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1. Department vision & mission


Vision is a futuristic statement that the institute/department would like to achieve over a long period of time and mission is the means by which it proposes to move toward the stated vision.

	
	Vision Statement
	Mission Statement
	

	
	To be centre of technological
excellence for the service of the society
	 To impart professional education endowed with human values to the younger generation so as to transform them to be competent and committed engineers capable of providing solutions to the global challenges in deploying technology for the service of
humanity
	

	

               Institute
	
	
	

	
	
	
	

	(CMR Engineering College )
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	To be a centre of
	
	

	Department
	quality electronics
	To impart knowledge in the field of
	

	(Electronics and
	engineering
	electronics and its related areas with a focus
	

	Communication
	education for the
	on developing the required competencies and
	

	Engineering)
	benefit of the
	virtues to meet the requirement of the society
	

	
	mankind
	
	



2. List of PEOs and POs 
Programme Educational Objectives (PEOs)

PEOs are broad statements that describe the career and professional accomplishments that the programme is preparing the graduates to achieve.

PEOs of UG programme in Electronics and Communication Engineering
3. 
	                     PEO 
	
	

	designation
	PEO description
	

	number
	
	

	ECE/PEO-I
	To  produce  graduates  with  a  solid  foundation  in  electronics  and
	

	
	communication engineering
	

	
	
	

	
	To   produce   technically   competent   graduates   with   ability   to
	

	ECE/PEO-II
	analyze,  design,  develop,  optimize  and  implement  electronic
	

	
	systems
	

	
	To produce graduates with sufficient breadth in electronics and its
	

	ECE/PEO-III
	related  fields  so  as  to  enable  them  solve  general  engineering
	

	
	problems
	

	
	To  produce  graduates  with  a  professional  outlook  who  can
	

	ECE/PEO-IV
	communicate effectively and interact responsibly with colleagues,
	

	
	clients, employers and the society
	

	ECE/PEO-V
	To  produce  graduates  who  will  pursue  lifelong  learning  and
	

	
	professional development including post graduate education
	

	
	
	


4. 
[bookmark: page3]Programme Outcomes (POs)

Programme Outcomes are narrower statements that describe what the students are expected to know and be able to know by the time of graduation. These relate to the skills, knowledge, and behavior that the students acquire in their matriculation through the programme.
	
POs of the undergraduate programme in Electronics and Communication Engineering

	PO
	
	

	designation
	Programme Outcome (PO) Description
	

	number
	
	

	
	
	

	ECE/PO-1
	an ability to apply knowledge of mathematics, science, and
	

	
	engineering
	

	
	
	

	
	
	

	ECE/PO-2
	an ability to design and conduct experiments, as well as to analyze
	

	
	and interpret data
	

	
	
	

	
	
	

	
	an ability to design a system, component, or process to meet desired
	

	ECE/PO-3
	needs within realistic constraints such as economic, environmental,
	

	
	social, political, ethical, health and safety, manufacturability, and
	

	
	
	

	
	sustainability
	

	
	
	

	ECE/PO-4
	an ability to function on multidisciplinary teams
	

	
	
	

	ECE/PO-5
	an ability to identify, formulate, and solve engineering problems
	

	
	
	

	ECE/PO-6
	an understanding of professional and ethical responsibility
	

	
	
	

	ECE/PO-7
	an ability to communicate effectively
	

	
	
	

	
	the broad education necessary to understand the impact of
	

	ECE/PO-8
	engineering solutions in a global, economic, environmental, and
	

	
	societal context
	

	
	
	

	ECE/PO-9
	a recognition of the need for, and an ability to engage in life-long
	

	
	learning
	

	
	
	

	
	
	

	ECE/PO-10
	a knowledge of contemporary issues
	

	
	
	

	
	
	

	ECE/PO-11
	an ability to use the techniques, skills, and modern engineering tools 
	

	
	necessary for engineering practice
	

	
	
	

	
	
	

	ECE/PO-12
	an ability to initiate interdisciplinary projects
	

	
	
	

	ECE/PO-13
	an ability to generate ideas leading to research
	

	
	
	

	ECE/PO-14
	an ability to adapt to changing technological scenarios
	

	
	
	




5. Mapping of course objectives, course out comes with PEOS and Pos

	
	Program Outcome(PO):

	P
E
O
S
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14

	
	I
	X
	X
	X
	X
	
	
	
	
	
	
	
	
	
	

	
	II
	X
	X
	X
	X
	X
	
	
	
	
	
	X
	
	
	

	
	III
	X
	X
	X
	X
	X
	
	
	
	
	
	
	
	
	

	
	IV
	
	
	
	
	
	X
	
	X
	
	
	
	
	
	

	
	V
	
	
	
	
	
	
	X
	
	X
	
	
	
	
	




6. Syllabus 

UNIT-I:
Probability and Random Variable
Probability: Probability introduced through Sets and Relative Frequency, Experiments and Sample Spaces, Discrete and Continuous Sample Spaces, Events, Probability Definitions and Axioms, Mathematical Model of Experiments, Probability as a Relative Frequency, Joint Probability, Conditional Probability, Total Probability, Bayes’ Theorem, Independent Events.
Random Variable: Definition of a Random Variable, Conditions for a Function to be a Random Variable, Discrete, Continuous and Mixed Random Variables

UNIT-II:
Distribution & Density Functions and Operation on One Random Variable – Expectations:
Distribution & Density Functions: Distribution and Density functions and their Properties - Binomial, Poisson, Uniform, Gaussian, Exponential, Rayleigh and Conditional Distribution, Methods of defining Conditional Event, Conditional Density, and Properties.
Operation on One Random Variable – Expectations: Introduction, Expected Value of a Random Variable, Function of a Random Variable, Moments about the Origin, Central Moments, Variance and Skew, Chebychev’s Inequality, Characteristic Function, Moment Generating Function, Transformations of a Random Variable: Monotonic Transformations for a Continuous Random Variable, Non-monotonic Transformations of Continuous Random Variable, Transformation of a Discrete Random Variable.
UNIT-III:
Multiple Random Variables and Operations
Multiple Random Variables: Vector Random Variables, Joint Distribution Function, Properties of Joint Distribution, Marginal Distribution Functions, Conditional Distribution and Density – Point Conditioning, Conditional Distribution and Density – Interval conditioning, Statistical Independence, Sum of Two Random Variables, Sum of Several Random Variables, Central Limit Theorem (Proof not expected), Unequal Distribution, Equal Distributions.
Operations on Multiple Random Variables: Expected Value of a Function of Random Variables: Joint Moments about the Origin, Joint Central Moments, Joint Characteristic Functions, Jointly Gaussian Random Variables: Two Random Variables case, N Random Variable case, Properties, Transformations of Multiple Random Variables, Linear Transformations of Gaussian Random Variables.
UNIT-IV:
Stochastic Processes – Temporal Characteristics: The Stochastic Process Concept, Classification of Processes, Deterministic and Nondeterministic Processes, Distribution and Density Functions, Concept of Stationarity and Statistical Independence, First-Order Stationary Processes, Second-Order and Wide-Sense Stationarity, Nth Order and Strict-Sense Stationarity, Time Averages and Ergodicity, Mean-Ergodic Processes, Correlation-Ergodic Processes, Autocorrelation Function and its Properties, Cross-Correlation Function and its Properties, Covariance and its Properties, Linear System Response of Mean and Mean-squared Value, Autocorrelation Function, Cross-Correlation Functions, Gaussian Random Processes, Poisson Random Process.
UNIT-V:
Stochastic Processes – Spectral Characteristics: Power Spectrum: Properties, Relationship between Power Spectrum and Autocorrelation Function, Cross-Power Density Spectrum, Properties, Relationship between Cross-Power Spectrum and Cross-Correlation Function, Spectral Characteristics of System Response: Power Density Spectrum of Response, Cross-Power Spectral Density of Input and Output of a Linear System
7. Individual time table

                 SUBJECT: PTSP II-ECE A, MWE & DC LAB IV-ECE A, EEE LAB  II-ME A & B, EDC LAB	

	DAY/TIME
	9.10-10.10
	10.10-11.00
	11.00-11.50
	11.50-12.40
	12.40-01.20
	01.20-2.10
	2.10-3.00
	3.00-3.50

	MON
	
	EEE LAB II-B
	L
U
N
C
H
	
	PTSP-A
	

	TUE
	
	MWE & DC LAB IV-A
	
	EEE LAB II-A

	WED
	PTSP-A
	
	
	
	
	
	
	

	THU
	
	
	PTSP-A
	
	
	MWE & DC LAB IV-A

	FRI
	
	EDC LAB II-A
	
	EE LAB II-A

	SAT
	PTSP-A
	
	
	
	
	PTSP-A
	
	













7.Session plan &  Detailed lecture plan:





	S.NO
	Topic (JNTU syllabus)
	Sub-Topic
	No. of Lecturers Required
	Text Books
	Remarks

	
	



Introduction
	UNIT I

	1
	
	Introduction to probability, Set theory

	02
	T1, R1,R6
	

	2
	
	Experiments and Sample Spaces, Discrete and Continuous Sample Spaces, Events
	02
	T1, R1,R6
	

	3
	
	Probability Definitions and Axioms, Mathematical Model of Experiments, Probability as a Relative Frequency
	02
	T1, R1,R6
	

	4
	
	Joint Probability, Conditional Probability 
	02
	T1, R1,R6
	

	5
	
	Total Probability, Bayes’ Theorem, Independent Events
	02
	T1, R1,R6
	

	6
	
	Definition of a Random Variable, Conditions for a Function to be a Random Variable, Discrete and Continuous, Mixed Random Variable
	02
	T1, R1,R6
	

	
	
	              No. Of classes taken to complete unit-1: 12
	

	
	




Random variables-Operations
	                                                                                                            UNIT II

	7
	
	Distribution and Density functions, Properties
	03
	T1, R2,R6
	

	8
	
	Binomial, Poisson, Uniform and Exponential distribution
	02
	T1, R2,R6
	

	9
	
	Gaussian and Rayleigh distribution
	02
	T1, R2,R6
	

	10
	
	Conditional Distribution,  Methods of defining Conditioning Event, Conditional Density, Properties
	02
	T1, R2,R6
	

	11
	
	Expected Value of a Random Variable, Function of a Random Variable
	01
	T1,T2,R1
	

	12
	
	Moments about the Origin, Central Moments, Variance and Skew
	02
	T1,T2,R1
	

	13
	
	Chebychev’s Inequality
	01
	T1,T2,R1
	

	14
	
	Characteristic Function, Moment Generating Function
	03
	T1,T2,R1
	

	15
	
	Monotonic Transformations for a Continuous Random Variable
	01
	T1,T2,R1
	

	16
	
	Non monotonic Transformations of Continuous Random Variable, Transformation of a Discrete Random Variable
	01
	T1,T2,R1
	

	
	
	                     No. Of classes taken to complete unit- II: 19
	

	
	






Random Vector- Operations 
on multiple Random Variables
	UNIT III

	17
	
	Vector Random Variables, Joint Distribution Function
	02
	T1, R1,R6
	

	18
	
	Properties of Joint Distribution, Marginal Distribution Functions
	02
	T1, R1,R6
	

	19
	
	Conditional Distribution and Density – Point Conditioning and Interval conditioning
	01
	T1, R1,R6
	

	20
	
	Statistical Independence
	02
	T1, R1,R6
	

	21
	
	Sum of Two Random Variables, Sum of Several Random Variables
	02
	T1, R1,R6
	

	22
	
	Central Limit Theorem, Unequal Distribution, Equal Distributions
	01
	T1, R1,R6
	

	23
	
	Expected Value of a Function of Random Variables
	02
	T1,T2,R1
	

	24
	
	Joint Moments about the Origin, Joint Central Moments
	02
	T1,T2,R1
	

	25
	
	Joint Characteristic Functions
	01
	T1,T2,R1
	

	26
	
	Jointly Gaussian Random Variables: Two Random Variables case, N Random Variable case, Properties
	02
	T1,T2,R1
	

	27
	
	Transformations of Multiple Random Variables
	01
	T1,T2,R1
	

	28
	
	Linear Transformations of Gaussian Random Variables
	01
	T1,T2,R1
	

	
	
	                  No. Of classes taken to complete unit-3 : 19
	

	
	





Random Processes
	UNIT  IV

	29
	
	The Stochastic Process Concept, Classification of Processes, Deterministic and Nondeterministic Processes
	02
	T1, R1, R2
	

	30
	
	Distribution and Density Functions, Concept of Stationarity and Statistical Independence
	02
	T1, R1, R2
	

	31
	
	First-Order Stationary Processes, Second- Order and Wide-Sense Stationarity, N-Order and Strict-Sense Stationarity
	02
	T1, R1, R2
	

	32
	
	Time Averages and Ergodicity, Mean-Ergodic Processes, Correlation-Ergodic Processes
	02
	T1, R1, R2
	

	33
	
	Autocorrelation Function and Its Properties, Cross-Correlation Function and Its Properties, Covariance and its properties
	02
	T1, R1, R2
	

	34
	
	Gaussian Random Processes, Poisson Random Process
	02
	T1, R1, R2
	

	
	
	             No. Of classes taken to complete unit-IV :12
	

	
	






	
UNIT VIII

	42
	
	Power Spectrum and its Properties
	01
	T1, R1
	

	43
	
	Relationship between Power Spectrum and Autocorrelation Function
	02
	T1, R1
	

	44
	
	Cross-Power Density Spectrum, Properties
	01
	T1, R1
	

	45
	
	Relationship between Cross-Power Spectrum and Cross-Correlation Function
	02
	T1, R1
	

	46
	
	Spectral Characteristics of System Response: Power Density Spectrum of Response
	02
	T1, R1
	

	
	
	Cross-Power Spectral Density of Input and Output of a Linear System
	01
	T1, R1
	

	
	
	Linear System Response of Mean and Mean Squared Value, Autocorrelation Function, Cross-Correlation Functions
	02
	T1, R1, R2
	

	
	
	  No. Of classes taken to complete unit-V :11                                
	

	                     TOTAL NO. OF CLASSES REQUIRED            72        
	
	






8. Session execution log

	S.No
	Syllabus
	Scheduled completed  date 
	Completed date
	Remarks 

	1
	I-UNIT
	
	
	

	2
	I1-UNIT
	
	
	

	3
	I11-UNIT
	
	
	

	4
	IV-UNIT
	
	
	

	5
	V-UNIT
	
	
	




9. Assignment Questions

Unit – I 
SET-1
1. What is sample space? Explain the Discrete sample space and Continuous sample space each with a suitable example. 
2. In a game of dice a “shooter” can win outright if the sum of the two numbers showing up is either 7 or 11 when two dice are thrown. What is his probability of winning outright?
3. Define and explain random experiment with an example. 
4. Four cards are drawn from a well shuffled pack of playing cards. Find the probability that 
i) All are clubs 
ii) Two are spades & two are hearts 
iii) Four cards are from different suits.
SET-2
1. a) Give the classical definition of probability. 
b) A card is drawn from a pack of 52 cards. Find the probability of getting a king or a heart or a red card                                  
2. a) Aircrafts arrive at an airport according to a Poisson process at a rate of 12 per hour.All aircrafts are handled by one air traffic controller. If the controller takes a 2 minute coffee break, what is the probability that he will miss one or more arriving aircrafts? 
  b) Telephone calls are initiated through an exchange at the average rate of 75 per minute and are described by a Poisson process. Find the probability that more than 3 calls are initiated in any 5 second period.
3. a) What is the probability of getting 53 Sundays in a leap year?     
  b) In a box there are 500 colored balls: 75 black, 150 green, 175 red, 70 white and 30 blue. What are the probabilities of selecting a ball of each color?			
4. (a) Explain the terms Joint probability and Conditional probability.
  (b) Show that Conditional probability satisfies the three axioms of probability.
SET-3
1. Two cards are drawn from a 52-card deck (the first is not replaced):
    i. Given the first card is a queen. What is the probability that the second is also a queen?
    ii. Repeat part (i) for the first card a queen and second card a 7.
    iii. What is the probability that both cards will be the queen? 
2. Show that Conditional probability satisfies the three axioms of probability. 
3. Explain discrete and continuous sample spaces with examples. 
4. A batch of 50 items contains 10 defective items. Suppose 10 items are selected at random and tested. What is the probability that exactly 5 of the items tested are defective?

SET-4
1. i) When do you say that two events are independent? 
  ii) The probability, P, assigned to an event must satisfy certain conditions. What are they? 
2. A block of 100 bits is transmitted over a binary communication channel with probability of bit error P = 103. Find the probability that the block contains three or more errors.
3. a) State and prove Bayes theorem for conditional probability. 
   b) An urn contains 10 white and 12 red chips. Two chips are drawn at random and, without looking at their colors, are discarded. What is the probability that a third chip drawn is red? 
4. Explain the following with examples 
i) Relative frequency definition of probability 
ii) Conditional probability and 
iii) Total probability. 

Unit -II
SET-1
1.a Determine E[X] and VAR[X] of Poisson random variable X. 
b. State any four properties of probability density function.
2. a. Discuss the conditions for a function to be a random variable. 
b. Determine the cumulative distribution function and probability density function of Y given that Y = 2X+3 and that fX(x) = 2e-xu(x).
3. a. i) Define the expected value of continuous random variable X. 
  ii) Determine the mean for a uniform random variable. 
  b. Find the mean and variance of the binomial random variable?
4. a. Determine the relationship between central moments and moments about origin. 
  b. The time X between customer arrivals at a service station has an exponential probability density function with parameter λ. Find the mean inter arrival time.
SET-2
1. a .A discrete random variable X has possible values which occur with probabilities 0.4, 0.25, 0.15, 0.1 and 0.1 respectively. Find the mean value   
b. List the properties of conditional density function.
2. a. Define a random variable? Explain its importance with an example
   b. What is Probability distribution function? Explain its properties
3. a) Calculate E[X3], if X is uniformly distributed. 
  b) State and prove any four properties of characteristic function.
4. a) Calculate E[X] if X is a Poisson random variable with parameter λ. 
  b) Show that a linear transformation of a Gaussian random variable produces another Gaussian random variable.

SET-3
1. a. A random variable has probability density function
     fx(x)  = cx(1-x)       0≤x≤1 
0 else where
   Find a) c   b) p(1/2≤X≤3/4)	c) Fx(x)
  b.The probability density function (Pdf) of the amplitude of speech waveforms is found 	to decay exponentially at a rate α, so the following Pdf is purposed: 
    fx(x) = C exp(-α|x|), Find the constant C.
2. a .The waiting time X of a customer in a queuing system is zero if he finds the system idle and an exponentially distributed random length of time if he finds the system busy. The probabilities that he finds the system idle or busy are P and 1-P, respectively. Find the cumulative distribution function of X
  b. What is Probability density function? Explain its properties
3. Calculate E[X] when X is binomially distributed with parameters n and p. 
4. The characteristic function for a Gaussian random variable X, having a mean value of 0, is  Φx(w)=exp(-σx2w2/ 2)Find all the moments of X using Φx(w).

SET-4
1.a. A random variable has probability density function
     fx(x)  = cx(1-x)       0≤x≤1 
1 else where
   Find a) c   b) p(1/2≤X≤3/4)	c) Fx(x)
 b. List the properties of conditional density function
2. a. Determine the cumulative distribution function and probability density function of Y 	given that Y = 2X+3 and that fX(x) = 2e-xu(x).
 	b. Discuss the conditions for a function to be a random variable.
3.a. Calculate the expectation of an exponential distributed random variable having parameter λ. 
  b. Define the moment generating function(MGF) and discuss about the disadvantage of 	MGF over the characteristic function
 4.a. Find the expected value of the random variable X, whose probability density function 	is f(x) = (1/2k), for k = 1,2,3 etc
  b.Find the variance of a random variable X with a density function  fx(x) =1/2exp(-|x|).
Unit-III 
SET-1
1. a. Define and explain conditional probability mass function. Give its properties
b. The joint probability density function of two random variables X and Y is given by
          f(x,y) = c(2x+y) ; 0≤x≤1,0≤y≤2   0; else where
Find:
i. The value of ‘c’.
ii. Marginal distribution function of x and y.
2. a. A joint pdf is
 	fxy(x,y) = 1/ab   ; 0<x<a,0<y<b  		0;elsewhere
	i.find and sketch Fxy(x,Y)
	ii.if a<b find P[x+y≤3a/4]
 b. Find the value of constant b so that fxy(x,y) = bxy2exp(-2xy)u(x-2)u(y-1) is valid joint pdf.
3. a Define joint central moments for two random variables X and Y and explain the covariance of two random variables.
 b. Explain Gaussian density function for N random variables. 
4. a. State and prove the properties of joint moment generating function.
  b. State and prove any four properties of cross-correlation function

SET-2
1. a. State and prove any four properties of probability distribution function. 
b. Find the value of constant b so that fxy(x,y) = bxy2exp(-2xy)u(x-2)u(y-1) is valid joint 	pdf.
2 .a. State and prove any four properties of probability distribution function. 
b. Let the random variable Y be defined by Y=X2 Where X is continuous random variable. Find the cumulative distribution function and probability density function of Y.
3 .a. Define covariance of random variables X and Y and explain correlation coefficient. 
  b. State and prove the properties of joint characteristic function.
4. a. State and prove the properties of covariance function. 
  b. State and prove the properties of joint moment generating function

SET-3
1.a. The joint density function of random variables X and Y is
		fxy(x,y)  = 8xy   ;  0≤x<1,  0<y<x
				 =0       elsewhere
	Find f(y/x) and f(x/y)
  b.The density function of two random variables X and Y is 
fxy(x, y) = u(x) u(y) 4e-2(x+y).Find the mean value of the function e-(x+y).
2. a. The joint density function of X and Y is
     f x,y(x,y) = xy/9  0<x<2 and 0<y<3 
Show that X and Y are uncorrelated.
b. Derive the expressions for the distribution and density functions of sum of two statistically independent random variables. 
3. a. Explain the physical significance of variance of a random variable. If X and Y are two √7. If X is a random variable with mean “m” = 0 and variance of σ2, find the mean and variance of the random variable Y =(x-m)/σ.
 b. Verify that two uncorrelated jointly Gaussian random variables are independent Gaussian random variables.
4. a. If X1, X2, X3, ... Xn are ‘n’ number of independent and identically distributed random variables such that Xk = 1/2 with a probability 1/2 = – 1/2 with a probability 1/2. Find the characteristic function of the random variable Y =(X1+X2+X3…+Xn)/2√n
b. State and prove the properties of covariance function. 

