, find the ones di

git in the decimg) Valyg
of 170666

Using Euler’s theorem, find the ones digit in the hexadecimal
value of each. '

@ 7% (b) 1344

Solve each linear congruence
(@) 7* =8 (mod 10)  (b) 143x = 47 (mod 20)
(€) 23 =17 (mod 12) (d) 17x =20 (mod 24)

(e) 79 =17 (mod 25)

If m and n are relatively prime, then ¢ (mn) = ¢ (m).¢ (n). Using
this fact, compute each.

(a) ¢ (15) (b) ¢ (105) (c) ¢ (35)
Compute ; ¢ (d) for cach 5.
dln

() 12 (b) 17



5

heorems and Multiplicative Functions 5.37

G!assical i

g Tau 27

. The Tau function

d Sigma functions

(n be a positive integer. Then 7 (n) denotes the number of
Le

tive factors of 1,

0

ie., t(n) = 2 1

d|n

pefinition * The Sigma function

Let n be a positive integer. Ther o (n) denotes the sum of the

positive factors of n,

ie,om) = > d

d|n
Definition : Let f be a multiplicative function.

Then F is defined by

F(n) = 2 f(d)

d|n

If fis a multiplicative function, then F(n) = ) f(d) is also
. d|n

nultiplicative,

Prool‘ :
Let m and n be relatively prime positive integers.
To prove - F(mn) = F(m)F (n)
By Aefinition,

F(mn) = > f(d)

d|mn
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Since {m,n) = 1, every positive divisor d of mn is the Produygy
a unique pair of positive divisors d; of m and dy of 5 Whe()f
) Ie

(dq,dp) = 1.

. F (mn) =le: f (dy dy)
dy|m

fldydy) = f(d1)f(dy). - f is multiplicative,

So F (mn) =d§l: f(d,dy)
d;lm

= » F(m) f(d,), by the definition of F
dzln

= F(m) > f(d)

dy|n
= F(m) F(n)

Thus, F is multiplicative.

Corollary 1.

The tau and sigma functions are multiplicative.
Proof :

We know that the constant function f(n)=1 and the identity
function g (n) =n are multiplicative.

X @) =S 1=r(n) and ¥ g(d) = > d = o (1)

d|n d|n d|n d|n

are multiplicative, ie., if (m, n)=1, then v mn) = r (M7 (n) and
o(mn) = o(m)o(n)

—
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Let P be any prime and e any positive integer. Then

e+1
-1

p=ct 1 R
1
proof

The positive factors of p® are of the form pi, where 0 =i <e¢g;

¢+ 1 of them, so T (p%) = e+ 1

there arc
e . e+1_1
o) =3 =
i=0 p—1

|Theorem 3.

Let n be a positive integer with canonical decomposition

n=p‘i’1pg’l...p§k. Then 7 (n) = (e; + 1) (e5 + 1) (&5 & 1) and

G(n)zp‘i'l” 1 pptl-1 pptiT!
pi—1 = pp—1 7 pg—1

Proof
Since 7 is multiplicative,
> 1(n) =t@EY.TED-TEO
= (e + (e +1)... (et 1)
Since o is multiplicative,
o(n)= o@).0EP) - @)

g1 ppnio1 gt

p -1 p—1 7 P~
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Example 5.4.1

Compute 7 () for each n
(a) 18 (b) 23 (c) 1560 (d) 2187
(e) 36 (f) 6120

Solution : 2 |18

319
3

@ 18 =@H)EH

T(18) = 1 (2Y 7 (3)

= (1+1)(Q2+1) [V7=0)=e+1]

=@0@) =6

Note : The number of positive divisors of 18 are 1,2 369
and 18

(b) 23, being a prime
23 has exactly two positive divisors

s0 7(23) = 2

Note : The number of positive divisors of 23 are 1, 23

(©) 1560 = (2% (3) (5) (13) 2 | 1560
2 [ 780
7(1560) = 7 (2t (37 (5Y)r @3 5 [0
= BG+DA+)A+1)(1+1) 3 [ 195
65
= 9OOQ 57,
= 32 1
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cla
2187 = 3 3 | 2187
@ : 3 |79
=103 —
(@187) = 73) 3 | 243
- 8 3 |27
g % =@ 2| 36 i
( 2 2 2|18 3
7(36) = 7(2°)7 (3
( . o 2 | 6120
= 2+1)2+1 3 > 3060
=33 =9 2 | 1530
3 2 S | 765
120 = (2°)(5) (3*) (17
n  6120= (2)(5) ) 1) L
3 1 2
7(6120) = 7 (2) 7 (5) 7 (3%) 7 (17) 3 | 51
= GB+H)A+)E+1)A+1) ;17

=®HB)Q2) = 48

Example 5.4.2

Compute o (1) for each n

(@) 0(12) (b) o (28) (c) o(36) (d) o (6120) (e) 0 (2187)