SET-4
1.Find the conditional density functions for the joint distribution 
  Fx,y(x,y)=4xyexp(x2+y2)u(x)u(y)
2.The density function of two random variables X and Y is 
fxy(x, y) = u(x) u(y) 4e-2(x+y).Find the mean value of the function e-(x+y).
3. Let the random variable Y be defined by Y=X2 Where X is continuous random variable. Find the cumulative distribution function and probability density function of Y.
4. Derive the expressions for the distribution and density functions of sum of two statistically independent random variable

Unit-IV
SET-1
  1. Explain the following 
i) Wide – sense stationary process and ii) Strict – sense stationary process. 
 2.Discuss about the following ergodic process 
  i) Mean Ergodic process.  ii) Correlation ergodic process.
  3.Explain the following with examples 
	i) Discrete time stochastic process and  ii) Continuous time stochastic process. 
4. Explain the first and second order stationary random processes. 
 SET-2
1.Explain the classification of random processes.
2. Let X and Y be the random variables defined as X=cosФ and Y=sinФ, where Ф is a uniform random variable over (0,2π).	
A)Are X and Y uncorrelated?
B)Are X and Y independent?
3.Verify that the density of the sum of two independent Random Variables is equal to the convolution of their individual densities.			
4.X (t) is a stationary random process with a mean of 3 and an auto correlation function of 6+5exp (-0.2|τ|).Find the second central moment of the random variable Y=Z-W,where Z and W are the samples of the random process at t=4sec and t=8sec respectively.
SET-3
1.Find the cross correlation between the processes X (t)=Acoswt+Bsinwt  and Y(t)=Bcoswt-Asiwt,where A and B,where A and B are two standized Gaussian Random variables.
2. Z (t) = X Cos ω0t –Y Sinω0t is a random process, where X and Y are Poisson random variables with zero mean and variance K.Find the variance of the Process.
3.X (t) is a WSS process and Y (t) = A cos (ωct + θ) is a random process which is independent of X(t). Here, θ is a uniform random variable over (– π, π). If the auto-correlation function of X (t) is RXX(τ), Find the auto correlation of Z(t)=X(t)Y(t).
SET-4
1.Explain the classification of random processes.
2. Let X and Y be the random variables defined as X=cosФ and Y=sinФ, where Ф is a uniform random variable over (0,2π).	
A)Are X and Y uncorrelated?
B)Are X and Y independent?
3.Verify that the density of the sum of two independent Random Variables is equal to the convolution of their individual densities.			
4.X (t) is a stationary random process with a mean of 3 and an auto correlation function of 6+5exp (-0.2|τ|).Find the second central moment of the random variable Y=Z-W,where Z and W are the samples of the random process at t=4sec and t=8sec respectively.
								


Unit-V
   SET-1
1. For a random process X(t) derive the expression for power density spectrum. 
2.  State at least 4 properties of power density spectrum of a random process.
3. A random process X (t) = A0cos(ω0t + Θ) where A0, ω0 are real constants and is a random variable uniform on (0, Θπ/2). Find the average power of the random process. 
4. Derive the relationship between cross-power spectral density and cross correlation function. 
   SET-2
1.For a random process X(t) derive the expression for power density spectrum. 
2.State at least 4 properties of power density spectrum of a random process.
3.A random process X (t) = A0cos(ω0t + Θ) where A0, ω0 are real constants and is a random variable uniform on (0, Θπ/2). Find the average power of the random process. 
4.Derive the relationship between cross-power spectral density and cross correlation function. 

SET-3							 
1.Evaluate the cross power spectral density given the cross correlation of two processes X(t) and Y(t) is[image: ]where A, B and 0ω are constant.
2.Derive the relationship between power spectral density and autocorrelation function. 
3.Determine the resultant output spectral density if a white noise of  spectral density unity is passed through a RC LPF with a transfer function H(w).
			[image: ]
4. Is power density spectrum an even function of ‘ω’ or odd function of ‘ω’? Justify.
[image: ]

SET-4

1. Determine which of the following functions are valid power spectral density and why?
[image: ]1[image: ]
2. “The Power Spectral density of any random waveform and its autocorrelation function are related by means of Fourier transform”. Prove and illustrate the above statement. 
3. Derive the relationship between power spectral density and autocorrelation function.
4. A random process X (t) = A0cos(ω0t + Θ) where A0, ω0 are real constants and is a random variable uniform on (0, Θπ/2). Find the average power of the random process. 

10. Sample assignment scrip

11. Unit-wise course material

12. Mid exam question papers

MID-1:
Answer any TWO.
1. a) Give the axiomatic approach of probability. 
 b) A card is drawn from a pack of 52 cards. Find the probability of getting a king or a heart card. 
2. a) What is Probability distribution function? Explain its properties.
    b)A random variable has probability density function
     fx(x) =  c x(1-x)       0≤x≤1 
   0			 else where
    Find  a) c  b) p(1/2≤X≤3/4)  	c) Fx(x)
3. a) Determine the relationship between central moments and moments about origin.
   b) Calculate E[X3], if X is uniformly distributed.
4. a) Define and explain conditional probability distribution function. Give its properties
  b)The joint density function of random variables X and Y is
		fxy(x,y)  =  8xy   ;  0≤x<1,  0<y<x
				  =  0       elsewhere
	Find f(y/x) and f(x/y)






13. Mid & Quiz exam marks


	S.NO
	H.T NO
	NAME OF THE STUDENT
	MID-I

	1
	128R1A0407
	APARAPA RAJKUMAR
	A
	

	2
	128R1A0444
	LAKAMALLA PRASHANTH
	14
	

	3
	138R1A0401
	A AKHIL REDDY
	14
	

	4
	138R1A0402
	APPALA LIKITHA
	19
	

	5
	138R1A0403
	A SHARATH CHANDRA
	15
	

	6
	138R1A0404
	AKKULA SRAVAN GOUD
	23
	

	7
	138R1A0405
	AKSHAY THAKUR
	15
	

	8
	138R1A0406
	AKULA SAI SUNAYANA
	24
	

	9
	138R1A0407
	ALIMI RAMYASRI
	19
	

	10
	138R1A0408
	ALLASANI DHANUSH RAJ YADA V
	22
	

	11
	138R1A0409
	AMRUTHAM USHARANI
	22
	

	12
	138R1A0410
	ANUSRI A VARIER
	22
	

	13
	138R1A0411
	AREPALLY GOUTAMI
	14
	

	14
	138R1A0412
	B AKHIL PREM
	18
	

	15
	138R1A0413
	B SNEHA
	24
	

	16
	138R1A0414
	BANDA SRIKANTH
	17
	

	17
	138R1A0415
	BADDAM SAI UDAY REDDY
	14
	

	18
	138R1A0416
	BAHOJ SAMPATH CHARY
	17
	

	19
	138R1A0417
	BAIKAN SURESH KUMAR YADAV
	16
	

	20
	138R1A0418
	BANDARI SREEJA
	24
	

	21
	138R1A0419
	BATHINI SAI KIRAN GOUD
	21
	

	22
	138R1A0420
	BHAIRINENI CHANDU
	14
	

	23
	138R1A0421
	BIARY MANISH
	17
	

	24
	138R1A0422
	BODE SAI DEEPAK
	14
	

	25
	138R1A0423
	CH MADHAV
	21
	

	26
	138R1A0424
	CHANDIREDDY ANUSHA
	25
	

	27
	138R1A0425
	PUNDRU MOUNIKA
	24
	

	28
	138R1A0426
	CHELIMILLA SRILEKHA
	23
	

	29
	138R1A0427
	CHENDIREDDY RAMYA
	20
	

	30
	138R1A0428
	CHEPURI NAVEEN RAJ
	18
	

	31
	138R1A0429
	CHILUMULA SRILOKH
	17
	

	32
	138R1A0430
	CHINTHOJI NARESH CHARY
	14
	

	33
	138R1A0431
	C.VIJAYKUMAR GOUD
	15
	

	34
	138R1A0432
	CIGURU KUMARI
	23
	

	35
	138R1A0433
	DAHAGAM KEERTHANA
	19
	

	36
	138R1A0434
	ATIPAMULA SANJANA
	19
	

	37
	138R1A0435
	D NAYEEM ASIF
	14
	

	38
	138R1A0436
	DAMARANCHA RAMYA
	17
	

	39
	138R1A0437
	DASARI SAISREENADH
	20
	

	40
	138R1A0438
	DENNIS FRANCIS
	14
	

	41
	138R1A0439
	PERCHALA DILIP VARMA
	16
	

	42
	138R1A0440
	DONTHINENI SRUTHA KEERTHI
	23
	

	43
	138R1A0441
	DUBBA NIKHIL
	22
	

	44
	138R1A0442
	EANEKESHAPHU SRAVYA PRIYA
	22
	

	45
	138R1A0443
	G H S VIVEKANANDA
	14
	

	46
	138R1A0444
	G RAJESH
	19
	

	47
	138R1A0445
	G SHASHIDHAR BABU
	17
	

	48
	138R1A0446
	G SHIVA PRASAD GOUD
	17
	

	49
	138R1A0447
	GADDAM SUKANYA
	24
	

	50
	138R1A0448
	GAINDLA SANDHYA
	23
	

	51
	138R1A0449
	GANDLA DEEPIKA
	17
	

	52
	138R1A0450
	GAURAV SINGH
	17
	

	53
	138R1A0451
	GONE MOUNIKA
	21
	

	54
	138R1A0452
	GUDURU BABITHA REDDY
	24
	

	55
	138R1A0453
	GUJJIGA RAJASEKHAR
	14
	

	56
	138R1A0454
	GUNDAM SRAVANA LASHMI
	25
	

	57
	138R1A0455
	GURUDU MANASA
	24
	

	58
	138R1A0456
	J CHRISTINA
	23
	

	59
	138R1A0457
	JADHAV RAHUL
	22
	

	60
	138R1A0458
	JANJANAM KRISHNA TEJA
	14
	

	61
	138R1A0459
	JEELUKA SAMPATH
	19
	

	62
	138R1A0460
	JILLA SIRISHA
	22
	

	63
	138R1A0461
	GOPU PAVANKUMAR REDDY
	14
	

	64
	138R1A0462
	HAMDOJU CHIRANJEEVI
	16
	

	65
	138R1A0463
	JAKIDI SANTHOSH REDDY
	14
	

	66
	138R1A0464
	J SURYA KANTH
	20
	

	67
	138R1A0465
	JALAGAM SNEHA
	23
	

	68
	138R1A0466
	KONDAM HARSHAVARDHAN REDDY
	17
	



14. List of slow learners (MUC)

	Class
	Roll No’s
	Total No. Of Candidates

	

II-I A
	

12-407,12-444,
13-401,403,405,411,415,420,
422,430,435,438,443,453,
458,461,463,466



	


18




15. Remedial classes schedule for slow learners

16. Subject wise (attendance monthly).


	S.NO
	H.T NO
	NAME OF THE STUDENT
	   JULY 
    23
	AUGUST
    18

	1
	128R1A0407
	APARAPA RAJKUMAR
	0
	
	0
	

	2
	128R1A0444
	LAKAMALLA PRASHANTH
	5
	
	0
	

	3
	138R1A0401
	A AKHIL REDDY
	8
	
	8
	

	4
	138R1A0402
	APPALA LIKITHA
	13
	
	15
	

	5
	138R1A0403
	A SHARATH CHANDRA
	7
	
	9
	

	6
	138R1A0404
	AKKULA SRAVAN GOUD
	13
	
	13
	

	7
	138R1A0405
	AKSHAY THAKUR
	9
	
	12
	

	8
	138R1A0406
	AKULA SAI SUNAYANA
	23
	
	15
	

	9
	138R1A0407
	ALIMI RAMYASRI
	11
	
	6
	

	10
	138R1A0408
	ALLASANI DHANUSH RAJ YADA V
	16
	
	14
	

	11
	138R1A0409
	AMRUTHAM USHARANI
	20
	
	13
	

	12
	138R1A0410
	ANUSRI A VARIER
	23
	
	14
	

	13
	138R1A0411
	AREPALLY GOUTAMI
	11
	
	13
	

	14
	138R1A0412
	B AKHIL PREM
	14
	
	12
	

	15
	138R1A0413
	B SNEHA
	23
	
	17
	

	16
	138R1A0414
	BANDA SRIKANTH
	9
	
	6
	

	17
	138R1A0415
	BADDAM SAI UDAY REDDY
	10
	
	14
	

	18
	138R1A0416
	BAHOJ SAMPATH CHARY
	14
	
	15
	

	19
	138R1A0417
	BAIKAN SURESH KUMAR YADAV
	18
	
	11
	

	20
	138R1A0418
	BANDARI SREEJA
	15
	
	17
	

	21
	138R1A0419
	BATHINI SAI KIRAN GOUD
	10
	
	7
	

	22
	138R1A0420
	BHAIRINENI CHANDU
	8
	
	9
	

	23
	138R1A0421
	BIARY MANISH
	8
	
	9
	

	24
	138R1A0422
	BODE SAI DEEPAK
	12
	
	7
	

	25
	138R1A0423
	CH MADHAV
	23
	
	14
	

	26
	138R1A0424
	CHANDIREDDY ANUSHA
	17
	
	11
	

	27
	138R1A0425
	PUNDRU MOUNIKA
	18
	
	11
	

	28
	138R1A0426
	CHELIMILLA SRILEKHA
	21
	
	14
	

	29
	138R1A0427
	CHENDIREDDY RAMYA
	16
	
	14
	

	30
	138R1A0428
	CHEPURI NAVEEN RAJ
	8
	
	11
	

	31
	138R1A0429
	CHILUMULA SRILOKH
	19
	
	15
	

	32
	138R1A0430
	CHINTHOJI NARESH CHARY
	16
	
	11
	

	33
	138R1A0431
	C.VIJAYKUMAR GOUD
	12
	
	12
	

	34
	138R1A0432
	CIGURU KUMARI
	18
	
	10
	

	35
	138R1A0433
	DAHAGAM KEERTHANA
	12
	
	11
	

	36
	138R1A0434
	ATIPAMULA SANJANA
	14
	
	15
	

	37
	138R1A0435
	D NAYEEM ASIF
	8
	
	12
	

	38
	138R1A0436
	DAMARANCHA RAMYA
	9
	
	11
	

	39
	138R1A0437
	DASARI SAISREENADH
	14
	
	12
	

	40
	138R1A0438
	DENNIS FRANCIS
	11
	
	7
	

	41
	138R1A0439
	PERCHALA DILIP VARMA
	14
	
	12
	

	42
	138R1A0440
	DONTHINENI SRUTHA KEERTHI
	18
	
	13
	

	43
	138R1A0441
	DUBBA NIKHIL
	11
	
	14
	

	44
	138R1A0442
	EANEKESHAPHU SRAVYA PRIYA
	8
	
	8
	

	45
	138R1A0443
	G H S VIVEKANANDA
	11
	
	8
	

	46
	138R1A0444
	G RAJESH
	9
	
	15
	

	47
	138R1A0445
	G SHASHIDHAR BABU
	14
	
	12
	

	48
	138R1A0446
	G SHIVA PRASAD GOUD
	6
	
	7
	

	49
	138R1A0447
	GADDAM SUKANYA
	15
	
	8
	

	50
	138R1A0448
	GAINDLA SANDHYA
	18
	
	11
	

	51
	138R1A0449
	GANDLA DEEPIKA
	18
	
	8
	

	52
	138R1A0450
	GAURAV SINGH
	10
	
	12
	

	53
	138R1A0451
	GONE MOUNIKA
	14
	
	15
	

	54
	138R1A0452
	GUDURU BABITHA REDDY
	14
	
	15
	

	55
	138R1A0453
	GUJJIGA RAJASEKHAR
	11
	
	7
	

	56
	138R1A0454
	GUNDAM SRAVANA LASHMI
	12
	
	14
	

	57
	138R1A0455
	GURUDU MANASA
	16
	
	14
	

	58
	138R1A0456
	J CHRISTINA
	14
	
	12
	

	59
	138R1A0457
	JADHAV RAHUL
	15
	
	16
	

	60
	138R1A0458
	JANJANAM KRISHNA TEJA
	6
	
	10
	

	61
	138R1A0459
	JEELUKA SAMPATH
	9
	
	11
	

	62
	138R1A0460
	JILLA SIRISHA
	19
	
	12
	

	63
	138R1A0461
	GOPU PAVANKUMAR REDDY
	7
	
	12
	

	64
	138R1A0462
	HAMDOJU CHIRANJEEVI
	7
	
	9
	

	65
	138R1A0463
	JAKIDI SANTHOSH REDDY
	14
	
	13
	

	66
	138R1A0464
	J SURYA KANTH
	9
	
	14
	

	67
	138R1A0465
	JALAGAM SNEHA
	9
	
	13
	

	68
	138R1A0466
	KONDAM HARSHAVARDHAN REDDY
	8
	
	12
	



17. Slow learner’s attendance

	S.no
	Roll.no
	July
	August

	1
	128R1A0407
	0
	0

	2
	128R1A0444
	5
	0

	3
	138R1A0401
	8
	8

	4
	138R1A0403
	7
	9

	5
	138R1A0405
	9
	12

	6
	138R1A0411
	11
	13

	7
	138R1A0415
	10
	14

	8
	138R1A0420
	8
	9

	9
	138R1A0422
	12
	7

	10
	138R1A0430
	16
	11

	11
	138R1A0435
	8
	12

	12
	138R1A0438
	11
	7

	13
	138R1A0443
	11
	8

	14
	138R1A0453
	11
	7

	15
	138R1A0458
	6
	10

	16
	138R1A0461
	7
	12

	17
	138R1A0463
	14
	13

	18
	138R1A0466
	8
	12




18. Sample mid answer script

19. Slow learner’s performance in MID questions

	S.no
	Roll.no
	Mid-1

	1
	128R1A0407
	A

	2
	128R1A0444
	0

	3
	138R1A0401
	4

	4
	138R1A0403
	5

	5
	138R1A0405
	5

	6
	138R1A0411
	0

	7
	138R1A0415
	5

	8
	138R1A0420
	0

	9
	138R1A0422
	3

	10
	138R1A0430
	0

	11
	138R1A0435
	5

	12
	138R1A0438
	0

	13
	138R1A0443
	0

	14
	138R1A0453
	1

	15
	138R1A0458
	3

	16
	138R1A0461
	2

	17
	138R1A0463
	4

	18
	138R1A0466
	5





20. Result Analysis

21. Material collected from Internet/Websites


Unit-2:PART-A



1. and are independent random variables with variance 2 and 3. 

Find the variance of  .
 Solution:

		


		   ()




2. A Continuous random variable  has a probability density function 



   Find ‘a’ such that 
   Solution:

		 We know that the total probability =1

	Given 

    Then 

		

	ie

	 Consider 

		i.e.

		

		

			

			.







3. A random variable has the p.d.f given by.


    Find the value of   and cumulative density function of .
    Solution:

		 Since 

	

	

		

	



	                      = .


4. If a random variable  has the p.d.f. 

    Find the mean and variance of .
    Solution:

	

		

	

		

		



	                          = .



5. A random variablehas density function given by.
    Find m.g.f
    Solution:



				

				.

6. Criticise the following statement: “The mean of a Poisson distribution is 5 while the  
standard  deviation is 4”.
    Solution:
For a Poisson distribution mean and variance are same. Hence this statement
is  not true.

7. Comment the following: “The mean of a binomial distribution is 3 and variance is 4
    Solution:


In binomial distribution, meanvariance but VarianceMean 


            Since Variance&Mean, the given statement is wrong.





8. Ifandare independent binomial variatesandfind
    Solution:


is also a binomial variate with parameters 








9. Ifis uniformly distributed with Meanand Variance, find
    Solution:


Ifis uniformly distributed over, then

	

		

		


		We get 


	and probability density function ofis

	

.
10. State the memoryless property of geometric distribution.
      Solution:

		Ifhas a geometric distribution, then for any two positive 



	integerand.




11. is a normal variate with andFind the following
       Solution:





            Let  be the standard normal variate




			

		

.




12. Ifis a Findwhere
      Solution:












13. If the probability isthat a man will hit a target what is the chance that he will hit 
the   target for the first time in the 7th trial?

      Solution:

The required probability is




		.


Hence Probability of hitting target and.


14. A random variablehas an exponential distribution defined by p.d.f. 



. Find the density function of .

Solution:



P.d.f of y 

	


           Using  we get



15. Ifis a normal variable with zero mean and variance, Find the p.d.f of 

Solution:

	Given 



.






UNIT-II: RANDOM VARIABLES
PART-B
1. 
A random variable  has the following probability function:

            Values of,       





            Find   (i) , (ii) Evaluate and 

 (iii). Determine the distribution function of.



(iv).    (v). ,
2. 
If 


            Find (i)  and (ii) .
3. 
 is a continuous random variable with pdf given by



Find the value of  and also the cdf.
4. 

A random variable  has density function . 


           Determine    and the distribution functions. Evaluate the probability.
5. 

A random variable  has the P.d.f



            Find (i)   (ii)  (iii) 
6. 

If  has the probability density function 



            Find,  and the mean of .
7. Find the moment generating function for the distribution whose p.d.f


isand hence find its mean and variance.
8. 
If the continuous random variable  has ray Leigh density 


findand deduce the values of 


and .
9. 

Let the random variable  have the p.d.f.

Find the moment generating function, mean & variance of .
10. The elementary probability law of a continues random variable is 



where a, b andare constants. 


           Findthe rth moment about point  and also find the mean and variance.
11. 
The first four moments of a distribution aboutare 1,4,10 and 45 


respectively. Show that the mean is 5, variance is 3, and .
12. 
A continuous random variable X has the p.d.f
Find the rth moment of X about the origin. Hence find mean and variance of X.
13. 


Find the moment generating function of the random variable X, with probability density function.Also find ,.
14. 
The p.d.f of the r.v.  follows the probability law:



. Find the m.g.f of  and also 


find and .
15. 

Find the moment generating function and rth moments for the distribution. Whose   p.d.f is, . Find also standard deviation.
16. Define Binomial distribution Obtain its m.g.f., mean and variance.
17. Six dice are thrown 729 times. How many times do you expect atleast 3 dice show 5 or 6 .
18. 
Six coins are tossed 6400 times. Using the Poisson distribution, what is the approximate probability of getting six headstimes?
19. A die is cast until 6 appears what is the probability that it must cast more then five times?
20. Suppose that a trainee soldier shoots a target an independent fashion. If the probability that the target is shot on any one shot is 0.8.
(i)  What is the probability that the target would be hit on 6th attempt?
(ii) What is the probability that it takes him less than 5 shots?
21. State and prove the memory less property of exponential distribution.
22. A component has an exponential time to failure distribution with mean of 10,000 hours.
(i). The component has already been in operation for its mean life. 
What is the probability that it will fail by 15,000 hours?
(ii). At 15,000 hours the component is still in operation. What is the 
probability that it will operate for another 5000 hours.


23. 
The Daily consumption of milk in a city in excess of 20,000 gallons is        approximately distributed as a Gamma variate with parametersand 

. The city has a daily stock of 30,000 gallons. What is the probability that the stock is in sufficient on a particular day?
24. 


The lifetime (in hours) of a certain piece of equipment is a continuous r.v. having           range and p.d.f.is. Determine the constantand evaluate the probability that the life time exceeds 2 hours.
25. State and prove the additive property of normal distribution.
26. 
Prove that “For standard normal distribution.
27. The average percentage of marks of candidates in an examination is 45 will a standard deviation of 10 the minimum for a pass is 50%.If 1000 candidates appear for the examination, how many can be expected marks. If it is required, that double that number should pass, what should be the average percentage of marks?
28. 



Given thatis normally distribution with mean 10 and probability. What is the probability thatwill fall in the interval.
29. In a normal distribution,31 % of the items are under 45 and 8% are over 64.Find the mean and standard deviation of the distribution.
30. For a certain distribution the first moment about 10 is 40 and that the 4th moment about 50 is 48, what are the parameters of the distribution.


UNIT-III: TWO DIMENSIONAL RANDOM VARIABLES

Part.A

1. 


Letandhave joint density function.Find the marginal


density function. Find the conditional density function given .
Solution:

Marginal density function of  is given by



		

				

Marginal density function ofis given by

		

	.



Conditional dist.Fn. ofgiven  is. 

2. 
Verify that the following is a distribution function..
Solution:


		is a distribution function only ifis a density function.

		

		



		.
Therefore, it is a distribution function.
3. 
Prove that 
Solution:



		

		

		
4. 




A continuous random variable  has a probability density function. Find  such that.
Solution:


Since, each must be equal tobecause the probability is always 1.

		

		

		.


5. 

 Suppose that the joint density function Determine.
Solution:

Sinceis a joint density function

		.

		

		

		




6. 



Examine whether the variables   and  are independent, whose joint density function is .
Solution:

The marginal probability function of  is 

		

			,

The marginal probability function of is

		


		

					

		Here 



		and are not independent.	
7. 

Ifhas an exponential distribution with parameter 1. Find the pdf of 
Solution:		


Since,


Since  has an exponential distribution with parameter 1, the pdf of  is given by 


			

	

	


8. 


If  is uniformly distributed random variable in, Find the probability density function of 
Solution:


Given				




Since  is uniformly distribution in ,





Now 

	

9. 



If the Joint probability density function of  is given by  Find.
Solution:





	


		

10. 


 If  and  are random Variables, Prove that 
Solution:

		

			

	

	


		

11. 


Ifandare independent random variables prove that
Proof:

			



		But ifandare independent then

		

		
12. Write any two properties of regression coefficients.
Solution:
		1. Correction coefficients is the geometric mean of regression coefficients
		2. If one of the regression coefficients is greater than unity then the other 
should be less than 1.


		and


		If then.

13. Write the angle between the regression lines.
Solution:
		The slopes of the regression lines are 

		

		If  is the angle between the lines, Then

		



When, that is when there is no correlation between x and y,  (or)
and so the regression lines are perpendicular 





When or, that is when there is a perfect correlation or ,  and so the lines coincide.  

14. State central limit theorem 
	Solution:









If  is a sequence of independent random variable  and   and if then under several conditions  follows a normal distribution with mean  and variance as.
15. When do you say two random variables are orthogonal?
Solution:
Two random variables are said to be orthogonal if correlation is zero.
		






UNIT-III: TWO DIMENSIONAL RANDOM VARIABLES
Part-B
1. 


The joint probability density function of a bivariate random variable  is where   is a constant.
i. 
Find .
ii. 

Find the marginal density function of and.
iii. 

Are  and  independent?
iv. 

Find  and.
2. 



If  and  are two random variables having joint probability density function Find (i) 


(ii)  (iii) .
3. Three balls are drawn at random without replacement from a box containing 2 white, 



3 red and 4 black balls.  If  denotes the number of white balls drawn and  denotes the number of red balls drawn find the joint probability distribution of  .
4. 

Two fair dice are tossed simultaneously.  Let denotes the number on the first die and 
denotes the number on the second die.  Find the following probabilities.




(i) , (ii) , (iii)  and (iv) .

      5.The joint probability mass function of a bivariate discrete random variable  in 
	given by the table.
	



	
     1
	
       2
	
     3

	    1
	    0.1
	      0.1
	    0.2

	    2
	    0.2
	      0.3
	    0.1


	Find 
i. 

The marginal probability mass function of and.
ii. 

The conditional distribution of given .
iii. 

6. 

 If and are two random variables having the joint density function 



where and  can assume only integer values 0, 1 and 2, 


find the conditional distribution of for .


7. 




The joint probability density function of  is given by . Find (i) , (ii)  and                  (iii) 
8. 


If the joint distribution functions of  and  is given by 
i. 

Find the marginal density of and.
ii. 

Are  and  independent.
iii. 
.
9. 



The joint probability distribution of  and  is given by .  Find .

10. 

Two random variables  and  have the following joint probability density 





function.  Find the marginal probability density function of and.   Also find the covariance between and .
11. 

If  for a bivariate , find the correlation coefficient
12. 


Let the random variables  and  have pdf.
  Compute the correlation coefficient.
13. 




Let  and  be two independent random variables with means 5 and 10 and standard devotions 2 and 3 respectively.  Obtain the correlation coefficient of  where and .
14. 

Let the random variable  has the marginal density function 


and let the conditional density of  be .  


Prove that the variables  and  are uncorrelated.
15. 


Given .  Find the regression curve of on .
16. 


Given , obtain the regression of  on 


and on .
17. Distinguish between correlation and regression Analysis.
18. 









any are two random variables with variances  and  respectively and  is the coefficient of correlation between them.  If  and, find the value of  so that  and  are uncorrelated.
19. Find the regression lines:
	

	6
	8
	10
	18
	20
	23

	

	40
	36
	20
	14
	10
	2



20. 


Using the given information given below compute and .  Also compute 


when and.
21. 

The joint pdf of  and  is 
	



	
  -1

	
    1


	
   0
	

	


	
   1
	

	





Find the correlation coefficient of and.
22. 

Calculate the correlation coefficient for the following heights (in inches) of fathers  and their sons .
	

	65
	66
	67
	67
	68
	69
	70
	72

	

	67
	68
	65
	68
	72
	72
	69
	71


23. 


If  and  are independent exponential variates with parameters 1, find the pdf of              .
24. 


The joint pdf of  and  is given by .  

Find the pdfof .
25. 


If  and  are independent random variables each following , 




find the pdf of . If  and  are independent rectangular variates on 

find the distribution of .


26. 

If  are Poisson variates with parameter .  Use the central limit theorem 



to estimate  where  and .
27. 
A random sample of size 100 is taken from a population whose mean is 60 and variance is 400.  Using central limit theorem, with what probability can we assent that the mean of the sample will not differ from  by more than 4.
28. 

If the variable  are independent uniform variates in the interval ,

find using central limit theorem.
29. 
A distribution with unknown mean  has a variance equal to 1.5.  Use central limit theorem to find how large a sample should be taken from the distribution in order that the probability will be at least 0.95 that the sample mean will be within 0.5 of the population mean.

UNIT-IV: CLASSIFICATION OF RANDOM PROCESSES
Part-A
1. Define I & II order stationary Process
Solution:
I Order Stationary Process:
A random process is said to be stationary to order one if is first order density function does not change with a shift in time origin.



i.e.,  for any time  and any real number.

i.e.,Constant.
II Order Stationary Process:
A random process is said to be stationary to order two if its second-order density functions does not change with a shift in time origin.



i.e.,  for all and .

2. Define wide-sense stationary process
Solution:

A random process  is said to be wide sense stationary (WSS) process if the following conditions are satisfied

(i).  i.e., mean is a constant

(ii).  i.e., autocorrelation function depends only on the time difference.

3. Define a strict sense stationary process with an example
Solution:
A random process is called a strongly stationary process (SSS) or strict sense stationary if all its statistical properties are invariant to a shift of time origin.




This means that  and  have the same statistics for any and any 
Example: Bernoulli process is a SSS process


4. Define order stationary process, when will it become a SSS process?
Solution:








A random process  is said to be stationary to order or  order stationary if its  order density function is invariant to a shift of time origin.    				i.e., for all .


Aorder stationary process becomes a SSS process when.

5. When are two random process said to be orthogonal?
Solution:



Two process & are said to be orthogonal, if 



6. When are the process& said to be jointly stationary in the wide sense?
Solution;



Two random process & are said to be jointly stationary in the wide sense, if each process is individually a WSS process and  is a function

of only.

7. Write the postulates of a poisson process?
Solution:



If  represents the number of occurrences of a certain event in  then the discrete random process  is called the poisson process, provided the following postualates are satisfied








(iv)   is independent of the number of occurrences of the event in any interval prior     and after the interval .



(v)  The probability that the event occurs in a specified number of times  depends only on , but not on .

8. When is a poisson process said to be homogenous?
Solution:

The rate of occurrence of the event  is a constant, then the process is called a homogenous poisson process.
9. If the customers arrive at a bank according to a poisson process with a mean rate of 2 per minute, find the probability that, during an 1- minute interval no customer arrives.
Solution:


Here, 




Probability during 1-min interval, no customer arrives.

10. Define ergodic process.
Solution:

A random process  is said to be ergodic, if its ensemble average are equal to appropriate time averages.

11. Define a Gaussian process.
Solution:




A real valued random process  is called a Gaussian process or normal process, if the random variables  are jointly normal for every  and for any set of 

The order density of a Gaussian process is given by










Where  and  is the  order square matrix, where  and Cofactor of in .

12. Define a Markov process with an example.
Solution:

If for,



then the process  is called a markov process.
Example: The Poisson process is a Markov Process.

13. Define a Markov chain and give an example.
Solution:


If for all, ,


then the process , is called a Markov chain.
Example: Poisson Process is a continuous time Markov chain.

14. What is a stochastic matrix? When is it said to be regular?
Solution: 



A sequence matrix, in which the sum of all the elements of each row is 1, is called a stochastic matrix. A stochastic matrix  is said to be regular if all the entries of (for some positive integer) are positive.


15. If the transition probability matrix of a markov chain is find the steady-state distribution of the chain.
Solution:

Let  be the limiting form of the state probability distribution on stationary state distribution of the markov chain.


By the property of , 

i.e.,

----------- (1)

------ (2)
Equation (1) & (2) are one and the same.


Consider (1) or (2) with, since is a probability distribution.



Using (1) ,










.


UNIT-iv: CLASSIFICATION OF RANDOM PROCESSES
Part-B
1.  Define a random (stochastic) process.  Explain the classification of random process.  Give an example to each class.
2. 



 Consider the random process, where  is uniformly distributed in the interval  to.  Check whether the process is stationary or not.
3. 

Show that the process  whose probability distribution under certain conditions is given by is evolutionary.
4. 

 Examine whether the Poisson process  given by the probability law  is evolutionary.
5. 




 Show that the random process  is WSS if & are constants and  is uniformly distributed random variable in .
6. 



 Given a random variable y with characteristic function  and a random process define by, show that  is stationary in the wide sense if.
7. 




 If a random process  is defined by  where  is uniformly distributed in.  Show that  is WSS.

8. 


 Verify whether the sine wave random process  is uniformly distributed in the interval  is WSS or not.
9. 



 Show that the process (where A & B are random variables) is WSS, if (i)  (ii)  and (iii) .
10. 






 If  for all & where & are independent binary random variables.  Each of which assumes the values – 1 & 2 with probabilities & respectively, prove that  is WSS.

11. 



 Check whether the two random process given by &.  Show that & are jointly WSS if A & B are uncorrelated random variables with zero mean and equal variance random variables are jointly WSS.
12.  Write a note on Binomial process.
13.  Describe Poisson process & show that the Poisson process is Markovian.
14.  State and establish the properties of Poisson process.
15. 



 If the process  is a Poisson process with parameter, obtain  and.
16.  Find the mean and autocorrelation and auto covariance of the Poisson process.
17. 



 Prove that the random process.  Where A, are constants  is uniformly distributed random variable in  is ergodic.
18. 




 If the WSS process  is given by where  is uniformly distributed over  prove that  is correlation ergodic.
19. 




 If the WSS process  is given by  where  is uniformly distributed over  prove that  is correlation ergodic.
20. 




A random process defined as, where A & B are the random variables with  and &.  Prove that the process is mean ergodic.
21.  Prove that in a Gaussian process if the variables are uncorrelated, then they are independent
22. 



 If is a Gaussian process with.  Find the probability that (i)  and (ii) .
23.  Define a Markov chain.  Explain how you would clarify the states and identify different classes of a Markov chain.  Give example to each class.
24. 






The one-step T.P.M of a Markov chain  having state space  is  and the initial distribution is.  Find (i)  (ii) (iii) .
25. 


 Let  be a Markov chain with state space  and 1 – step Transition probability matrix  (i) Is the chain ergodic?  Explain (ii) Find the invariant probabilities.
26. 

 Find the nature of the states of the Markov chain with the TPM  and the state space.
27.  Three boys A, B and C are throwing a ball to each other.  A always throws to B and B always throws to C, but C is as likely to throw the ball to B as to A.  Find the TPM and classify the states.
28.  A man either drives a car or catches a train to go to office each day.  He never goes 2 days in a row by train but he drives one day, then the next day he is just as likely to drive again as he is to travel by train.  Now suppose that one the first day of the week, the man tossed a fair dice and drove to work iff a 6 appeared.  Find the probability that he takes a train on the third day and also the probability that on the third day and also the probability that he drives to work in the long run.
29. 

 Three are 2 white marbles in urn A and 3 red marbles in urn B.  At each step of the process, a marble is selected from each urn and the 2 marbles selected are inter changed.  Let the state of the system be the number of red marbles in A after  changes.  What is the probability that there are 2 red marbles in A after 3 steps?  In the long run, what is the probability that there are 2 red marbles in urn A?
30. 

 A raining process is considered as a two state Markov chain.  If it rains the state is 0 and if it does not rain the state is 1.  The TPM is.  If the Initial distribution is .  Find it chance that it will rain on third day assuming that it is raining today.

UNIT-V: CORRELATION AND SPECTRAL DENSITIES
PART-A


1. Define autocorrelation function and prove that for a WSS process 2.State 
any two properties of an autocorrelation function.
Solution:






Let be a random process. Then the auto correlation function of the process  is the expected value of the product of any two members  and of the process and is given by  or 


For a WSS process,


2. State any two properties of an autocorrelation function.
Solution:


		The process  is stationary with autocorrelation function  then


( i )  is an even function of 



( ii )  is maximum at  i.e., 
3. Given that the autocorrelation function for a stationary ergodic process with no periodic components 


is.  Find the mean and variance of the process.
Solution:










4. Find the mean and variance of the stationary process  whose autocorrelation function

.
Solution:

		

	

	

	

	
5. Define cross-correlation function and mention two properties.
Solution:


		The cross-correlation of the two process  and  is defined by

	



Properties: The process  and  are jointly wide-sense stationary with the cross-correlation function  then

	

	



6. Find the mean – square value of the process  if its autocorrelation function is given by .
Solution:

	Mean-Square value

7. Define the power spectral density function (or spectral density or power spectrum) of a 
stationaryprocess?
Solution:







	If  is a stationary process (either in the strict sense or wide sense with auto correlation function , then the Fourier transform of  is called the power spectral density function of  and denoted by  or or

	Thus 
8. State any two properties of the power spectral density function.
Solution:
	(i). The spectral density function of a real random process is an even function.


(ii). The spectral density of a process, real or complex, is a real function of and non-negative.
9. State Wiener-Khinchine Theorem.
Solution:

		If is the Fourier transform of the truncated random process defined as

	



Where  is a real WSS Process with power spectral density function, then


10. If is the auto Correlation function of a random process, obtain the 

spectral density of.
Solution:

		

		

		

		

		


11. The Power spectral density of a random process  is given by 
Find its autocorrelation function.
Solution:

	

		

		

		


		
12. Define cross-Spectral density.
Solution:







	The process  and  are jointly wide-sense stationary with the cross-correlation function, then the Fourier transform of is called the cross spectral density function of  and  denoted as 

	Thus 
13. Find the auto correlation function of a stationary process whose power spectral density 

function is given by .
Solution:

		







14. Given the power spectral density :, find the average power of  the process.
Solution:




Hence the average power of the processes is given by









.

15. Find the power spectral density of a random signal with autocorrelation function .
Solution:














UNIT-IV: CORRELATION AND SPECTRAL DENSITIES
PART-B
1. 


If {X(t)} is a W.S.S. process with autocorrelation function  and if .Show that.
2. 

 Assume a random signal Y(t) =X(t) – X(t-a) where {X(t)} is a random signal and  is a constant. Find.
3. 

 If {X(t)} and {Y(t)} are independent WSS Processes with zero means, find the autocorrelation function of {Z(t)}, when, .
4. 



 If  is a random process with mean 3 and autocorrelation.  Determine the mean, variance and covariance of the random variables and .
5. 


  The autocorrelation function for a stationary process is given by .  Find the mean value of the random variable  and variance of .
6.  Find the mean and autocorrelation function of a semi random telegraph signal process.
7. 
 Find Given the power spectral density of a continuous process as 
find the mean square value of the process. 
8. 




 If the  random variables  and  are uncorrelated with zero mean and .  Find the mean and autocorrelation of the process .
9. 


 If  is a WSS process with autocorrelation, determine the second – order moment of the random variable.
10. 






 Two random process  and  are given by where & are constants and  is a uniform random variable over 0 to 2.  Find the cross-correlation function.
11. 



 Find the cross-correlation function of  where  and  are statistically independent random variables with zero means and autocorrelation function  respectively.
12. 


 The random processes  and  defined by  where A & B are uncorrelated zero mean random variables with same variance find its autocorrelation function.
13. 




 Consider two random processes  and  where  is a random variable uniformly distributed in .  Prove that .
14.  State and prove Wiener – Khinchine Theorem.
15. 





 Define the spectral density  of a real valued stochastic processes, obtain the spectral density of  when  is increment of  such that .
16. 


 Show that (i) & (ii)  where  is the spectral density of a real valued stochastic process.
17. 



 An autocorrelation function R () of  in given by .  Obtain the spectral density of R ().
18. 





 Given that a process  has the autocorrelation function  where,  and  are real constants, find the power spectrum of.
19. 
 Find the power spectral density of the random binary transmission process whose autocorrelation function is.
20. 

 Show that the power spectrum of the autocorrelation function is .
21. 
Find the spectral density function whose autocorrelation function is given by .
22. 
Find the power spectral density function whose autocorrelation function is given by 

23.  If the power spectral density of a WSS process is given by 
	find its autocorrelation function of the process.

24.  The power spectral density function of a zero mean WSS process  is given



		by. Find  and show also that  are uncorrelated.


25. The power spectrum of a WSS process  is given by.  
Find the autocorrelation function and average power of the process.
      26.  Suppose we are given a cross – power spectrum defined by 


		where, a & b are real constants.  
		Find the cross correlation.


     27. The cross-power spectrum of real Random process  and  is given by

.  Find the cross correlation function.
     28. Find the power spectral density function of a WSS process with autocorrelation 

function. .
     29.The autocorrelation function of the random telegraph signal process is given by 

. Determine the power density spectrum of the random telegraph signal.



    30. Find the power spectral density of the random process if and.
UNIT-V: LINEAR SYSTEM RANDOM INPUTS
UNIVERSITY QUESTION BANK WITH ANSWERS
PART-A

1. If the system function of a convolution type of linear system is given by 
find the relation between power spectrum density function of the input and output processes.
Solution: 



We know that 

.
2. Give an example of cross-spectral density.
Solution: 



The cross-spectral density of two processes and is given by 


3. If a random process is defined as , where A is a random variable 



uniformly distributed from Prove that autocorrelation function of is .
Solution: 





But A is uniform in 









4. Check whether  is a valid autocorrelation function of a random process.
Solution: 

Given 



is an even function. So it can be the autocorrelation function of a random process.

5. Find the mean square value of the process X(t) whose power density spectrum is .
Solution: 

Given 

Then 

Mean square value of the process is 











6. A Circuit has an impulse response given by find the relation between the power
spectral density functions of the input and output processes.
Solution:

	

	

	

	

	

	

	
7. Describe a linear system.
Solution:


		Given two stochastic process  and, we say that L is a linear transformation if 

	
8. Given an example of a linear system.
Solution: 



Consider the system with output for an input signal .

i.e .
Then the system is linear.




For any two inputs the outputs are and  Now  





the system is linear.
9. Define a system, when it is called a linear system?
Solution: 



Mathematically, a system is a functional relation between input and output . Symbolically, .



The system is said to be linear if for any two inputs and andconstants  .
10. State the properties of a linear system.
Solution:


		Let and  be any two processes and a and b be two constants.
	If L is a linear filter then

	.
11. Describe a linear system with an random input.
Solution:








		We assume that  represents a sample function of a random process, the system produces an output or response  and the ensemble of the output functions forms a random process. The process  can be considered as the output of the system or transformation  with  as the input the system is completely specified by the operator.

12. State the convolution form of the output of linear time invariant system.
Solution: 





If  is the input and be the system weighting function and is the output, then 
13. Write a note on noise in communication system.
Solution: 
The term noise is used to designate unwanted signals that tend to disturb the transmission and processing of signal in communication systems and over which we have incomplete control.

Noise

		
Uncorrelated Noise			       Correlated Noise


       Internal Noise             	                   External Noise

		
    White	      Shot	Partition     Atmospheric		      Man made
    Noise,	      Noise	Noise	      Noise			Noise
    Thermal 
    Noise


14. Define band-limited white noise.
Solution: 
Noise with non-zero and constant density over a finite frequency band is called band-limit white noise i.e.,



15. Define (a) Thermal Noise (b) White Noise.
Solution:

(a) Thermal Noise: This noise is due to the random motion of free electrons in a conducting medium such as a resistor.
(or)
Thermal noise is the name given to the electrical noise arising from the random motion of electrons in a conductor.
(b) White Noise(or) Gaussian Noise: The noise analysis of communication systems is based on an idealized form of noise called White Noise.

UNIT-V: LINEAR SYSTEM RANDOM INPUTS
PART-B
1. 



A random process is the input to a linear system whose impulse response is . If the autocorrelation function of the process is  , find the power spectral density of the output process .
2. 







 If  where A is a constant ,is a random variable with uniform distribution in and  is a band-limited Gaussian white noise with a power spectral density . Find the power spectral density of  . Assume that and  are independent.
3. 