Solution

Let p be any prime and e any prime, then

e+l 1
o () = p—1
(a) 12 =250

o(12) = a(@).o(3)

-l 2-1 3-1
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Q
_[8—-1][9-1 4
B 1 2
=@
= 28
(b) 28 = (2 (7)
o(28) = 0(2) o (7) ‘2?
- 241 _ ] [71+1 _ 4 2 M —
T 2-1 7-1 .
- |
_|8-1][49-1
- [ [
= [7] [8]
= 56
() 36 = (25 (3
o(36) = 0(2Y) o (3)
[52+1 _ 4 32+1 _ 4
N 2—1}[3—1} 2%
. 2 [18
_ [8=1] [27-1 3 |9
| il 2 =
= (7) (13)
= 91
(d) 6120 = (2% (3% (5) (17)

7 (6120) = o (2}) o (3% 0 (5) o (17)
e N | i
T |21 5-1 171

12
B
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5
= 115 [26] [24] 288
- 1T 1z &5 2 | 6120
~ (1) (13) (6) (18) =
2 | 1530
— 21060 3 765
e ¥ 3 | 255
)
L8] = 03) 3 | 2187 N

o 3 [729 17

_3¥ -1 3 | 24

3-1 Rl
3 [81
_ 6560 3 |27
2
3|9
= 3280 —_—
3
Example 5.4.3

List the positive factors of each, where p and g are distinct primes

(a) pq* (b) p°q°

Solution :

@ 1,p,q,pq,q* and pq*

®) 1,p,4,pq,0°% 4% ¢, p* 4, P4 pq’,p* ¢ and p* °

@nple 5.4.4

Find the sum of the positive divisors of each nnmber

(a) pq (b) p*q
SOlution .

@ o@pg) = 1+p+q+pg

® o@q) = @+p+pHA+0)

.
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Example 5.4.5

Let p and g be distinct primes find the sum of the positive fac
of p' ¢

Solution :

tors

s(@'d) = o@)o(d)

_pi+1_1 i’+1_1
p—-1 " g¢g-1

Example 5.4.6

Let n=pip,... p, be a preduct of k distinct primes. Find 7 (n)
and o (n)

Solution :
Given : n =p;p;... px
Each p; is a prime.
Each p; has 2 factors 1 and p;
7 and o are multiplicative functions
t(m)=t@E)T(P) - 7 (py)
=@ O ..

= ok

on)= o(@P)a@y)..op)

=@t )@+ (o + 1)
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W

fn=2", find 7 @) and o (1),

golution *

26
Given : n =2

T(n) = r(22e) = 2°+1

e e+l
r(n)=a(22) =22 -1

Ia:mple 5.4.8

Show that o (p€) — p° = P —-
p—1
Solution :
e+1
o (0%)—p° _ P TP e
@)-p >—1 P

p—1
_ pe+1 P—Pe+l+li
p-—l
p-p

Eample 5.4.8

Let n = 2P~} (2P — 1) where p and 2P — 1 are primes, find 7 (1)
nd o (n)

SOlutiOn :

-
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Lr - - (1) Y

1 and o arc multiplicative !'uncli(mg

q
n

(1) =
T (n)

o (n)

Let # be the
of the two

- 2P -1

Il

2[)*1(1
1 (27 7 (q")
P-1+1)(1+1)

r(2)

. aller
Product of g pair of twin primes, p being the st
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C
() Find p for which o (p) is odd.

(d) Prove that o(n) = (@ + 1) (p +3)

Solution *

(a) Let =P (p +2) is the product of two primes
I(n) = 17(p) T(p+2)
=2 @ =14

(b)a(p+2) =1+(p+2) [ p+2is a prime]
= (1+p)+2

o) +2

(c) o(p) = 1+p to be odd = p must be even p is a prime and
p must be even

=>:.n=2 [ the only even prime is 2]
&) om)=o@@+2)

= oo +2)
=@+ {@P+3)

Example 5.4.10

Prove that if n is a power of 2, then o (n) is odd.

Proof :
Let n = ol
a(n)= o2
= 2i+1 -1 = 2it1 _ 1 is always odd.
2-1
. o (n) is odd.
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Example 5.4.11

Prove that oy (n) is multiplicative.

Proof : We know that, F (n) = 2 f(@) is multiplicative
d|n

Let f(n) = n*

=0 = F(n) = ;dk is multliplicadve.
d[n

[ f is multiplicative]

EXERCISE 5.4

L. Compute 7 (n) for each n and o (n) for each n
(a) 43 (b) 2187 (c) 44982

2. List the positive factors of each, where p and g are distinct primes.
(2) pq (b) p*q

3. Find the product” of the positive divisors of p®

4. Prove that for a prime, ¢ (p) + o (p) is always even.

5. Prove that if n is a square, then o (n) is odd.

€
6. Prove that CL@ <L _
p° Pl
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