 Consider a Gaussian white noise of zero mean and power spectral density  applied to a low pass RC filter whose transfer function is . Find the autocorrelation function.
4. 
 A wide-sense stationary noise process N(t) has an autocorrelation function , where P is a constant Find its power spectrum
5. 

 A wide sense stationary process X(t) is the input to a linear system with impulse response . If the autocorrelation function  of X(t) is , find the power spectral density of the output process Y(t).
6. 


 A random process X(t) with is the input to a linear system whose impulse response is . Find cross correlation between the input process X(t) and the output process Y(t).

7. 


 If X(t) is a band limited process such that ,where prove that 
8. 

 The autocorrelation function of the Poisson increment process is given by . Prove that its spectral density is given by .

9. 

 Suppose X(t) be the input process to a linear system with autocorrelation and the impulse response , then find(i) the autocorrelation of the output process Y(t). (ii) the power spectral density of Y(t).
10. 



 Show that the power spectrum  of the output of a linear system with system function  is given by  where  is the power spectrum of the input.
11. 








 If  is the input voltage to a circuit and  is the output voltage,  is a stationary random process with and  . Find, and, if the system function is given by.
12. 








is the input voltage to a circuit (system) and  is the output voltage.  is a stationary random process with  and .  Find & if the power transfer function is .
13. 





is the i/P voltage to a circuit and  is the O/P voltage. is a stationary random process with zero mean and autocorrelation . Find the mean of and its PSD if the system function .
14. 

 Consider a system with transfer function . An input signal with autocorrelation function  is fed as input to the system. Find the mean and mean-square value of the output.
15.  If the input to a time-invariant, stable, linear system is a WSS process, prove that the output will also be a WSS process.
16. 

 Let  be a WSS and if  then show that 
a) 

b) 

c) 




Where  denotes the convolution and  is the complex conjugate of.
17. 

 Prove that the mean of the output of a linear system is given by , where  is WSS.
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(a) A WSS random process X(t) has Rxx (1) = A [1 - u] —r<t<T

=0 else where
Find power density spectrum.

(b) Rxx (1) = %5 sinwgr. Find S, (w)
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Let X() be a Zero mean, stationary, Gaussian process with autocorrelation
function Rx(7z). This process is applied to a square-law device defined by the
input-output relation Y(t) = X>(t).  Where Y(1) is the output.

i) Show that the mean of Y (1) is Rx(0)

ii) Show that the auto covariance function of Y(t) is 2R3 (1) | [1s]




image59.wmf
1

7,

2

B

æö

ç÷

èø


oleObject630.bin

image565.wmf
(

)

0

EAB

=


oleObject631.bin

image566.wmf
(

)

{

}

Xt


oleObject632.bin

image567.wmf
(

)

(

)

12

12

10&,16

tt

tCtte

m

--

==


oleObject633.bin

image568.wmf
(

)

108

X

£


oleObject634.bin

image569.wmf
(

)

(

)

1064

XX

-£


oleObject56.bin

oleObject635.bin

image570.wmf
{

}

;0,1,2,...

n

Xn

=


oleObject636.bin

image571.wmf
{

}

1,2,3

S

=


oleObject637.bin

image572.wmf
0.10.50.4

0.60.20.2

0.30.40.3

P

éù

êú

=

êú

êú

ëû


oleObject638.bin

image573.wmf
(

)

0

0.7,0.2,0.1

p

=


oleObject639.bin

image574.wmf
(

)

20

31

PXX

==


image60.wmf
[

]

3

PXY

+=


oleObject640.bin

image575.wmf
(

)

2

3

PX

=


oleObject641.bin

image576.wmf
(

)

3210

2,3,3,1

PXXXX

====


oleObject642.bin

image577.wmf
{

}

;1,2,3,.....

n

Xn

=


oleObject643.bin

image578.wmf
{

}

0,1,2

S

=


oleObject644.bin

image579.wmf
010

111

424

010

P

éù

êú

êú

=

êú

êú

ëû


oleObject57.bin

oleObject645.bin

image580.wmf
010

11

0

22

100

P

æö

ç÷

ç÷

=

ç÷

ç÷

èø


oleObject646.bin

image581.wmf
(

)

1,2,3


oleObject647.bin

image582.wmf
i

a


oleObject648.bin

image583.wmf
i


oleObject649.bin

image584.wmf
0.60.4

0.20.8

P

æö

=

ç÷

èø


image61.wmf
XY

+


oleObject650.bin

image585.wmf
(

)

0.4,0.6


oleObject651.bin

image586.wmf
(

)

{

}

,

Xt


oleObject652.bin

image587.wmf
(

)

(

)

XXXX

RR

tt

-=


oleObject653.bin

image588.wmf
(

)

{

}

Xt


oleObject654.bin

image589.wmf
(

)

{

}

Xt


oleObject58.bin

oleObject655.bin

image590.wmf
(

)

1

Xt


oleObject656.bin

image591.wmf
(

)

2

Xt


oleObject657.bin

image592.wmf
(

)

(

)

(

)

1212

,

XX

RttEXtXt

=

éù

ëû


oleObject658.bin

image593.wmf
(

)

(

)

(

)

,

XX

RttEXtXt

tt

+=+

éù

ëû


oleObject659.bin

oleObject660.bin

image62.wmf
12

1

12&

2

nnp

+==


image594.wmf
(

)

(

)

(

)

XX

REXtXt

tt

=-

éù

ëû


oleObject661.bin

image595.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

XX

REXtXtEXtXtRttR

ttttt

\-=+=+=+-=

éùéù

ëûëû


oleObject662.bin

oleObject663.bin

image596.wmf
(

)

R

t


oleObject664.bin

image597.wmf
(

)

R

t


oleObject665.bin

image598.wmf
t


oleObject59.bin

oleObject666.bin

image599.wmf
(

)

R

t


oleObject667.bin

image600.wmf
0

t

=


oleObject668.bin

image601.wmf
(

)

(

)

0

RR

t

£


oleObject669.bin

image602.wmf
(

)

2

4

25

16

R

t

t

=+

+


oleObject670.bin

image603.wmf
(

)

{

}

Xt


image63.wmf
[

]

39

3

11

312

22

PXYC

æöæö

\+==

ç÷ç÷

èøèø


oleObject671.bin

image604.wmf
(

)

2

2

4

2525

16

x

LtLt

R

mt

tt

t

==+=

®¥®¥

+


oleObject672.bin

image605.wmf
5

x

m

\=


oleObject673.bin

image606.wmf
(

)

(

)

(

)

2

025429

XX

EXtR

==+=


oleObject674.bin

image607.wmf
(

)

(

)

(

)

(

)

2

2

29254

VarXtEXtEXt

éù

=-=-=

éù

ëû

ëû


oleObject675.bin

image608.wmf
(

)

{

}

Xt


oleObject60.bin

oleObject676.bin

image609.wmf
(

)

2

2

2536

6.254

R

t

t

t

+

=

+


oleObject677.bin

image610.wmf
(

)

2

2

2

2

36

25

2536

4

6.254

6.25

R

t

t

t

t

t

+

+

==

+

+


oleObject678.bin

image611.wmf
(

)

2

252500

4

6.25625

x

Lt

R

mt

t

====

®¥


oleObject679.bin

image612.wmf
2

x

m

=


oleObject680.bin

image613.wmf
(

)

(

)

2

36

09

4

XX

EXtR

éù

===

ëû


image7.wmf
X


image64.wmf
10

55

2

=


oleObject681.bin

image614.wmf
(

)

(

)

{

}

(

)

2

2

945

VarXtEXtEXt

=-=-=

éùéùéù

ëûëûëû


oleObject682.bin

image615.wmf
(

)

{

}

Xt


oleObject683.bin

image616.wmf
(

)

{

}

Yt


oleObject684.bin

image617.wmf
(

)

(

)

(

)

1212

,

XY

RttEXtYt

=

éù

ëû


oleObject685.bin

oleObject686.bin

oleObject61.bin

oleObject687.bin

image618.wmf
(

)

XY

R

t


oleObject688.bin

image619.wmf
(

)

(

)

()

YXXY

iRR

tt

=-


oleObject689.bin

image620.wmf
(

)

(

)

(

)

()00

XYXXYY

iiRRR

t

£


oleObject690.bin

oleObject691.bin

image621.wmf
(

)

2

2

Re

t

t

-

=


oleObject692.bin

image65.wmf
X


image622.wmf
(

)

(

)

2

2

2

0

01

XX

EXtRe

t

t

-

=

æö

éù

====

ç÷

ëû

ç÷

èø


oleObject693.bin

oleObject694.bin

image623.wmf
(

)

R

t


oleObject695.bin

oleObject696.bin

oleObject697.bin

image624.wmf
(

)

XX

S

w


oleObject698.bin

image625.wmf
(

)

S

w


oleObject62.bin

oleObject699.bin

image626.wmf
(

)

X

S

w


oleObject700.bin

image627.wmf
(

)

(

)

i

SRed

wt

wtt

¥

-

-¥

=

ò


oleObject701.bin

oleObject702.bin

image628.wmf
w


oleObject703.bin

image629.wmf
(

)

T

X

w


oleObject704.bin

image66.wmf
1


image630.wmf
(

)

(

)

0

T

XtfortT

Xt

fortT

ì£

ï

=

í

>

ï

î


oleObject705.bin

oleObject706.bin

image631.wmf
(

)

S

w


oleObject707.bin

image632.wmf
(

)

(

)

{

}

2

1

2

T

Lt

SEX

T

T

ww

éù

=

êú

®¥

ëû


oleObject708.bin

image633.wmf
(

)

(

)

2

Re

lt

t

-

=


oleObject709.bin

oleObject710.bin

oleObject63.bin

oleObject711.bin

image634.wmf
(

)

(

)

i

SRed

wt

wtt

¥

-

-¥

=

ò


oleObject712.bin

image635.wmf
(

)

2

ecosisind

lt

wtwtt

¥

-

-¥

=-

ò


oleObject713.bin

image636.wmf
2

0

2

ecosd

lt

wtt

¥

-

=

ò


oleObject714.bin

image637.wmf
(

)

2

22

0

2

2

4

e

cossin

lt

lwtwwt

lw

¥

-

éù

=-+

êú

+

ëû


oleObject715.bin

image638.wmf
(

)

22

4

4

S

l

w

lw

=

+


image67.wmf
4

3


oleObject716.bin

oleObject717.bin

image639.wmf
(

)

,1

0,

XX

S

elsewhere

pw

w

ì<

ï

=

í

ï

î


oleObject718.bin

image640.wmf
(

)

(

)

1

2

i

XXXX

RSed

wt

tww

p

¥

-¥

=

ò


oleObject719.bin

image641.wmf
1

1

1

2

i

ed

wt

pw

p

-

=

ò


oleObject720.bin

image642.wmf
1

1

1

2

i

e

i

wt

t

-

éù

=

êú

ëû


oleObject721.bin

oleObject64.bin

image643.wmf
1

2

ii

ee

i

tt

t

-

éù

-

=

êú

ëû


oleObject722.bin

image644.wmf
1

2

ii

ee

i

tt

t

-

éù

-

=

êú

ëû


oleObject723.bin

image645.wmf
sin

t

t

=


oleObject724.bin

oleObject725.bin

image646.wmf
(

)

{

}

Yt


oleObject726.bin

image647.wmf
(

)

XY

R

t


image68.wmf
[

]

0

PX

>


oleObject727.bin

image648.wmf
(

)

XY

RT


oleObject728.bin

oleObject729.bin

image649.wmf
(

)

{

}

Yt


oleObject730.bin

image650.wmf
(

)

XY

S

w


oleObject731.bin

image651.wmf
(

)

(

)

i

XYXY

SRed

wt

wtt

¥

-

-¥

=

ò


oleObject732.bin

oleObject65.bin

image652.wmf
(

)

2

1

01

for

s

for

ww

w

w

ì

£

ï

=

í

>

ï

î


oleObject733.bin

image653.wmf
(

)

(

)

1

2

i

RSed

wt

tww

p

¥

-¥

=

ò


oleObject734.bin

image654.wmf
(

)

1

2

1

1

cossin

2

id

wwtwtw

p

-

=+

ò


oleObject735.bin

image655.wmf
1

1

22

23

1

0

1sincossin

.cos22

d

wtwtwt

wwtwww

pttt

-

é--ù

æöæöæö

==-+

ç÷ç÷ç÷

êú

èøèøèø

ëû

ò


oleObject736.bin

image656.wmf
(

)

23

1sin2cos2sin

R

ttt

t

pttt

-

éù

=+-

êú

ëû


oleObject737.bin

oleObject1.bin

image69.wmf
X


image657.wmf
(

)

2

1

4

xx

S

w

w

=

+


oleObject738.bin

oleObject739.bin

image658.wmf
2

11

24

i

ed

wt

w

pw

¥

-¥

éù

=

êú

+

ëû

ò


oleObject740.bin

image659.wmf
(

)

(

)

2

0

EXtR

éù

=

ëû


oleObject741.bin

image660.wmf
2

1

24

d

w

pw

¥

-¥

=

+

ò


oleObject742.bin

image661.wmf
22

0

1

2

22

d

w

pw

¥

=

+

ò


oleObject66.bin

oleObject743.bin

image662.wmf
1

0

11

tan

22

w

p

¥

-

éù

æö

=

ç÷

êú

èø

ëû


oleObject744.bin

image663.wmf
11

0

44

p

p

éù

=-=

êú

ëû


oleObject745.bin

image664.wmf
e

lt

-


oleObject746.bin

image665.wmf
(

)

(

)

i

SRed

wt

wtt

¥

-

-¥

=

ò


oleObject747.bin

image666.wmf
(

)

cossin

eid

lt

wtwtt

¥

-

-¥

=-

ò


image70.wmf
(

)

,

ab


oleObject748.bin

image667.wmf
0

2cos

ed

lt

wtt

¥

-

=

ò


oleObject749.bin

image668.wmf
(

)

22

0

2cossin

e

lt

lwtwwt

lw

¥

-

éù

=-+

êú

+

ëû


oleObject750.bin

image669.wmf
(

)

2222

12

20

l

l

lwlw

éù

=--=

êú

++

ëû


oleObject751.bin

image670.wmf
(

)

XX

R

t


oleObject752.bin

image671.wmf
(

)

(

)

(

)

YtXtaXta

=+--


oleObject67.bin

oleObject753.bin

image672.wmf
(

)

(

)

(

)

(

)

222

YYXXXXXX

RRRaRa

tttt

=-+--


oleObject754.bin

image673.wmf
''

a


oleObject755.bin

image674.wmf
()

YY

R

t


oleObject756.bin

image675.wmf
(

)

(

)

(

)

()

iZtabXtCYt

=++


oleObject757.bin

image676.wmf
(

)

(

)

(

)

()

iiZtaXtYt

=


image71.wmf
(

)

(

)

(

)

2

212

ba

ba

EXandVX

-

+

==


oleObject758.bin

oleObject759.bin

image677.wmf
(

)

0.2

94

xx

Re

t

t

-

=+


oleObject760.bin

image678.wmf
(

)

5

YX

=


oleObject761.bin

image679.wmf
(

)

8

ZX

=


oleObject762.bin

image680.wmf
(

)

92

xx

Re

t

t

-

=+


oleObject763.bin

oleObject68.bin

image681.wmf
(

)

2

0

YXtdt

=

ò


oleObject764.bin

image682.wmf
(

)

Xt


oleObject765.bin

image683.wmf
(

)

2

42

9

54

XX

S

w

w

ww

+

=

++


oleObject766.bin

image684.wmf
2

n


oleObject767.bin

image685.wmf
r

A


oleObject768.bin

image72.wmf
12

2

ba

ab

+

\=Þ+=


image686.wmf
r

B


oleObject769.bin

image687.wmf
(

)

(

)

222

rrr

EAEB

s

==


oleObject770.bin

image688.wmf
(

)

1

cossin

n

rrrr

r

XtAtBt

ww

=

=+

å


oleObject771.bin

oleObject772.bin

image689.wmf
(

)

RAe

at

t

-

=


oleObject773.bin

image690.wmf
(

)

(

)

85

XX

-


oleObject69.bin

oleObject774.bin

oleObject775.bin

image691.wmf
(

)

{

}

Yt


oleObject776.bin

image692.wmf
(

)

(

)

(

)

(

)

cost,sin

XtAYtAt

wqwq

=+=+


oleObject777.bin

image693.wmf
A


oleObject778.bin

image694.wmf
w


oleObject779.bin

image73.wmf
(

)

(

)

2

2

4

16

123

ba

ba

-

Þ=Þ-=


image695.wmf
q


oleObject780.bin

image696.wmf
p


oleObject781.bin

image697.wmf
(

)

(

)

(

)

(

)

(

)

(

)

&

WtAtBtZtAtBt

=+=-


oleObject782.bin

image698.wmf
(

)

At


oleObject783.bin

image699.wmf
(

)

Bt


oleObject784.bin

oleObject70.bin

image700.wmf
,,3

AABB

ReRe

tt

tttt

--

=-¥<<¥=-¥<<¥


oleObject785.bin

oleObject786.bin

image701.wmf
(

)

{

}

Yt


oleObject787.bin

image702.wmf
(

)

(

)

cossin,cossin

XtAtBtYtBtAt

wwww

=+=-


oleObject788.bin

image703.wmf
(

)

(

)

3cos

Xtt

wq

=+


oleObject789.bin

image704.wmf
(

)

2cos

2

Ytt

p

wq

æö

=+-

ç÷

èø


image8.wmf
Y


image74.wmf
2&4

abba

Þ+=-=


oleObject790.bin

image705.wmf
q


oleObject791.bin

image706.wmf
(

)

,2

qp


oleObject792.bin

image707.wmf
(

)

(

)

(

)

00

XXYYXY

RRR

t

³


oleObject793.bin

image708.wmf
(

)

S

w


oleObject794.bin

image709.wmf
(

)

{

}

:0

Xtt

³


oleObject71.bin

oleObject795.bin

image710.wmf
(

)

{

}

(

)

(

)

:0,

YttYtXt

a

³=


oleObject796.bin

image711.wmf
a


oleObject797.bin

image712.wmf
(

)

Xt


oleObject798.bin

image713.wmf
(

)

(

)

1

11

2

PP

aa

===-=


oleObject799.bin

image714.wmf
(

)

0

S

w

³


image75.wmf
3,1

ba

==-


oleObject800.bin

image715.wmf
(

)

(

)

SS

ww

=-


oleObject801.bin

oleObject802.bin

image716.wmf
t


oleObject803.bin

image717.wmf
(

)

{

}

;

Xtt

-¥<<¥


oleObject804.bin

image718.wmf
,0,0

cec

at

a

-

>>


oleObject805.bin

oleObject72.bin

oleObject806.bin

image719.wmf
(

)

{

}

Xt


oleObject807.bin

image720.wmf
(

)

(

)

0

cos

XX

RAe

at

twt

-

=


oleObject808.bin

image721.wmf
0

A

>


oleObject809.bin

image722.wmf
0

a

>


oleObject810.bin

image723.wmf
0

w


image76.wmf
1&3

ab

\=-=


oleObject811.bin

image724.wmf
(

)

Xt


oleObject812.bin

image725.wmf
(

)

1for 1

0elsewhere

R

tt

t

ì-£

ï

=

í

ï

î


oleObject813.bin

image726.wmf
1

e

at

at

-

é+ù

ëû


oleObject814.bin

image727.wmf
(

)

3

2

22

4

w

a

a

+


oleObject815.bin

image728.wmf
(

)

1;

0; elsewhere

T

R

t

t

t

t

ì

-£

ï

=

í

ï

î


oleObject73.bin

oleObject816.bin

image729.wmf
(

)

(

)

2

0

2

A

Rcos

twt

=


oleObject817.bin

image730.wmf
(

)

(

)

;

0;

b

aa

a

S

a

ww

w

w

ì

-£

ï

=

í

ï

>

î


oleObject818.bin

image731.wmf
(

)

{

}

Xt


oleObject819.bin

image732.wmf
(

)

0

1;

0;elsewhere

S

ww

w

ì<

ï

=

í

ï

î


oleObject820.bin

image733.wmf
(

)

R

t


image77.wmf
x


oleObject821.bin

image734.wmf
(

)

0

&

XtXt

p

w

æö

+

ç÷

èø


oleObject822.bin

image735.wmf
(

)

{

}

Xt


oleObject823.bin

image736.wmf
(

)

(

)

2

2

1

1

S

w

w

=

+


oleObject824.bin

image737.wmf
(

)

,

0,elsewhere

XY

jb

aWW

S

W

w

w

w

ì

+-<<

ï

=

í

ï

î


oleObject825.bin

image738.wmf
0

w

>


oleObject74.bin

oleObject826.bin

image739.wmf
(

)

{

}

Xt


oleObject827.bin

image740.wmf
(

)

{

}

Yt


oleObject828.bin

image741.wmf
(

)

;1

0;elsewhere

XY

ajb

S

ww

w

ì+<

ï

=

í

ï

î


oleObject829.bin

image742.wmf
(

)

2

Re

at

t

-

=


oleObject830.bin

image743.wmf
(

)

2

2

Rae

gt

t

-

=


image78.wmf
(

)

1

;13

4

0;

x

fx

Otherwise

ì

-<<

ï

=

í

ï

î


oleObject831.bin

image744.wmf
(

)

{

}

xt


oleObject832.bin

image745.wmf
(

)

{

}

1

Ext

=


oleObject833.bin

image746.wmf
(

)

1

xx

Re

at

t

-

=+


oleObject834.bin

image747.wmf
(

)

1

2

0

forta

a

ht

forta

ì

£

ï

=

í

ï

>

î


oleObject835.bin

image748.wmf
(

)

(

)

sin

a

it

a

a

Hhtedt

a

w

w

w

w

-

-

==

ò


oleObject75.bin

oleObject836.bin

image749.wmf
(

)

(

)

(

)

2

YYXX

SHS

www

=


oleObject837.bin

image750.wmf
(

)

(

)

2

22

sin

YYXX

a

SS

a

w

ww

w

Þ=


oleObject838.bin

image751.wmf
(

)

Xt


oleObject839.bin

image752.wmf
(

)

Yt


oleObject840.bin

image753.wmf
(

)

,1

0,

XY

piqif

S

otherwise

ww

w

ì+<

ï

=

í

ï

î


oleObject2.bin

image79.wmf
[

]

[

]

0

0

1

1

111

0

444

Pxdxx

-

-

<===

ò


oleObject841.bin

image754.wmf
(

)

Xt


oleObject842.bin

image755.wmf
(

)

,01

0,

At

Xt

otherwise

££

ì

=

í

î


oleObject843.bin

image756.wmf
.

to

qq

-


oleObject844.bin

image757.wmf
(

)

Xt


oleObject845.bin

image758.wmf
2

3

q


oleObject76.bin

oleObject846.bin

image759.wmf
(

)

(

)

(

)

,.

XX

RttEXtXt

tt

+=+

éù

ëû


oleObject847.bin

image760.wmf
(

)

2

tan

EAXtisconst

éù

=

éù

ëû

ëû

Q


oleObject848.bin

image761.wmf
(

)

,

qq

-


oleObject849.bin

image762.wmf
(

)

1

,

2

fa

qqq

q

\=-<<


oleObject850.bin

image763.wmf
(

)

(

)

2

,

XX

Rttafada

q

q

t

-

\+=

ò


image80.wmf
X


oleObject851.bin

image764.wmf
3

2

11

.

223

a

ad

q

q

q

q

q

qq

-

-

éù

==

êú

ëû

ò


oleObject852.bin

image765.wmf
(

)

2

3

33

11

.2

663

q

qqq

qq

éù

=--==

ëû


oleObject853.bin

image766.wmf
2

1

19

t

+


oleObject854.bin

image767.wmf
(

)

2

1

19

R

t

t

=

+


oleObject855.bin

image768.wmf
(

)

(

)

(

)

2

2

11

19

19

RR

tt

t

t

\-===

+

+-


oleObject77.bin

oleObject856.bin

image769.wmf
(

)

R

t

\


oleObject857.bin

image770.wmf
2

4

4

w

+


oleObject858.bin

image771.wmf
(

)

2

4

4

XX

S

w

w

=

+


oleObject859.bin

image772.wmf
(

)

(

)

1

2

i

XXXX

RSed

tw

tww

p

¥

-¥

=

ò


oleObject860.bin

image773.wmf
(

)

(

)

2

0

XX

EXtR

éù

=

ëû


image81.wmf
''

m


oleObject861.bin

image774.wmf
(

)

1

2

XX

Sd

ww

p

¥

-¥

=

ò


oleObject862.bin

image775.wmf
2

14

24

d

w

pw

¥

-¥

=

+

ò


oleObject863.bin

image776.wmf
22

0

411

44

diseven

w

pww

¥

éù

=

êú

++

ëû

ò

Q


oleObject864.bin

image777.wmf
(

)

111

0

412

.tantantan0

22

w

pp

¥

---

éù

==¥-

êú

ëû


oleObject865.bin

image778.wmf
2

.1

2

p

p

==


oleObject78.bin

oleObject866.bin

image779.wmf
(

)

1

;0

0;

tT

ht

T

elsewhere

ì

££

ï

=

í

ï

î


oleObject867.bin

image780.wmf
(

)

(

)

0

T

it

Hhtedt

w

w

-

=

ò


oleObject868.bin

image781.wmf
0

1

T

it

edt

T

w

-

=

ò


oleObject869.bin

image782.wmf
0

1

T

it

e

Ti

w

w

-

éù

=

êú

-

ëû


oleObject870.bin

image783.wmf
11

iT

e

Ti

w

w

-

éù

-+

=

êú

ëû


image82.wmf
''

n


oleObject871.bin

image784.wmf
(

)

1

iT

e

Ti

w

w

-

-

=


oleObject872.bin

image785.wmf
(

)

(

)

(

)

2

YYXX

SHS

www

=


oleObject873.bin

image786.wmf
(

)

(

)

2

22

1

iT

XX

e

S

T

w

w

w

-

-

=


oleObject874.bin

image787.wmf
(

)

{

}

1

Xt


oleObject875.bin

image788.wmf
(

)

{

}

2

Xt


oleObject79.bin

oleObject876.bin

image789.wmf
(

)

(

)

(

)

(

)

11221122

LaXtaXtaLXtaLXt

+=+

éùéùéù

ëûëûëû


oleObject877.bin

image790.wmf
f


oleObject878.bin

image791.wmf
(

)

txt


oleObject879.bin

image792.wmf
(

)

xt


oleObject880.bin

image793.wmf
(

)

(

)

(

)

ytfXttxt

==

éù

ëû


image83.wmf
[

]

Xmn

PPXn

Xm

>+

éù

=>

>

ëû


oleObject881.bin

image794.wmf
(

)

(

)

12

,

xtxt


oleObject882.bin

image795.wmf
(

)

1

txt


oleObject883.bin

image796.wmf
(

)

2

txt


oleObject884.bin

image797.wmf
(

)

(

)

(

)

(

)

11221122

faxtaxttaxtaxt

+=+

éùéù

ëûëû


oleObject885.bin

image798.wmf
(

)

(

)

1122

atxtatxt

=+


oleObject80.bin

oleObject886.bin

image799.wmf
(

)

(

)

(

)

(

)

1122

afxtafxt

=+


oleObject887.bin

image800.wmf
\


oleObject888.bin

image801.wmf
(

)

xt


oleObject889.bin

image802.wmf
(

)

yt


oleObject890.bin

image803.wmf
(

)

(

)

,.

ytfxtt

=-¥<<¥

éù

ëû


image9.wmf
34

XY

+


image84.wmf
X


oleObject891.bin

image804.wmf
(

)

1

xt


oleObject892.bin

image805.wmf
(

)

2

xt


oleObject893.bin

image806.wmf
(

)

(

)

(

)

(

)

1211221122

,,

aafaxtaxtafxtafxt

+=+

éùéùéù

ëûëûëû


oleObject894.bin

image807.wmf
(

)

1

Xt


oleObject895.bin

image808.wmf
(

)

2

Xt


oleObject81.bin

oleObject896.bin

image809.wmf
(

)

(

)

(

)

(

)

11221122

LaxtaxtaLxtaLxt

+=+

éùéùéù

ëûëûëû


oleObject897.bin

image810.wmf
(

)

Xt


oleObject898.bin

image811.wmf
(

)

{

}

Xt


oleObject899.bin

image812.wmf
(

)

Yt


oleObject900.bin

image813.wmf
(

)

{

}

Yt


image85.wmf
30

mean

=


oleObject901.bin

oleObject902.bin

image814.wmf
f


oleObject903.bin

oleObject904.bin

oleObject905.bin

oleObject906.bin

image815.wmf
(

)

ht


oleObject907.bin

oleObject908.bin

oleObject82.bin

image816.wmf
(

)

(

)

(

)

YthtXt

=*


oleObject909.bin

image817.wmf
(

)

(

)

huXtudu

¥

-¥

=-

ò


oleObject910.bin

image818.wmf
(

)

0

,

2

0,

B

NN

N

S

otherwise

ww

w

ì

£

ï

=

í

ï

î


oleObject911.bin

image819.wmf
(

)

Xt


oleObject912.bin

image820.wmf
(

)

2,0

t

htet

-

=³


oleObject913.bin

image86.wmf
.5

SD

=


image821.wmf
(

)

2

XX

Re

t

t

-

=


oleObject914.bin

image822.wmf
(

)

Yt


oleObject915.bin

image823.wmf
(

)

(

)

(

)

0

cos,

YtAtNt

wq

=++


oleObject916.bin

image824.wmf
q


oleObject917.bin

image825.wmf
(

)

,

pp

-


oleObject918.bin

oleObject83.bin

image826.wmf
(

)

Nt


oleObject919.bin

image827.wmf
(

)

0

0

,

2

0,

B

NN

N

for

S

elsewhere

www

w

ì

-<

ï

=

í

ï

î


oleObject920.bin

oleObject921.bin

image828.wmf
(

)

Nt


oleObject922.bin

image829.wmf
q


oleObject923.bin

image830.wmf
0

2

N


image87.wmf
[

]

2640

PX

££


oleObject924.bin

image831.wmf
(

)

1

12

Hf

ifRC

p

=

+


oleObject925.bin

image832.wmf
(

)

3

NN

RPe

t

t

-

=


oleObject926.bin

image833.wmf
(

)

7

2,0

t

htet

-

=³


oleObject927.bin

image834.wmf
(

)

4

XX

Re

t

t

-

=


oleObject928.bin

image835.wmf
(

)

2

XX

Re

t

t

-

=


oleObject84.bin

oleObject929.bin

image836.wmf
(

)

2,0

t

htet

-

=³


oleObject930.bin

image837.wmf
(

)

YY

R

t


oleObject931.bin

image838.wmf
(

)

0

XX

S

w

=


oleObject932.bin

image839.wmf
ws

>


oleObject933.bin

image840.wmf
(

)

(

)

(

)

22

200

XXXXXX

RRR

tst

-£

éù

ëû


image88.wmf
(

)

2

30,5

XN

:


oleObject934.bin

image841.wmf
(

)

2

2

1

for

R

for

lt

t

t

l

lt

ì

>Î

ï

=

æö

í

+-£Î

ç÷

ï

ÎÎ

èø

î


oleObject935.bin

image842.wmf
(

)

(

)

2

2

22

4sin

2

2

t

S

w

l

wpldw

w

=+

Î


oleObject936.bin

image843.wmf
(

)

(

)

3

XX

R

tdt

=


oleObject937.bin

image844.wmf
(

)

1

6

H

i

w

w

=

+


oleObject938.bin

image845.wmf
(

)

YY

S

w


oleObject85.bin

oleObject939.bin

image846.wmf
(

)

H

w


oleObject940.bin

image847.wmf
(

)

(

)

(

)

2

YYXX

SSH

www

=


oleObject941.bin

image848.wmf
(

)

XX

S

w


oleObject942.bin

image849.wmf
(

)

Xt


oleObject943.bin

image850.wmf
(

)

Yt


oleObject3.bin

image89.wmf
30&5

ms

\==


oleObject944.bin

image851.wmf
(

)

{

}

Xt


oleObject945.bin

image852.wmf
0

x

m

=


oleObject946.bin

image853.wmf
(

)

2

XX

Re

t

t

-

=


oleObject947.bin

image854.wmf
y

m


oleObject948.bin

image855.wmf
(

)

XX

S

w


oleObject86.bin

oleObject949.bin

image856.wmf
(

)

YY

S

w


oleObject950.bin

image857.wmf
(

)

22

1

2

H

w

w

=

+


oleObject951.bin

image858.wmf
(

)

Xt


oleObject952.bin

image859.wmf
(

)

Yt


oleObject953.bin

image860.wmf
(

)

{

}

Xt


image90.wmf
X

Z

m

s

-

=


oleObject954.bin

image861.wmf
0

x

m

=


oleObject955.bin

image862.wmf
(

)

XX

Re

at

t

-

=


oleObject956.bin

image863.wmf
,

y

m


oleObject957.bin

image864.wmf
(

)

yy

S

w


oleObject958.bin

image865.wmf
(

)

yy

R

t


oleObject87.bin

oleObject959.bin

image866.wmf
(

)

R

H

RiL

w

w

=

+


oleObject960.bin

image867.wmf
(

)

Xt


oleObject961.bin

image868.wmf
(

)

Yt


oleObject962.bin

oleObject963.bin

image869.wmf
(

)

2

XX

Re

t

t

-

=


oleObject964.bin

image91.wmf
[

]

26304030

2640

55

PXPZ

--

éù

££=££

êú

ëû


oleObject965.bin

image870.wmf
(

)

1

2

H

J

w

w

=

+


oleObject966.bin

image871.wmf
1

1

i

w

+


oleObject967.bin

image872.wmf
(

)

2

mm

dt

+


oleObject968.bin

image873.wmf
(

)

Xt


oleObject969.bin

image874.wmf
(

)

(

)

(

)

YthuXtudu

¥

-¥

=-

ò


oleObject88.bin

oleObject970.bin

image875.wmf
(

)

(

)

(

)

XYXX

RhR

ttt

=*


oleObject971.bin

image876.wmf
(

)

(

)

(

)

YXXX

RhR

ttt

=-*


oleObject972.bin

image877.wmf
(

)

(

)

(

)

yyxy

RhR

ttt

=*


oleObject973.bin

image878.wmf
*


oleObject974.bin

image879.wmf
(

)

H

w

*


image92.wmf
[

]

0.82

PZ

=-££


oleObject975.bin

image880.wmf
(

)

H

w


oleObject976.bin

image881.wmf
(

)

0

YX

H

mm

=


oleObject977.bin

oleObject978.bin

image882.wmf
Ppts.zip


Ppts.zip


09_probability.ppt




Probability Theory


for Networking Application


Rudra Dutta


ECE/CSC 570 - Fall 2010, Section 001, 601





*

















Copyright Rudra Dutta, NCSU, Fall, 2010


*


Why Probability ?


			Extensive use in modeling networks traffic





Randomness exists - must deal with it


			Area of mathematics highly related to computer networking


			Leads on to more powerful analysis tools and modeling paradigms





Markov chains


Queuing theory
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Probability


			Formalization of “likelihood” of an event


			Event space


			“Equally likely” events


			Ratio of event counts to total





Zero indicates impossibility


One indicates certainty


			Total probability





Some outcome must occur, so total of all probabilities must be 1


			Ultimately, an element of “faith” or “trust” in nature
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Random Variable (RV)


			A mapping from events to a number





Probability of an event occurring translates to


Probability of an RV receiving a particular value


Probability of a particular outcome to an experiment or a trial


			With the wheel shown,





Each sector is “equally likely”


“Pointer stops between 60 and


180” is equivalent to


“X receives the value 4”


0o


60o


			2


			          1





4    3
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Introductory Concepts


			Distribution


			Expectation


			Conditional Probability


			Independent Events


			Memoryless RVs
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Probability Functions


			Functions mapping value of an RV (outcome of a trial) to the probability of it occurring





Discrete (finite or infinite) set of outcome described by probability mass function


Continuous set of outcomes described by probability density function


Sometime both are called density function


			Cumulative Density/Mass Function





Adding up probability over successive outcomes


Sometimes called Probability Distribution Function


			Range of RV is the domain of P [.]
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Roulette Wheel, Again


			The “place where pointer stops” is a continuous variable, say 


			The RV X defined as “1 if  is between 0 and 60, 4 if  is between 60 and 180, …” is discrete





Mapping of event to number, the definition of RV


Range of X is {1, 2, 3, 4}


			Probability functions: mappings from range of X (or )





0o


60o


1  2  3  4


			2


			          1
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0o              360o








pmf is drawn with impulses


(delta functions), to indicate


“infinite” density
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PMF, PDF, PMF as PDF, CDF


			PMF indicates actual probability at specific points





Probability is a pure (dimensionless) number (ratio of event counts)


			PDF indicates rate at which probability is accumulated (hence: density)





Derivative of probability (also a pure number!)


			Amassed probability (PMF) can be indicated on a PDF





But must resort to “infinite” densities (impulses)


			CDF is integral of PDF, so indicates actual (cumulative) probabilities at each point)
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PMF, PDF, PMF as PDF, CDF (2)


1


2


3


4





PMF





PDF





CDF





PMF


as


PDF





CDF
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(Irrelevant)
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Prob. Density
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Conditional Probability and Independence


			Conditional Probability





Partial knowledge, “Given that…”


“Sub-universe”


P [A | B] = P [AB] / P [B]


A = “Get 4”, B = “shaded area”


			Concept of independence





Partial knowledge is not relevant


Conditional and unconditional probabilities same


Also implies that  P [A] P [B]  = P[ AB ]


Which implies that  E {AB} = E {A} E {B}





			2


			          1





4    3
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The Bernoulli Distribution


			Basically, the “coin toss” distribution


			Two possible outcomes - one has a probability of p, the other 1 - p





With fair coin, p = 0.5


1/2


1/2


0       1
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The Geometric Distribution


			“Try until a specific outcome” experiment on a event with Bernoulli distribution


			For example, consider the coin toss





Keep tossing until you get Heads


Value of RV = number of tosses it took


One trial of this RV involves multiple trials of Bernoulli RV


			What is the probability distribution of this RV?





Key concept - each coin toss is independent
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Obtaining Geometric Distribution


			Probability that RV X will have value 1





Same as probability that first Bernoulli RV will be Heads = p


			Probability that X will have value 2





Compound event


Probability that first Bernoulli RV will NOT be Heads, AND second Bernoulli RV will be Heads


Since tosses are independent, can multiply probabilities


1/3


2/9


1   2   3   4   5   6   7   8   9


p = 1/3


			x			P [X = x]


			1			p


			2


			3


			…


			k


			…
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The Binomial Distribution


			The “k out of n” distribution


			Flip n coins, RV is the number of Heads





It does not matter whether coins are tossed simultaneously or in sequence (or one coin n times)


			Probability of the RV being 0





Compound event: Bernoulli RV 1 is Tails, and Bernoulli RV 2 is Tails, …


Easily, (1-p)n


			Probability of RV being 1





Compounding of compound events


BRV1 is Heads, and BRV2 is Tails, and …


OR, BRV1 is Tails, and BRV2 is Heads, and …


OR …


			Probability of RV being 2





BRV1 is Heads, and BRV2 is Heads, and BRV3 is Tails, and …


OR, BRV1 is Heads, and BRV2 is Tails, and BRV3 is Heads, …


OR, …
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The Binomial Distribution


			Probability of X = k





Probability of k BRVs being Heads and (n-k) BRVs being Tails


Times number of distinct ways in which you can pick k things out of n


			P[X = k] = nCk  pk (1 - p)n-k





0   1   2   3   4   5   6   7
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Expectation


			Arithmetic mean of the values assumed by the RV when experiment is repeated N times, when N is large (ideally infinite)





E{X} = ( Si=1..N xi ) / N


			But relative frequency of occurring of different possible outcomes has been captured in the probability distribution





Hence   E{X}  =  ( S{All possible value of X} x  P [X = x] )


			One of the “central tendency” metrics


			Also called … ?
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Conditional - Tricky


			“Monty Hall problem”


			Game show - three doors, one car and two goats





“Pick a door” - contestant picks one


Host opens one of the other two to reveal a goat


“Will you switch?”


			Should you?





Incredible but true - you should


Based on repeatable assumptions


Host always offers choice (or independently of your choice)


Host never opens the “car” door
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Conditioning and Memorylessness


			Successive values (discrete) or intervals (continuous) of domain of P[.] can be looked upon as a sequence


			Memory – refers to special type of conditioning





“RV is greater than x ”


In sequence terms: “has survived x ”


If this conditioning has no effect  memoryless


			Key observation: independence in successive trials translates to memorylessness in distribution


			Geometric distribution


			Continuous analogue – exponential distribution: f(x) =  e -x





p


p (1-p)


1   2   3   4   5   6   7   8   9


1   2   3   4   5   6   7   8   9






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Continuous as Limit of Discrete


			What does “continuous analogue” mean?





Not just transfer from discrete to continuous variable


Change of accumulation rate (i.e. density) is itself continuous


			Imagine trials as occurring regularly in time





E.g., one toss of the coin every one second (one second is the trial interval)


			Probability is accumulated at the rate of p per trial interval





After first interval, accumulated p


After second, accumulated p more of what is left: p(1-p)


Total is now p + p(1-p), etc.


			Consider a pure PDF (no impulses) which accumulates the same probability in the same intervals, via a constant rate for each interval

















1   2   3   4   5   6   7   8   9























p


p (1-p)
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Focus on Change in Rate


			Now we have a distribution for a continuous experiment (variable)





The outcome can be any real value, 0 or 1, also 1.5, 1.25, 0.9999, etc.


For each of these, probability accumulates at a rate or density which itself goes down in steps


At each step, the rate is such that a fixed fraction (p) of the remaining probability is accumulated in the next interval


			Consider making the steps finer, eventually infinitesimal





Now the rate goes down continuously


But at each infinitesimal interval, the fraction of remaining probability accumulated is the same


			The memoryless property is preserved
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Limiting Distribution


			Easier to express with survivor function G(t) = 1 - F(t)





G(0) = 1, G(1) = 0


			Let initial rate be  (parameter like p), f(0) = F’(0) = 





G’(0) = - 


			Consider the relative change in G(t) over any small time





[ G(0) - G(t) ] / G(0) = - 


[ G(t) - G(t+t) ] / G(t) = - 


In the limit, d G(t) / dt = -  G(t)


			Which is satisfied only by:





G(t) = e-t


			Hence f(t) =  e-t





1   2   3   4   5   6   7   8   9
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Poisson Distribution


			Parameterized by 





Like the exponential density function


Defined on a discrete domain


			Bears the same relationship to Exponential as Binomial does to Geometric (later)





Continuous analogue to binomial, but a discrete distribution


			P [ X = i ] = i e- / i!





 = 3














0   1   2   3   4   5   6   7   8   9








0.18


 = 1





0.368


0.368


0.06


0.015


0.003
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The Renewal Counting Paradigm


			Accumulated count of lifetimes is also of interest


			The original variable denotes lifetime





For packet transmission, time to transmit a single packet successfully


			The counting variable denotes total such lifetimes





For packet transmission, the number of packets transmitted successfully in a given time


			Ends of lifetimes are called renewals





Hence renewal counting
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Renewal Counting


			Let Xi (independent and identically distributed) be the successive lifetimes


			N(m) is the renewal count = number of renewal epochs found in the first m time units


			With memoryless property, each time unit has the same probability of being a renewal epoch


			Hence the renewal count of a geometric iid RV’s is binomially distributed
























































time 











renewal epochs
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Relevant Renewal Results


			Geometric interarrival  binomial arrival count


			Binomial arrival count  geometric interarrival


			Exponential interarrival  Poisson arrival Poisson arrival count exponential interarrival


			Merging Poisson arrivals  Poisson process


			Statistically splitting Poisson arrival into two arrival processes (using a Bernoulli variable for the splitting)  Poisson resultant processes
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Probability Reference?


			Many good texts





Whatever you have used before may help


Following should work


But not “best” or “most useful” in any sense


			"Fundamentals of Applied Probability Theory”





by Drake


			"Probability, Stochastic Processes, and queueing theory”





by Nelson


			"Probability and random processes for electrical engineers”





by Viniotis
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1. Basics 


Probability theory deals with the study of random phenomena, which under repeated experiments yield different outcomes that have certain underlying patterns about them. The notion of an experiment assumes a set of repeatable conditions that allow any number of identical repetitions. When an experiment is performed under these conditions, certain elementary events     occur in different but completely uncertain ways. We can assign nonnegative number          as the probability of the event      in various ways:
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Laplace’s Classical Definition: The Probability of an event A is defined a-priori without actual experimentation as








provided all these outcomes are equally likely.


Consider a box with n white and m red balls. In this case,  there are two elementary outcomes: white ball or red ball. Probability of  “selecting a white ball”                     


We can use above classical definition to determine the 


probability that a given number is divisible by a prime p.


(1-1)
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If p is a prime number, then every pth number (starting 


with p) is divisible by p. Thus among p consecutive integers


there is one favorable outcome, and hence











Relative Frequency Definition: The probability of an 


event A is defined as








where nA is the number of occurrences of A and n is the 


total number of trials.


We can use the relative frequency definition to derive 


(1-2) as well. To do this we argue that among the integers 


                     the numbers                  are divisible by p.


(1-2)


(1-3)
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Thus there are n/p such numbers between 1 and n. Hence











In a similar manner, it follows that 








and











The axiomatic approach to probability, due to Kolmogorov,


developed through a set of axioms (below) is generally 


recognized as superior to the above definitions, (1-1) and 


(1-3), as it provides a solid foundation for complicated 


applications.


(1-4)


(1-6)


(1-5)
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The totality of all       known a priori, constitutes a set , the set of all experimental outcomes.








  has subsets                      Recall that if A is a subset of , then              implies                 From A and B, we can generate other related subsets                                  etc. 


(1-7)


(1-8)


and
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A


B


A





B


A


			 If                    the empty set, then A  and B  are





  said to be mutually exclusive (M.E).


			 A partition of  is a collection of mutually exclusive





  subsets of  such that their union is .


B


A


(1-9)


Fig. 1.2


Fig.1.1
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De-Morgan’s Laws: 


A


B


A


B


A


B


A


B


			 Often it is meaningful to talk about at least some of the 





 subsets of  as events, for which we must have mechanism


 to compute their probabilities.


Example 1.1: Consider the experiment where two coins are simultaneously tossed. The various elementary events are  


Fig.1.3
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(1-10)























and


The subset                                     is the same as “Head has occurred at least once” and qualifies as an event.


Suppose two subsets A and B are both events, then consider


     “Does an outcome belong to A or B               ” 


     “Does an outcome belong to A and B               ” 


     “Does an outcome fall outside A”?
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Thus the sets                                      etc., also qualify as events. We shall formalize this using the notion of a Field.


			Field: A collection of subsets of a nonempty set  forms 





  a   field F if 











Using (i) - (iii), it is easy to show that                           etc.,


also belong to F.  For example, from (ii) we have 


                           and using (iii) this gives 


applying (ii) again we get                                     where we


have used De Morgan’s theorem in (1-10).
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(1-11)





























Thus if                           then





From here on wards, we shall reserve the term ‘event’  only to members of F.


Assuming that the probability                     of elementary outcomes      of  are apriori defined, how does one assign probabilities to more ‘complicated’ events such as A, B, AB, etc., above?


The three axioms of probability defined below can be used to achieve that  goal.
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(1-12)























Axioms of Probability


For any event A, we assign a number P(A), called the probability of the event A. This number  satisfies the following three conditions that act the axioms of probability.











   (Note that (iii) states that if A and B are mutually 


   exclusive (M.E.) events, the  probability of their union 


   is the sum of their probabilities.)
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(1-13)














The following conclusions follow from these axioms:


a. Since                       we have using (ii)





    But                       and  using (iii),





b. Similarly, for any A, 


    Hence it follows that 


    But                          and thus


c. Suppose A and B are not mutually exclusive (M.E.)? 


    How does one compute 


(1-14)


(1-15)
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To compute the above probability, we should re-express


               in terms of  M.E. sets so that we can make use of


the probability axioms. From Fig.1.4 we have





where A and        are clearly M.E. events. 


Thus using axiom (1-13-iii)





To compute              we can express B as





Thus                                         





since                  and                   are M.E. events.


(1-16)





(1-17) 


(1-18)


(1-19)


A


Fig.1.4
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From (1-19),





and using (1-20) in (1-17) 





			 Question: Suppose every member of a denumerably 





  infinite collection Ai of pair wise disjoint sets is an 


  event, then what can we say about their union





  i.e., suppose all                 what about A? Does it 


  belong to F? 


  Further, if A also belongs to F, what about P(A)?


(1-22)


(1-20)


(1-21)


(1-23)


(1-24)
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The above questions involving infinite sets can only be  settled using our intuitive experience from plausible experiments. For example, in a coin tossing experiment, where the same coin is tossed indefinitely, define 


                 A = “head eventually appears”.


Is A an event? Our intuitive experience surely tells us that A is an event. Let 








Clearly                        Moreover the above A is 


(1-26)


(1-27)


(1-25)
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We cannot use probability axiom (1-13-iii) to compute P(A), since the axiom only deals with two (or a finite number) of M.E. events.


To settle both questions above (1-23)-(1-24), extension of these notions must be done based on our intuition as new axioms.


-Field (Definition):


A field F is a -field if in addition to the three conditions in (1-11), we have the following:


For every sequence                           of pair wise disjoint events belonging to F, their union also belongs to F, i.e.,


(1-28)
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In view of (1-28), we can add yet another axiom to the set of probability axioms in (1-13).


(iv) If Ai are pair wise mutually exclusive, then





Returning back to the coin tossing experiment, from experience we know that if we keep tossing a coin, eventually, a head must show up, i.e., 





But                       and using the fourth probability axiom in (1-29),  


(1-29)


(1-30)


(1-31)


PILLAI























From (1-26), for a fair coin since only one in 2n  outcomes is in favor of An , we have 








which agrees with (1-30), thus justifying the


‘reasonableness’ of the fourth axiom in (1-29).


In summary, the triplet (, F, P) composed of a nonempty set  of elementary events, a -field F of subsets of , and a probability measure P on the sets in F subject the four axioms ((1-13) and (1-29)) form a probability model. 


The probability of more complicated events must follow from this framework by deduction.


(1-32)
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Conditional Probability and Independence


In N independent trials, suppose NA,  NB,  NAB  denote the number of times events A, B and AB occur respectively. According to the frequency interpretation of probability, for large N 





Among the NA occurrences of A, only NAB of them are also found among the NB occurrences of B. Thus the ratio 


(1-33)


(1-34)
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is a measure of “the event A given that B has already occurred”. We denote this conditional probability by


          P(A|B) =  Probability of “the event A given 


                           that B has occurred”.


We define








provided                 As we show below, the above definition


satisfies all probability axioms discussed earlier.


(1-35)
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We have 


(i)





(ii)                                                   since  B = B.





(iii)  Suppose                    Then








But                          hence 





satisfying all probability axioms in (1-13). Thus (1-35) defines a legitimate probability measure.


(1-39)


(1-37)


(1-36)


(1-38)
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Properties of Conditional Probability:


a. If                            and





since if               then occurrence of B implies automatic occurrence of the event A.  As an example, but





in a dice tossing experiment. Then             and 


 b. If                           and 





(1-40)


(1-41)
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(In a dice experiment,


so that             The statement that B has occurred (outcome is even) makes the odds for “outcome is 2” greater than without that information).


c. We can use the conditional probability to express the probability of a complicated event in terms of “simpler” related events.                       





Let                       are pair wise disjoint and their union is . Thus                and





Thus 


(1-42)


(1-43)
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But                                                  so that from (1-43)








With the notion of conditional probability, next we  introduce the notion of “independence” of events.


Independence: A and B are said to be independent events, if





Notice that the above definition is a probabilistic statement, not a set theoretic notion such as mutually exclusiveness. 


(1-45)


(1-44)
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Suppose A and B are independent, then





Thus if A and B are independent, the event that B has occurred does not  shed any more light into the event A. It makes no difference to A whether B has occurred or not. An example will clarify the situation: 


Example 1.2: A box contains 6 white and 4 black balls. Remove two balls at random without replacement. What is the probability that the first one is white and the second one is black?


Let  W1  =  “first ball removed is white”


        B2   =  “second ball removed is black”


(1-46)
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We need                          We have                               Using the conditional probability rule,





But 





and





and hence


(1-47)
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Are the events W1 and B2 independent? Our common sense says No. To verify this we need to compute P(B2). Of course the fate of the second ball very much depends on that of the first ball. The first ball has two options: W1 = “first ball is white” or B1= “first ball is black”. Note that                          and                     Hence W1 together with B1 form a partition. Thus (see (1-42)-(1-44))








and





As expected, the events W1 and B2 are dependent. 
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From (1-35),





Similarly, from (1-35)





or





From (1-48)-(1-49), we get





or 





Equation (1-50) is known as Bayes’ theorem.


(1-48)


(1-49)


(1-50)
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Although simple enough, Bayes’ theorem has an interesting interpretation: P(A) represents the a-priori probability of the event A. Suppose B has occurred, and assume that A and B are not independent. How can this new information be used to update our knowledge about A? Bayes’ rule in (1-50) take into account  the new information (“B has occurred”)  and gives out the a-posteriori probability of A given B.  


We can also view the event B as new knowledge obtained from a fresh experiment. We know something about A as P(A). The new information is available in terms of B. The new information should be used to improve our knowledge/understanding of A. Bayes’ theorem gives the exact mechanism for incorporating such new information.
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A more general version of Bayes’ theorem  involves partition of . From (1-50)








where we have made use of (1-44). In (1-51),               represent a set of mutually exclusive events with associated a-priori probabilities                             With the new information “B has occurred”, the information about Ai  can be updated by the n conditional probabilities


(1-51)
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Example 1.3: Two boxes B1 and B2  contain 100 and 200 light bulbs respectively. The first box (B1) has 15 defective bulbs and the second 5. Suppose a box is selected at random and one bulb is picked out. 


(a) What is the probability that it is defective?


Solution: Note that box B1 has 85 good and 15 defective bulbs. Similarly box B2 has 195 good and 5 defective bulbs. Let  D = “Defective bulb is picked out”.


Then 
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Since a box is selected at random, they are equally likely.





Thus B1 and B2 form a partition as in (1-43), and using 


(1-44) we obtain


 





Thus, there is about 9% probability that a bulb picked at random is defective.


PILLAI

















(b) Suppose we test the bulb and it is found to be defective. What is the probability that it came from box 1? 





Notice that initially                        then we picked out a box at random and tested a bulb that turned out to be defective. Can this information  shed some light about the fact that we might have picked up  box 1?  


From (1-52),                                          and indeed it is more likely at this point that we must have chosen box 1 in favor of box 2. (Recall box1 has six times more defective bulbs compared to box2).


(1-52)
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Probability and Stochastic Processes


References:


Wolff, Stochastic Modeling and the Theory of 	Queues, Chapter 1


Altiok, Performance Analysis of Manufacturing 	Systems, Chapter 2
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Basic Probability


			Envision an experiment for which the result is unknown.  The collection of all possible outcomes is called the sample space.  A set of outcomes, or subset of the sample space, is called an event.


			A probability space is a three-tuple (W ,, Pr) where W is a sample space,  is a collection of events from the sample space and Pr is a probability law that assigns a number to each event in .  For any events A and B, Pr must satsify:


			Pr() = 1


			Pr(A)  0


			Pr(AC) = 1 – Pr(A)


			Pr(A  B) = Pr(A) + Pr(B), if A  B = . 


			If A and B are events in  with Pr(B)  0, the conditional probability of A given B is 
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Random Variables


			Discrete vs. Continuous


			Cumulative distribution function


			Density function


			Probability distribution (mass) function


			Joint distributions


			Conditional distributions


			Functions of random variables


			Moments of random variables


			Transforms and generating functions





A random variable is “a number that you don’t know… yet”


Sam Savage, Stanford University
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Functions of Random Variables


			Often we’re interested in some combination of r.v.’s


			Sum of the first k interarrival times = time of the kth arrival


			Minimum of service times for parallel servers = time until next departure


			If X = min(Y, Z) then 


			therefore,


			and if Y and Z are independent,


			 If X = max(Y, Z) then


			If X = Y + Z , its distribution is the convolution of the distributions of Y and Z.  Find it by conditioning.
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Conditioning (Wolff)


			Frequently, the conditional distribution of Y given X is easier to find than the distribution of Y alone.  If so, evaluate probabilities about Y using the conditional distribution along with the marginal distribution of X:








			Example:  Draw 2 balls simultaneously from urn containing four balls numbered 1, 2, 3 and 4.  X = number on the first ball, Y = number on the second ball, Z = XY.  What is Pr(Z > 5)?


			Key:  Maybe easier to evaluate Z if X is known
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Convolution


			Let X = Y+Z.  











			If Y and Z are independent,








			Example:  Poisson


			Note: above is cdf.  To get density, differentiate:
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Moments of Random Variables


			Expectation = “average”








			Variance = “volatility”


			Standard Deviation


			Coefficient of Variation
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Linear Functions of Random Variables


			Covariance  


			Correlation








If X and Y are independent then 
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Transforms and Generating Functions


			Moment-generating function








			Laplace transform (nonneg. r.v.)











			Generating function (z – transform)





Let N be a nonnegative integer random variable; 
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Special Distributions


			Discrete


			Bernoulli


			Binomial


			Geometric


			Poisson


			Continuous


			Uniform


			Exponential


			Gamma


			Normal
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Bernoulli Distribution


“Single coin flip”  p = Pr(success)


	N = 1 if success, 0 otherwise
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Binomial Distribution


“n independent coin flips”  p = Pr(success)


	N = # of successes
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Geometric Distribution


“independent coin flips”  p = Pr(success)


	N = # of flips until (including) first success

















Memoryless property:  Have flipped k times without success;
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z-Transform for Geometric Distribution


Given Pn = (1-p)n-1p, n = 1, 2, …., find 














Then,
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Poisson Distribution


“Occurrence of rare events”   = average rate of occurrence per period; 


	N = # of events in an arbitrary period
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Uniform Distribution


X is equally likely to fall anywhere within interval (a,b)


	














a


b
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Exponential Distribution


X is nonnegative and it is most likely to fall near 0


























Also memoryless; more on this later… 	
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Gamma Distribution


X is nonnegative, by varying parameter b get a variety of shapes























When b is an integer, k, this is called the Erlang-k distribution, and  		Erlang-1 is same as exponential.
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Normal Distribution


X follows a “bell-shaped” density function

















From the central limit theorem, the distribution of the sum of independent and identically distributed random variables approaches a normal distribution as the number of summed random variables goes to infinity.
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m.g.f.’s of Exponential and Erlang


If X is exponential and Y is Erlang-k, 











Fact:  The mgf of a sum of independent r.v.’s equals the product of the individual mgf’s.


Therefore, the sum of k independent exponential r.v.’s (with the same rate l) follows an Erlang-k distribution.
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Stochastic Processes


			Poisson process


			Continuous time Markov chains





A stochastic process is a random variable that changes over time,


or a sequence of numbers that you don’t know yet.
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Stochastic Processes


Set of random variables, or observations of the same random variable over time: 





Xt may be either discrete-valued or continuous-valued.





A counting process is a discrete-valued, continuous-parameter stochastic process that increases by one each time some event occurs.  The value of the process at time t is the number of events that have occurred up to (and including) time t.
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Poisson Process


	Let			be a stochastic process where X(t) is the number of events (arrivals) up to time t.  Assume X(0)=0 and


	(i) Pr(arrival occurs between t and t+t) =


	where o(t) is some quantity such that 


	(ii) Pr(more than one arrival between t and t+t) = o(t) 


	(iii) If t < u < v < w, then X(w) – X(v) is independent of X(u) – X(t).


Let pn(t) = P(n arrivals occur during the interval (0,t).   Then …
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Poisson Process and Exponential Dist’n


	Let T be the time between arrivals.  Pr(T > t) = Pr(there are no arrivals in (0,t) = p0(t) =


Therefore,








that is, the time between arrivals follows an exponential distribution with parameter  = the arrival rate.  


The converse is also true; if interarrival times are exponential, then the number of arrivals up to time t follows a Poisson distribution with mean and variance equal to t.
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When are Poisson arrivals reasonable?


The Poisson distribution can be seen as a limit of the binomial distribution, as n , p0 with constant =np.


many potential customers deciding independently about arriving (arrival = “success”), 


each has small probability of arriving in any particular time interval


Conditions given above:  probability of arrival in a small interval is approximately proportional to the length of the interval – no bulk arrivals


Amount of time since last arrival gives no indication of amount of time until the next arrival (exponential – memoryless)
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More Exponential Distribution Facts


Suppose T1 and T2 are independent with


Then  


Suppose (T1, T2, …, Tn ) are independent with


Let Y  = min(T1, T2, …, Tn ) .  Then 


Suppose (T1, T2, …, Tk ) are independent with 


Let W= T1 + T2 + … + Tk .  Then W has an Erlang-k distribution with density function 
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Continuous Time Markov Chains


A stochastic process 			with possible values (state space) S = {0, 1, 2, …} is a CTMC if 








“The future is independent of the past given the present”





Define





Then 
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CTMC Another Way


Each time X(t) enters state j, the sojourn time is exponentially distributed with mean 1/qj


When the process leaves state i, it goes to state j  i with probability pij, where


Let 


Then 
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CTMC Infinitesimal Generator


The time it takes the process to go from state i to state j





Then qij is the rate of transition from state i to state j, 


The infinitesimal generator is  
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Long Run (Steady State) Probabilities


Let 


			Under certain conditions these limiting probabilities can be shown to exist and are independent of the starting state; 


			They represent the long run proportions of time that the process spends in each state, 


			Also the steady-state probabilities that the process will be found in each state.





Then 


or, equivalently, 
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Phase-Type Distributions


			Erlang distribution


			Hyperexponential distribution


			Coxian (mixture of generalized Erlang) distributions	
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Lecture 15: Stochastic processes


Instructor:                          Dr. Gleb V. Tcheslavski 


Contact: gleb@ee.lamar.edu


Office Hours: Room 2030
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Why stochastic DSP is important?


			 Most of the real life signals are contaminated by noise that is usually random.


			 Noise contamination may lead to unpredictable changes in the amplitude and phase of the signal.


			 Strong noise contamination may change parameters of the signal considerably.





Signals (processes)


1. Deterministic: 


One possible value for any time instance. Therefore, we can predict the exact value of the signal  for a desired time instance.


Don’t really exist…


2. Random (stochastic): 


Many (infinitely) possible values for any time instance. Therefore, we can predict only the expected value of the signal for a desired time instance.


Stock market, speech, medical data, communication signals,…








ELEN 5346/4304 DSP and Filter Design


Fall 2008


*





Definitions and preliminary considerations 


xn – discrete random process: a sequence of random values.


X – ensemble (family) of discrete random processes.


realizations


The probability theory calls every action or occurrence an event (me standing in front of you, raining outside, student “A” getting an “F” in this class). Every event may or may not happen.


A likelihood that the particular event happens is called a probability of an event P{x}. Probability takes on values between zero and one: 0  P{x}  1.


Different events have different probabilities: the probability of rain in June in Beaumont is much higher that the probability of hail, which, in turn, is much higher than the probability of snow. Probability indicates how frequently the event may occur.


Events, whose probability is one, are called true events.


We can consider a discrete signal as a set of statistical events with particular probabilities: random values.


(15.3.1)


(15.3.2)
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Cumulative distribution function


Important measures of probability are a cumulative distribution function (cdf) and a probability density function (pdf).


cdf (continuous):


cdf (discrete):


a step function


(15.4.1)


(15.4.2)


Properties of cdf:


(15.4.3)


(15.4.4)


(15.4.5)


(15.4.6)
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Probability density function


A pdf is any function fx(x’) that describes the probability density in terms of the input variable x’ in a particular manner.


pdf:


(15.5.1)


Properties of pdf:


(15.5.2)


(15.5.3)


(15.5.4)


(15.5.5)

















ELEN 5346/4304 DSP and Filter Design


Fall 2008


*





Probability and pdf


(15.6.1)


(15.6.2)


(15.6.3)


(15.6.4)


(15.6.5)


(15.6.6)


(15.6.7)
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Distribution examples


Probability distribution functions


Discrete distributions


Continuous distributions


Binomial


Poisson


Geometric


…


Uniform





Normal (Gaussian)





Rayleigh





Cauchy


Laplace


Exponential


Gamma


Weibull


…


(15.7.1)


(15.7.2)


(15.7.3)

















ELEN 5346/4304 DSP and Filter Design


Fall 2008


*





Statistical moments


Most frequently are used:


1st moment: mean (average)





Estimated (sample mean):


(15.8.5)


(15.8.6)


kth statistical moment:


Expectation operator


(15.8.1)


Remark: expectation of a true event equals to the event itself: i.e.


kth absolute moment:


(15.8.3)


(15.8.2)


kth central moment:


(15.8.4)
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Second statistical moments


2nd moments: 


Variance:





    Estimated (sample) variance:











Correlation (coeff):





    Estimated (sample):











Covariance(coefficient):





    Estimated (sample):


(15.9.1)


(15.9.2)


(15.9.3)


(15.9.4)


(15.9.5)


(15.9.6)
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On correlation


rx(n1, n0) is large – xn1 and xn0 are strongly related


rx(n1, n0) is small – xn1 and xn0 are weakly related


If correlation is zero:


than random variables xn1 and xn0 are orthogonal.


If covariance is zero:


than random variables xn1 and xn0 are uncorrelated.


(15.10.1)


(15.10.2)


Zero mean  correlation = covariance.
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Stationarity


1. Strict-sense stationarity:


A random process xn(i) is strict-sense stationary iff xn(i) and xn+(i) have the same statistics of all orders (statistical moments of all orders are constant).


2. Weak-sense nth-order stationarity:


Statistics up to nth order are constant.


3. Wide-sense stationarity (wss):


Mean is constant and autocorrelation is a function of lag but not the location itself (autocorrelation does not change over time: rxx(t1,t2) = rxx()).
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Properties of autocorrelation


			rxx() it is real


			It is an even function of lag: rxx() = rxx(-)


			rxx() can be positive or negative


			rxx(0)  rxx(),   0.





For wss processes:


			rxx(0) = E{|xn|2} – average power of the SP (mean square value)


			cxx() = rxx() - |mx|2   cxx(0) = rxx(0) - |mx|2 = x2





Power Spectral Density (PSD) of a wss process:


Which is known as the Wiener–Khintchine or Khinchin–Kolmogorov theorem


Note: in a discrete case, the integral is replaced by the infinite sum.


(15.12.1)


(15.12.2)


(15.12.3)
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| Code.No: RO7A3EC10 | RO7 “ SET-1 “

JAWAHARLAL NEHRU TECHNOLOGICAL UNIVERSITY HYDERABAD
I BTECH -1 SEM SUPPLEMENTARY EXAMINATIONS, JUNE - 2010
PROBABILITY THEORY & STOCHASTIC PROCESSES
(COMMON TO ECE, ETM, ECC)

Time: 3hours Max.Marks:80
Answer any FIVE questions
All questions carry equal marks

1l.a)  What is sample space? Explain the Discrete sample space and Continuous sample
space each with a suitable example.

b)  In a game of dice a “shooter” can win outright if the sum of the two numbers

showing up is either 7 or 11 when two dice are thrown. What is his probability of

winning outright? [8+8]

2.a)  Define cumulative distribution function of a random variable. Draw the
distribution function representation of rolling a fair dice.
b)  Arandom variable X has the following probability distribution:

X 0]1 |2 |3 |4 |5 |p |7u/8
P(x) |a|3a |5a |7a |9a |1la/13a|15a]|17a

) Determine the value of ‘a’
i) Find P(X < 3),P(X > 3)and,P(0 < X <5)
i) What is the smallestvalue of X for which P|(X < x) > 0.5|?

iv) Find the distribution function F(x). [6+10]

s . . f(x)=—= 0<x<1
3.a) A random variable Xihas the density function 2x

=0 elsewhere
Obtain the moment generating function.

b) A random variable X is uniformly distributed on (0,6). If X is transformed to a
new random variable Y = 2(X - 3)* - 4, find Y, E [Y], Var[Y]. [8+8]

4.a) Define and explain conditional probability mass function. Give its properties.
b)  The joint probability density function of 2 random variables X and Y is given by

f(x,y)=C(2x+y), 0<x<1,0<y<2
=0 elsewhere
Find:
i) The value of ‘C’
i) Marginal distribution functions of X and Y. [8+8]







For random variables X and Y having X =1,Y =2, 62 =6,62=9 and p =-2/3.
Find:

a) The covariance of X and Y

b) The covariance of X and Y

C) The moments myo and my;. [16]

Find the auto correlation function for white noise shown in the figure [16]
A

Determine which of the following functions can and cannot be valid power

density spectrums. Explain.
2

a) Cl)—
@° +3w* +3
b)  exp (—(a)—l)z)
2
®
-0
2 o +1 ()
4
d P e
) 1+ 0* + jod
0 cos(3a2))
I+ @
1
(1+a) )
|o|
9 1+ 20+ &*
h) _r [16]
1-3w?

Write notes on:

a) Shot noise

b) Flicker Noise

C) Noise temperature. [5+5+6]
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JAWAHARLAL NEHRU TECHNOLOGICAL UNIVERSITY HYDERABAD
I BTECH -1 SEM SUPPLEMENTARY EXAMINATIONS, JUNE - 2010
PROBABILITY THEORY & STOCHASTIC PROCESSES
(COMMON TO ECE, ETM, ECC)

Time: 3hours Max.Marks:80
Answer any FIVE questions
All questions carry equal marks

l.a)  Define and explain random experiment with an example.
b)  Four cards are drawn from a well shuffled pack of playing cards. Find the
probability that
i) All are clubs
i) Two are spades & two are hearts
iii) Four cards are from a different suits. [4+12]

2.a)  What is Gaussian random variable? Develop an equation for Gaussian.distribution

function.
b)  Verify that the following is a distribution function:
F(x) =0 for x < -a,
=1/2(x/a + 1) for-a<=x<=a,and
=1 for x > a. [10+6]

3.a) A random variable X is uniformly,distributed in the interval (-5, 15). Another

random variable Y = e**sis formed. Find E[Y] and fy (y).
b)  Explain the following terms:

i) Conditional Expected value
i) Covariance.
c)  Find the Expected value of the number on a die when thrown. [8+6+2]

4.a) Definesand explain the properties of conditional density functions.
b) <. Joint,probabilities of two random variables X and Y are given in table below:

X
v 1 2 3
1|02 01| 02
21015 (0.2 015
Find out:
i) Joint and marginal distribution functions and plot.
i) Joint and marginal density functions and plot. [8+8]

5.a) Define cross correlation function of two random processes.
b)  Comment on cross correlation function of two orthogonal random processes.
c) State and prove the properties of cross correlation function of two random
Processes. [3+3+10]







6.a)

b)

7.a)

8.a)

b)

Determine whether the random process X (t) = Acos(aw,t + ®) is wide stationary

or not where A, @, are constants and ® is a uniformly distributed random

variable on the interval (0, 2 7).
What is an ergodic random process, present the necessary expressions to support
the argument? [10+6]

For a random process X(t) derive the expression for power density spectrum.
State at least 4 properties of power density spectrum of a random process. [10+6]
Prove that R, (7) =Ry (r)*h(-7)*h(r) where R, (r) is auto correlation

function of input random process, R,y (7) is auto correlation function of/Gutput

random process of an LTI system.
Write the conditions for causal and stable system. [12+4]

*khhkkkkk







| Code.No: RO7A3EC10 | RO7 “ SET-3 “

JAWAHARLAL NEHRU TECHNOLOGICAL UNIVERSITY HYDERABAD
I BTECH -1 SEM SUPPLEMENTARY EXAMINATIONS, JUNE - 2010
PROBABILITY THEORY & STOCHASTIC PROCESSES
(COMMON TO ECE, ETM, ECC)

Time: 3hours Max.Marks:80
Answer any FIVE questions
All questions carry equal marks

1.a) Give the classical definition of probability.
b) A card is drawn from a pack of 52 cards. Find the probability of getting a king or
a heart or a red card. [8+8]

2.a) Aircrafts arrive at an airport according to a Poisson process at a rate of 12 per

hour. All aircrafts are handled by one air traffic controller. If the controller takes a

2 minute coffee break, what is the probability that he will miss one or more
arriving aircrafts?

b)  Telephone calls are initiated through an exchange at the average rate of 75 per

minute and are described by a Poisson process. Find the probability that more

than 3 calls are initiated in any 5 second period. [8+8]

3.a) Explain in detail the monotonic transformation ofia continuous random variable.
b)  Fora function Y=(X - mx) o, prove that mean is zero & variance is 1. [8+8]

4.a)  Two random variables X and Y. have the joint pdf:
f(xy) =A@ %y20
=0 elsewhere
)} Evaluate A
i) Find the'marginal pdf’s
ML) Find the joint cdf
iv) Find the distribution functions and conditional cdf's.

b) Caonsider a linear amplifier defined by input-output relation Y = aX + b where ‘&’
and ‘b’ are constants. The input X is a Gaussian random variable with mean m
and Varianceo”. Determine the probability density function of the random
variable Y at the amplifier output. [8+8]

5.a) Provethat |R,, (7)I<4/Ry (0)Ry (0)

b) Discuss covariance and cross covariance of random processes with relevant
expressions. [8+8]







6.2)

b)

7.a)

b)

8.a)
b)

Given are two random processes X(t) and Y(t). Find the expressions for  auto
correlation function of W(t) = X(t) + Y(t) if:

i) X(t) and Y(t) are correlated

i) They are uncorrelated

iii) They are uncorrelated with zero means.

Prove that | Ry, (7)|< /Ry, (0)Ryy (0). [8+8]

A random process X (t) = Ag cos (@ ot + ® ) where Ag, @ are real constants

and © is a random variable uniform on (0, z/2). Find the average power of the
random process.

Is power density spectrum an even function of ‘@’ or odd function of ‘w’?
Justify. [10+6]

Prove that R, (7) = Ry, (7)*h(-7)

Prove that R,, (7) =R, (z)*h(z) where R, (7),R,, (%)~ represent cross

correlation functions between X(t) and Y(t) and h(t) is.impulse response of LTI
system. [8+8]
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Time: 3hours Max.Marks:80
Answer any FIVE questions
All questions carry equal marks

1.a)  What is the probability of getting 53 Sundays in a leap year?
b)  In a box there are 500 colored balls: 75 black, 150 green, 175 red, 70 white and
30 blue. What are the probabilities of selecting a ball of each color? [8+8]

2.a)  What are point conditioning and interval conditioning distribution functien?
Explain.
b) IfP(x) =0.1x, x=1,2,34
=0, otherwise

Find:
i) P{X=1or2}
i) P{(1/2) < X (5/2)X > 1}. [8+8]

3.a) Find the expected value of the function g(X).= X2 where X is a random variable
defined by the density, fx(x) = a8 >u(x), where ‘a’ is a constant.

. . \ —(x-a)%/b
b) For the Rayleigh densityfunction-f,(x) = (2(x - a)/b) e y X>a
=0 X<a
Show that E[X]= a + (7b/4)"* and &= b(4 -z)/4. [6+10]

4.a)  Two random variables X and Y have a joint probability distribution function:
5
foXy)=—=xy O0<y<x2
(XY )= X7y 0<y

=0 elsewhere

)} Find the marginal density functions of X and Y?
i) Are X and Y Statistically Independent?
b)  The joint density function of random variables X and Y is
f(x;y) =8xy; 0<x<1;0<y<Xx
Find the Conditional density functions f(y/x) and f(x/y). [8+8]







6.a)

b)

7.a)
b)
c)

8.a)

X :E, X? :§, Y =2, _Z:Q and C,, = =1 for random variables X and Y.
2 2 2 243
Find:
2
a) O
2
b) O,
c) RXY
d) p
()  Mean of W= (X +3Y)*+2X + 3. [16]

Consider random process
X(t) = A cos (wot+8) Y(t) = cos (mit+¢)
Where A, B, m;and wo are constants, while € and ¢ are statistically independent

random variables each uniform on (0,2).
) Show that X(t) and Y(t) are jointly wide sense-stationary:
i) If & = ¢ show that X(t) and Y (t) are not jointly wide Sense stationary

unless o1 = ®o.
Let X(t) be the sum of a deterministic signal S(t).and a wide sense stationary
noise process N(t). Find the mean value, auto correlation and auto covariance
functions of X(t). Discuss the stationary.of X(t). [8+8]

If the PSD of X(t) is Sxst(@): Findthe PSD of —d)((j(tt)

Prove that Sxx(®) = Sxx(-®)

—b|r
If R(T) =aet | ‘. Find the spectral density function, where a and b are
constants. [5+5+6]

Show: that the effective noise temperature of n networks in cascade is given by,

T =T, +T,/0,+T3/0,0, + oo +T,,/9,0,0, ,

b) A low noise receiver for satellite ground station consists of the following stages

Antenna with T; = 125K, Waveguide with a loss of 0.5dB, Power amplifier with
Ja = 30dB, T, = 6K, By =20 MHz, TWT amplifier with g, = 16dB, F = 6dB,
Bn = 20 MHz. Calculate the effective noise temperature of the system. [8+8]
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IT1 B.Tech I Semester Examinations,November 2010
PROBABILITY THEORY AND STOCHASTIC PROCESSES
Common to Electronics And Computer Engineering, Electronics And
Telematics, Electronics And Communication Engineering
Time: 3 hours Max Marks: 80
Answer any FIVE Questions
All Questions carry equal marks
* * K K x

1. (a) A joind pdfis
L
fry(T,y) = { 0
i. Find and sketch F, ,(x,y)

0<zrx<a,l<y<bd
elsewhere

ii. Ifa<bfind P[X+Y < 3]

(b) Find a value of const b so that f, ,(x,y) = bxy? exp(-2x§)u(x-2)u(y-1) is valid
joint pdf. [10+6]

2. (a) The joint probability function of two.R.V’'s X & Y is given by
xr=0,1,2
J=1,234 find
0 otherwise

i. The value'of C

i, P(x=2,y=3)
i P (x<Tpwy>2)
iv. Mariginal probability function of X & Y.

Flay =4 )

(b) Showsthat when n is very large (n>>k) and P very small the binomial distri-
bution approximates poisson distribution. [10+6]
3. (a) Explain the terms Joint probability and Conditional probability.
(b) Show that Conditional probability satisfies the three axioms of probability.
(¢) Two cards are drawn from a 52-card deck (the first is not replaced):

i. Given the first card is a queen. What is the probability that the second
is also a queen?

ii. Repeat part (i) for the first card a queen and second card a 7.
iii. What is the probability that both cards will be the queen? [44-6+6]

4. (a) Prove that Ryy (7) = Rxy () * h (—T)
(b) Prove that Ryy (7’) = RYX (7’) xR (7') [8—|—8]

5. (a) A WSS random process X(t) has Rxx (7) = Ay [1 — LH —7<t<rT

=0 else where
Find power density spectrum.
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(b) Rxx (1) = 8 sinwyr. Find S, () [845]

6. (a) Explain about the moment generating function of a random variable.
(b) Find the moment generating function of the following.
i. Y =ax+b
i, Y = & [8-+8]
7. For random variables X and Y having X=1, Y =2, ¢2=6, 02 = 9 and p = -2/3.
Find:
) The covariance of X and Y
b) The covariance of X and Y
(¢) The moments myy and my. [16]
8. (a) Present at least five properties of autocorrelation function eof asandom process
X(t) and prove any two of them.

(b) Rxx (1) =25+ ﬁ. Find mean and varianeces6frandom process X(t).[10+6]

kK Kk ok
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PROBABILITY THEORY AND STOCHASTIC PROCESSES

Common to Electronics And Computer Engineering, Electronics And

Telematics, Electronics And Communication Engineering

Time: 3 hours Max Marks: 80

Answer any FIVE Questions
All Questions carry equal marks
* * K K *

(a) Present at least five properties of autocorrelation function of a random process
X(t) and prove any two of them.

(b) Rxx (1) =25+ ﬁ. Find mean and variance of random process X(t).[10+46]

)

(a) Explain the terms Joint probability and Conditional prebability.

(b)
)

(c) Two cards are drawn from a 52-card deck (the first 1,00t replaced):

Show that Conditional probability satisfies the three axioms/f probability.

i. Given the first card is a queen. /Whatyis the probability that the second
is also a queen?

ii. Repeat part (i) for the first, card asqueen and second card a 7.
iii. What is the probability,that Both cards will be the queen? [4+6+6]

(a) Prove that Ryy(7)'= Rxy (T)* h(—7)
(b) Prove thateRyy (7) = Ryx (1) * h (1) [8+8]

(a) Thesjoint*probability function of two R.V’s X & Y is given by
x=0,1,2
y=1,2,3,4 find
0 otherwise

i. The value of C

i, P(x=2, y=3)
ili. P(x<1, y>2)
iv. Mariginal probability function of X & Y.

Flay) e c(z? + 2y)

(b) Show that when n is very large (n>>k) and P very small the binomial distri-
bution approximates poisson distribution. [10+6]

(a) A joind pdf is
L 0<z<a0<y<b
_ ab ?
Jayla,y) = { 0 elsewhere
i. Find and sketch F, ,(x,y)

ii. fa<bfind P[X+Y < 3]

(b) Find a value of const b so that f, ,(x,y) = bxy? exp(-2xy)u(x-2)u(y-1) is valid
joint pdf. [10+-6]
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6. For random variables X and Y having X=1, Y =2, 02=6, 02 = 9 and p = -2/3.
Find:

(a) The covariance of X and Y
(b) The covariance of X and Y

(¢) The moments myy and msy. [16]

7. (a) A WSS random process X(t) has Rxx (7) = Ay [1 — Lil} —7<t<rT

=0 else where
Find power density spectrum.

(b) Rxx (1) = A?g sinwp7. Find S, (w) [8+8]

8. (a) Explain about the moment generating function of a random variable.
(b) Find the moment generating function of the following.

i. Y =ax+b
. Y =z [8+8]

kK Kk ok
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Time: 3 hours Max Marks: 80

Answer any FIVE Questions
All Questions carry equal marks
* * K K x

a) Prove that Ryy (1) = Rxy (7) * h (—7)
b) Prove that Ryy (7’) = RYX (’7') x h (7') [8"’8]
a) Explain about the moment generating function of a randemmyariable.

)

(
(
(
(b

Find the moment generating function of the following.

1. Y = ax+b

i, Yy = ot 8+8]

(a) Explain the terms Joint probability and Cenditional probability.
(b) Show that Conditional probability satisfies'the three axioms of probability.
(¢) Two cards are drawn fromya 52-card deck (the first is not replaced):
i. Given the first.card is, a queen. What is the probability that the second
is also a queen?

ii. Repeatypart'(i) for the first card a queen and second card a 7.
iii. What isthe probability that both cards will be the queen? [4464-6]

(a) The joint probability function of two R.V’s X & Y is given by
x=0,1,2
y=1,23,4 find
0 otherwise

i. The value of C

ii. P(x=2, y=3)
iii. P(x<1, y>2)
iv. Mariginal probability function of X & Y.

Flay) = c(z? + 2y)

(b) Show that when n is very large (n>>k) and P very small the binomial distri-
bution approximates poisson distribution. [10+6]

(a) Present at least five properties of autocorrelation function of a random process
X(t) and prove any two of them.

(b) Rxx (1) = 25+ 175 Find mean and variance of random process X(t).[10+6]

(a) A WSS random process X(t) has Rxx (1) = Ao [1 - I—Tq —7<t<T

=0 else where
Find power density spectrum.
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(b) Rxx (T) = 8 sinwyr. Find S, () [845]
7. (a) A joind pdf is
1

foy(a,y) = { ¢
i. Find and sketch F, ,(x,y)

0<zx<a,l<y<bd
elsewhere

ii. Ifa<bfind P[X+Y < 3]

(b) Find a value of const b so that f, ,(x,y) = bxy? exp(-2xy)u(x-2)u(y-1) is valid
joint pdf. [10+6]

8. For random variables X and Y having X=1, Y =2, 02=6, 02 = 9 and p = -2/3.
Find:

(a) The covariance of X and Y
(b) The covariance of X and Y

(¢) The moments myy and ms. [16]

kK Kk ok
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D.

Answer any FIVE Questions
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(a) Explain the terms Joint probability and Conditional probability.
(b) Show that Conditional probability satisfies the three axioms of probability.
(¢) Two cards are drawn from a 52-card deck (the first is not_replaced):

i. Given the first card is a queen. What is the probability that the second
is also a queen?
ii. Repeat part (i) for the first card a queenand secondscard a 7.
iii. What is the probability that both cards\will'be the queen? [44-6+6]

(a) Present at least five properties of autocorrelation function of a random process
X(t) and prove any two of them.

xx (7) = 25+ —=. Findunean and variance of random process X(t).|10+
b) R 25+ 52 Find d vari f rand X(t).[10+6
(a) Prove that Ryy (#7)'= Rxy(T)* h(—7)
(b) Prove that Ryy (7') = RYX (T) xh (T) [8+8]
(a) Explain‘about, the moment generating function of a random variable.
(b) Find the moment generating function of the following.

i. ¥ = ax+b

i, Y = zte [8+8]

b
For random variables X and Y having X=1, Y =2, 62=6, 0% = 9 and p = -2/3.
Find:

(a) The covariance of X and Y
(b) The covariance of X and Y

(¢) The moments myy and my. [16]
(a) A WSS random process X(t) has Rxx (1) = Ao [1 - I—}_'} —7<t<rT
=0 else where
Find power density spectrum.
(b) Rxx (1) = A?% sinwp7. Find S, (w) [8+8]

(a) A joind pdf is
L
Fulo) ={ 7

0<zx<a,l<y<bd
elsewhere

7

www.jntuworld.com




www.jntuworld.com


www.jntuworld.com





WWW.j ntuwor ld.com

Code No: 07TA3EC10 RO7 Set No. 3

i. Find and sketch F, ,(x,y)

ii. fa<bfind P[X+Y < 3]
(b) Find a value of const b so that f, ,(x,y) = bxy? exp(-2xy)u(x-2)u(y-1) is valid

joint pdf. [10+4-6]

8. (a) The joint probability function of two R.V’s X & Y is given by
r=0,1,2
y=1,2,3,4 find
0 otherwise

i. The value of C

ii. P(x=2, y=3)
iii. P(x<1, y>2)
iv. Mariginal probability function of X & Y.

(b) Show that when n is very large (n>>k) and P very smallsthe binomial distri-
bution approximates poisson distribution. [10+6]

fz,y) = e+ )

* K Kk ok
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1.

Answer any FIVE Questions
All Questions carry equal marks
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(a) Consider a probability space S = (2, F, P). Let Q = {¢1....65} = {-1,-1/2, 0,
1/2, 1} with P§; = 1/51 = 1..5. Define two random variables on S as follows:
X(€) =€ and Y(¢&) =2

i. Show that X and Y are dependent random variables

ii. Show that X and Y are uncorrelated.

(b) Let X and Y be independent random variables each\N (04 1). Find the mean

and variance of Z =(X2+Y?2)/2. [8+8]
o _om Jw| <1 o
(a) The PSD of random process is given by Sxx (w) = 0. elsewhere - Find its
Auto correlation functions
(b) State and Prove any four properties of PSD. [8+8]
(a) Y = Xi+ Xof oo + Xy is the sum of N statistically independent ran-
dom variables X; where i = 1,2............. N. Prove that ¢x,  xy (Wi....wn) =
N
11 9x, (Wi)
(b) Discussjointly Gaussian Random Variables. 848

(a) Explain about the poisson distribution function.

(b) The probability of a bad reaction from on injection is 0.001. Determine the
chanee that out of 2000 individuals more than two individuals will get a bad
reaction. [8+-8]

(a) What is Bayes’ theorem? Explain.

(b) Determine probabilities of system error and correct system transmission of
symbols for an elementary binary communication system shown in figure 3b
consisting of a transmitter that sends one of two possible symbols (a 1 or a 0)
over a channel to a receiver. The channel occasionally causes errors to occur
so that a 1’ show up at the receiver as a '07, and vice versa. Assume the
symbols ‘1" and ‘0’ are selected for a transmission as 0.6 and 0.4 respectively.
[6+10]
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P(B1)=0.6

P(B2)=0.4 As

Figure 3b

6. (a) State the auto correlation function of the random process X(t) and Prove that
RXX (—7’) = RXX (7’)

(b) State and prove the expression relating power and auto eorrelation function

of random process. [8+8]

7. (a) Define conditional distribution functionyprobability. mass function, skew and
variance of a random variable.

(b) If the number of items produced in'a factory’'during a week is a random variable
with mean 100 and variance 4005compute an upper bound on the probability
that this week?s production‘will be atleast 120. [8+8]

8. (a) Determine whieh of ‘the following impulse response do not correspond to a
system that is stable or'realizable or both and state why:

i. h(®)p= u(t+3)
ii. h(t) = u(t) et
iii. h(t) = e* sin(wpt), wy: real constant.
iv. h(t) = u(t)e ™, wp : real constant
(b) A random process X(t) = A Sin (wot +6 ) where A & wy are real positive

constants & 6 is a random variable uniformly distributed in the internal (-
7,m) is applied to the network shown in figure 5b. Find an expression for the

networks response? [8+8]
X(t) Y(t)
— h(t)= o u(t) = o exp (-mt) L
Figure 5b
* K K kK
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(a) Define conditional distribution function, probability mass function, skew and
variance of a random variable.

(b) If the number of items produced in a factory during a week is a random variable
with mean 100 and variance 400, compute an upper bound on. the probability

that this week?s production will be atleast 120. [8+8]
o AT, ol <1 L
(a) The PSD of random process is given by Sxx(w) = 0 Clscwhere Find its
Auto correlation function.
(b) State and Prove any four properties of PSD. [8+8]

(a) State the auto correlation funetien of the random process X(t) and Prove that
RXX (—T) = RXX (T)
(b) State and prove ghe expression relating power and auto correlation function

of random pre¢ess. [8+8]
(a) Y = X4+ Xo+....h... + Xy is the sum of N statistically independent ran-
domwvariables X; where i = 1,2............. N. Prove that ¢x,  xy (Wi....wn) =
1T 6
(b) Discuss jointly Gaussian Random Variables. [8+8]

(a) Explain about the poisson distribution function.

(b) The probability of a bad reaction from on injection is 0.001. Determine the
chanee that out of 2000 individuals more than two individuals will get a bad
reaction. [8+8]

(a) Determine which of the following impulse response do not correspond to a
system that is stable or realizable or both and state why:

i. h(t) = u(t+3)
ii. h(t) = u(t) e-t?
iii. h(t) = e sin(wpt), wo: real constant.
iv. h(t) = u(t)e 3, wy : real constant
(b) A random process X(t) = A Sin (wot +6 ) where A & wy are real positive
constants & 6 is a random variable uniformly distributed in the internal (-

m,m) is applied to the network shown in figure 5b. Find an expression for the
networks response? [8+8]
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ﬂl" hit)= @ u(t) = mexp (-mt) &_{t}p

Figure 5b
7. (a) What is Bayes’ theorem? Explain.

(b) Determine probabilities of system error and correct system transmission of
symbols for an elementary binary communication system shown in figure 3b
consisting of a transmitter that sends one of two possible symbols (a 1 or a 0)
over a channel to a receiver. The channel occasionally causes errors to occur
so that a 1’ show up at the receiver as a 07, and vice versa. Assume the
symbols ‘1" and ‘0’ are selected for a transmission as 0:6 and 0.4 respectively.
[6+10]

A

P(B1)=0.6 Pla1/ By )

P(B2)=0.4 As

Pl&7/B3)

Figure 3b

8. (a) Consider a'probability space S = ( Q, F, P). Let Q = {£1....¢5} = {-1, -1/2, 0,
1/2,4¢ with P§; = 1/51 = 1..5. Define two random variables on S as follows:
X(§) =€ and Y () =¢*
i. Show that X and Y are dependent random variables
ii. Show that X and Y are uncorrelated.

(b) Let X and Y be independent random variables each N (0, 1). Find the mean
and variance of Z =(X2+Y?)/2. [8+8]

* ok ok ok ok
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1. (a) State the auto correlation function of the random process X(t) and Prove that
RXX (-T) = RXX (T)

(b) State and prove the expression relating power and auto correlation function

of random process. [8+8]

2. (a) Explain about the poisson distribution function.

(b) The probability of a bad reaction from ondnjection is.0:001. Determine the
chanee that out of 2000 individuals more. than“twenindividuals will get a bad
reaction. [8+8]

3. (a) What is Bayes’ theorem? Explain.

(b) Determine probabilitiestof ‘systemerror and correct system transmission of
symbols for an elementary, binary communication system shown in figure 3b
consisting of adransmitter that sends one of two possible symbols (a 1 or a 0)
over a channel to,a receiver. The channel occasionally causes errors to occur
so thatwa 1" :show up at the receiver as a ’07, and vice versa. Assume the
symbolsi 1" and ‘0’ are selected for a transmission as 0.6 and 0.4 respectively.
[6+10]

A

P(B1)=0.6 Play/ By )

P(B2)=0.4 A,

Plasf Bz

Figure 3b

4. (a) Consider a probability space S = ( Q, F, P). Let Q = {£1....¢5} = {-1, -1/2, 0,
1/2, 1} with P& = 1/51 = 1..5. Define two random variables on S as follows:

X(€) =€ and Y(¢&) =2
i. Show that X and Y are dependent random variables
ii. Show that X and Y are uncorrelated.
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(b) Let X and Y be independent random variables each N (0, 1). Find the mean
and variance of Z =(X24Y?)'/2, [8+8]

5. (a) Determine which of the following impulse response do not correspond to a
system that is stable or realizable or both and state why:
i. h(t) = u(t+3)
ii. h(t) = u(t) e-t?
iii. h(t) = e sin(wpt), wp: real constant.
iv. h(t) = u(t)e ™, wpy : real constant
(b) A random process X(t) = A Sin (wot +6 ) where A & wy are real positive

constants & 6 is a random variable uniformly distributed in the internal (-
m,m) is applied to the network shown in figure 5b. Find an_expression for the

networks response? [8+8]
Nt Yt
iln- h(t)= @ u(t) = @ exp (-wt) {}p
Figure 5b

6. (a) Define conditional distributien funetion, probability mass function, skew and
variance of a random variable.

(b) If the number®6fitemsproduced in a factory during a week is a random variable
with mean 100 and variance 400, compute an upper bound on the probability

that thissweek?s production will be atleast 120. [8+8]
7. (a) The PSD of random process is given by Sxx (w) = o el <1 Find its
’ 0, elsewhere ’
Auto correlation function.
(b) State and Prove any four properties of PSD. [8+8]
8. (a) Y = Xi+ Xoteoorrenn + Xy is the sum of N statistically independent ran-
dom variables X; where i = 1,2............. N. Prove that ¢x, . xy (Wi....wn) =
N
,1:[1 ¢X1 (wl)
(b) Discuss jointly Gaussian Random Variables. [8+8]
* % Kk kK
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1. (a) Define conditional distribution function, probability mass function, skew and
variance of a random variable.

(b) If the number of items produced in a factory during a week is a random variable
with mean 100 and variance 400, compute an upper bound on the probability
that this week?s production will be atleast 120. [8+8]

2. (a) Consider a probability space S = ( Q, F, P). Tlet Q ={¢1s..¢5} = {-1,-1/2, 0,
1/2, 1} with P§; = 1/51 = 1..5. Define two randem variables on S as follows:

X(§) =€ and Y(§) =¢*
i. Show that X and Y are dependent random variables
ii. Show that X and Y are uncorrelated.

(b) Let X and Y be independent random variables each N (0, 1). Find the mean
and variance of Z'=(X2+Y?)/2. [8+8]

3. (a) What is Bayes’ theorem? Explain.

(b) Determinesprobabilities of system error and correct system transmission of
symbols for an elementary binary communication system shown in figure 3b
consisting of a transmitter that sends one of two possible symbols (a 1 or a 0)
over a channel to a receiver. The channel occasionally causes errors to occur
so that a ’1’ show up at the receiver as a 07, and vice versa. Assume the
symbols ‘1" and ‘0’ are selected for a transmission as 0.6 and 0.4 respectively.
[6+10]

P(B1)=0.6 Pla1i By ) A,

P(B2)=0.4 P(43/B3) A

Figure 3b

4. (a) Explain about the poisson distribution function.
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(b) The probability of a bad reaction from on injection is 0.001. Determine the
chanee that out of 2000 individuals more than two individuals will get a bad
reaction. [8+-8]

5. (a) Determine which of the following impulse response do not correspond to a
system that is stable or realizable or both and state why:

i. h(t) = u(t+3)
ii. h(t) = u(t) e-t?
iii. h(t) = e sin(wpt), wp: real constant.
iv. h(t) = u(t)e 3, wy : real constant
(b) A random process X(t) = A Sin (wot +60 ) where A & wy are real positive

constants & € is a random variable uniformly distributed in the internal (-
m,m) is applied to the network shown in figure 5b. Findfan expression for the

networks response? [8+8]
X(t) Y(t)
— h(t) = ® u(t) = @ exp (-wmt) L
Figure 5b
4 T, Jw| <1 L

6. (a) The PSD of random process is given by Sxx (w) = 0. elsewhere Find its
Auto correlation function.

(b) State andwProve any four properties of PSD. [8+8]

7. (a) State the auto correlation function of the random process X(t) and Prove that
Rxx(—T>=:Rxx<T)

(b) State and prove the expression relating power and auto correlation function

of random process. [8+8]
8. (a) Y = Xi+ Xotoorrnn + Xy is the sum of N statistically independent ran-
dom variables X; where i = 1,2............. N. Prove that ¢x, . xy (Wi....wn) =

N
11 ¢x, (w1)
(b) Discuss jointly Gaussian Random Variables. [8+8]

* ok ok koK
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(a) Define
i. Probability

ii. Certain event

iii. Impossible event

(b) When two dice are tossed what is the probability that the sum is either 2 or
9 or 12, [8-+8]

2. Discuss in detail about:

a) First order stationary random process

b) Second order & Wide - Sense Stationary Random Process. [8+8]

(a)
(b)
(a) Explain the concept of Random Process.
(b)

An ergoic random process is known to have an auto correlation function of
=7, |r] <1

the form Rxx (1) = 0, 7| < 1

w72
Sl /2] [8-+8]

Show the spectral density is given by Sxx (w) = [ /s

(a) A Signal x(t) = u(t) exp (-at ) is applied to a network having an impulse
response h(t)= w u(t) exp (-w t). Here o & w are real positive constants.
Find the network response?

(b) Two systems have transfer functions H;( w) & Hy( w). Show the transfer
function H(w) of the cascade of the two is H(w) =H;(w) Hs (w).

(c) For cascade of N systems with transfer functions H, (w) , n=1,2,........ N show
that H(w) = 7H,(w). [6-+6-+4]
(a) Define density function. Derive an equation for binomial distribution function.
(b) What is the distribution function of mixed random variable? Discuss what do
you mean by density function. [8+8]
(a) Write about rms bandwidth of power density spectrum with necessary expres-
sion.
(b) Find the rms bandwidth of power density spectrum of a random process X(t)
whose Sxx(w) = —%—. [8+8]
{14—("‘)/1()) }
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7. (a) A fair Coin is tossed three times. Let X be the number of tails appearing.
Find the probability distribution of X calculate the expected value of X.

(b) Show that E[X-m]* = E(X)3-3m, o2m? where m, and o2 are the mean and

o

variance of X respectively. [84-8]
8. (a)let Y =X; + Xg + coveenn. +Xuy be the sum of N statistically independent
random variables X;, i=1,2.............. N. If Xi are identically distributed then

find density of Y, f,(y).

(b) Consider random variables Y; and Y related to arbitrary random variables
X and Y by the coordinate rotation. Y; = X Cos 8 + Y Sin 6, Y, = -X Sin 6
+ Y Cos 6

i. Find the covariance of Y; and Y3, Cy1ya

ii. For what value of 6, the random variables Y; and Y, uncorrelated. [8+8]

)k kok ok
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1. (a) Explain the concept of Random Process.

(b) An ergoic random process is known to have an auto correlation function of

- <
the form Rxx (1) = L—|7|, |7l <1

0, 7] <1
§inn |
Show the spectral density is given by Sxx (w) = [ 2’;/22] [8+-8]
2. (a)let Y = X5 + Xg + e +Xuy be the sum of N statistically independent
random variables X;, i=1,2.............. N. If Xi are identically distributed then

find density of Y, £,(y).

(b) Consider random variables Y; and Y related to arbitrary random variables
X and Y by the coordinate rotation. Y; = X Cos 8 + Y Sin 6, Y, = -X Sin 6
+ Y Cos 6

i. Find the covariance of Y; and Y3, Cy1ys
ii. For what value of 6, the random variables Y; and Y, uncorrelated. [8+8]

3. (a) Define density function. Derive an equation for binomial distribution function.
(b) What is the distribution function of mixed random variable? Discuss what do
you mean by density function. [8+8]

4. Discuss in detail about:

(a) First order stationary random process

(b) Second order & Wide - Sense Stationary Random Process. [8+8]

5. (a) Define
i. Probability
ii. Certain event
iii. Impossible event

(b) When two dice are tossed what is the probability that the sum is either 2 or
9 or 12. [8+8]

6. (a) A fair Coin is tossed three times. Let X be the number of tails appearing.
Find the probability distribution of X calculate the expected value of X.

(b) Show that E[X-m]* = E(X)3-3m, ¢2-m? where m, and o2 are the mean and

o

variance of X respectively. [8+8]
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7. (a) Write about rms bandwidth of power density spectrum with necessary expres-
sion.

(b) Find the rms bandwidth of power density spectrum of a random process X(t)

whose Syx(w) = —%——;. [8+8]
{1+(w/10) }

8. (a) A Signal x(t) = u(t) exp (-at ) is applied to a network having an impulse

response h(t)= w u(t) exp (-w t). Here oo & w are real positive constants.

Find the network response?

(b) Two systems have transfer functions H;( w) & Hy( w). Show the transfer
function H(w) of the cascade of the two is H(w) =H;(w) Hy (w).

(¢) For cascade of N systems with transfer functions H,(w) , n=1,2,........ N show
that H(w) = 7H, (). [6+644]
* K K kK
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PROBABILITY THEORY AND STOCHASTIC PROCESSES
Common to Electronics And Computer Engineering, Electronics And
Telematics, Electronics And Communication Engineering
Time: 3 hours Max Marks: 80
Answer any FIVE Questions
All Questions carry equal marks
* * K K *

1. (a) Write about rms bandwidth of power density spectrum with necessary expres-
sion.

(b) Find the rms bandwidth of power density spectrum of a random process X(t)
whose Syx(w) = %. [8+8]
{H—( /10) }

2. (a) Define density function. Derive an equation for binomial distribution function.
(b) What is the distribution function of mixed random variable? Discuss what do
you mean by density function. [8+8]

3. (a) Explain the concept of Random Process.
(b) An ergoic random process is known to have an auto correlation function of

- <
the form Rxx (1) = L—|r|, 7] <1

0, fr <1
Sin) 2
Show the spectral density is given by Sxx (w) = [ 3/22] [8+8]
4. Discuss in detail about:
(a) First order stationary random process
(b) Second order & Wide - Sense Stationary Random Process. [8+8]
5. (a) let Y = Xy + Xo + e +Xuy be the sum of N statistically independent
random variables X;, i=1,2.............. N. If Xi areidentically distributed then

find density of Y, f,(y).

(b) Consider random variables Y; and Y related to arbitrary random variables
X and Y by the coordinate rotation. Y; = X Cos 8 + Y Sin 6, Y, = -X Sin 6
+ Y Cos 6

i. Find the covariance of Y; and Y3, Cy1ys

ii. For what value of 6, the random variables Y; and Y; uncorrelated. [8+8]

6. (a) Define
i. Probability

ii. Certain event

iii. Impossible event

5
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(b) When two dice are tossed what is the probability that the sum is either 2 or
9 or 12. [8+8]

7. (a) A Signal x(t) = u(t) exp (-at ) is applied to a network having an impulse
response h(t)= w u(t) exp (-w t). Here o & w are real positive constants.
Find the network response?

(b) Two systems have transfer functions Hi( w) & Hs( w). Show the transfer
function H(w) of the cascade of the two is H(w) =H;(w) Hy (w).

(c) For cascade of N systems with transfer functions H,(w) , n=1,2,........ N show
that H(w) = 7H, (w). [6-+6-+4]

8. (a) A fair Coin is tossed three times. Let X be the number of tails appearing.
Find the probability distribution of X calculate the expected value of X.

(b) Show that E[X-m]* = E(X)3-3m, o2m? where m, and o2 are the mean and
variance of X respectively. [8+8]

* ok ok ok ok

6

wwWw.jntuworld.com







WWW.j ntuwor ld.com

Code No: 07TA3EC10 RO7 Set No. 3
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Common to Electronics And Computer Engineering, Electronics And
Telematics, Electronics And Communication Engineering
Time: 3 hours Max Marks: 80
Answer any FIVE Questions
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1. (a) A fair Coin is tossed three times. Let X be the number of tails appearing,.
Find the probability distribution of X calculate the expected value of X.
(b) Show that E[X-m]* = E(X)3-3m, ¢2-m? where m, and o2 are the mean and
variance of X respectively. [8+8]
2. (a) Define

i. Probability
ii. Certain event

iii. Impossible event
(b) When two dice are tossed what is the probability that the sum is either 2 or
9 or 12. [8+8]

3. Discuss in detail about:

(a) First order stationary random process

(b) Second order & Wide - Sense Stationary Random Process. [84-8]

4. (a) Write about rms bandwidth of power density spectrum with necessary expres-
sion.

(b) Find the rms bandwidth of power density spectrum of a random process X(t)
whose Sxx(w) = ——%—. [8+48]
{1+(w/10) }

5. (a) A Signal x(t) = u(t) exp (-at ) is applied to a network having an impulse
response h(t)= w u(t) exp (-w t). Here o & w are real positive constants.
Find the network response?

(b) Two systems have transfer functions H;( w) & Hy( w). Show the transfer
function H(w) of the cascade of the two is H(w) =H;(w) Hy (w).

(¢) For cascade of N systems with transfer functions H,(w) , n=1,2,........ N show
that H(w) = 7H, (w). [6-+6-+4]

6. (a) let Y = X5 + Xo + v +Xuy be the sum of N statistically independent
random variables X;, i=1,2.............. N. If Xi are identically distributed then
find density of Y, f,(y).

7
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(b) Consider random variables Y; and Y, related to arbitrary random variables
X and Y by the coordinate rotation. Y; = X Cos 0 + Y Sin 6, Yo = -X Sin ¢
+ Y Cos 0
i. Find the covariance of Y; and Y5, Cy1ys
ii. For what value of 6, the random variables Y; and Y, uncorrelated. [8+8]

7. (a) Define density function. Derive an equation for binomial distribution function.

(b) What is the distribution function of mixed random variable? Discuss what do
you mean by density function. [8+8]

8. (a) Explain the concept of Random Process.

(b) An ergoic random process is known to have an auto correlation function of

- <
the form Rxx (1) = L—|r], 7] <1

0, 7] <1
sin ]
Show the spectral density is given by Sxx (w) = { Z@Q] [8+-8]
* % Kk K
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PROBABILITY THEORY AND STOCHASTIC PROCESSES
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1.

(a)
(b)
()

(a)
(b)

()

Answer any FIVE Questions
All Questions carry equal marks
* * K K X

Discuss Joint and conditional probability.
When are two events said to be mutually exclusive? Explain with an example.

Determine the probability of the card being either red or a king when one card
is drawn from a regular deck of 52 cards. [64+6-+4]

Define Random variable and give the concept of random variable.

In an experiment of rolling a die and flipping a coin. The random variable(X)
is chosen such that:

i. A coin head (H) outcome corresponds to positive values of X that are
equal to the numbers that show upon the die and

ii. A coin tail (T) outcome corresponds to negative values of X that are equal
in magnitude to twice the number that shows on die. Map the elements
of random variable X into points on the real line and explain.

In experiment where the pointer on a wheel of chance is spun. The possible
outcomes are the numbers from 0 to 12 marked on the wheel. The sample
space consists of the numbers in the set {0 < S < = 12} and if the random
variable X is defined as X = X(S) = S?, map the elements of random variable
on the real line and explain. [44-6+6]

State and prove properties of variance of a random variable.

Let X be a random variable defined by the density function
fx(x) = (7/16)cos(mx/8), —4 <x <4
=0, elsewhere
Find E [3X] and E[X?]. 848

Find the density function of W = X + Y where the densities of X and Y are
assumed to be

fx (z) = ¢ [u(z) —u(z —a)]

fr(y) =3 luy) —uly—0b)

Where 0 < a < b.

Given the function

G (,y) = u()u(y) [1 —e ]

Show that this function satisfies the first four properties of joint probability

distribution function but fails the fifth one. The function is therefore not a
valid joint probability distribution function. [8+8]
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5. (a) Write the expression for expected value of a function of random variables and
prove that the mean value of a weighted sum of random variables equals the
weighted sum of mean values.

(b) X is a random variable with mean X = 3, variance 0% = 2.

i. Determine the second moment of X about origin
ii. Determine the mean of random variable y = where y = -6X +22. [8+8]

6. Discuss in detail about:

(a) First order stationary random process

(b) Second order & Wide - Sense Stationary Random Process. [8+8]
7. (a) A WSS random process X(t) has Rxx (1) = Ay [1 - I%'} —7<t<rt
=0 else where
Find power density spectrum.
(b) Rxx (7) = 43 sinwor. Find S,y (w) [848]

8. (a) What are the precautions to be taken in cascading stages of a network from
the point of view of noise reduction?

(b) What is the need for band limiting the signal towards the direction of increas-
ing SVR? [8+8]

* ok ok kK
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1.

Answer any FIVE Questions
All Questions carry equal marks
* * K K X

(a) Is probability relative frequency of occurrence of some event? Explain with
an example.

(b) One card is drawn from a regular deck of 52 cards. What is the probability of
the card being either red or a king? [8+8]

(a) Define Random variable and give the concept of random variable.

(b) In an experiment of rolling a die and flipping a coin. The random variable(X)
is chosen such that:

i. A coin head (H) outcome corresponds to positive values of X that are
equal to the numbers that show upon the die and

ii. A coin tail (T) outcome corresponds to negative values of X that are equal
in magnitude to twice the number that shows on die. Map the elements
of random variable X into points on the real line and explain.

(c) In experiment where the pointer on a wheel of chance is spun. The possible
outcomes are the numbers from 0 to 12 marked on the wheel. The sample
space consists of the numbers in the set {0 < S < = 12} and if the random
variable X is defined as X = X(S) = S?, map the elements of random variable
on the real line and explain. [44-6+6]

(a) In an experiment when two dice are thrown simultaneously, find expected
value of the sum of number of points on them.

(b) The exponential density function given by
f(x) = (1/b)e P x> a
=0 x<a
Find out variance and coefficient of skewness. [64+10]

(a) Consider a probability space S = ( 2, F, P). Let Q = {¢1....£5} = {-1, -1/2, 0,
1/2, 1} with P§; = 1/51 = 1..5. Define two random variables on S as follows:
X(§) =¢ and Y(¢) =¢?

i. Show that X and Y are dependent random variables
ii. Show that X and Y are uncorrelated.

(b) Let X and Y be independent random variables each N (0, 1). Find the mean
and variance of Z =(X2+Y?)/2. [8+8]

1of 2
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d.

(a) Write the expression for expected value of a function of random variables and
prove that the mean value of a weighted sum of random variables equals the
weighted sum of mean values.

(b) X is a random variable with mean X = 3, variance 0% = 2.

i. Determine the second moment of X about origin
ii. Determine the mean of random variable y = where y = -6X +22. [8+8]

(a) Given X(t) = A cos wot + B sin wot where A & B are R.V’s & wy is a const.

S.T X(t) is Wss if A & B are uncorrelated zero mean R.V’s having different

density functions but the same variancess o2.

(b) State the properties of cross correlation. [8+8]

(a) For X(t) and Y (t) are random process and prove that Sy x (w) = tlggo w

(b) Rxy (1) =4u(7)e 7. Find Sxy(w) [12+4-4]

(a) Explain how the available noise power in an electronie circuit can be estimated.

(b) What are the different noise sources that may be present in an electron devices?
[8+8]

* kK kK
2 of 2

www.jntuworld.com







WWW.j ntuwor ld.com

Code No: 07A3EC10 Set NO. 3

II B.Tech I Semester Regular Examinations, November 2008
PROBABILITY THEORY AND STOCHASTIC PROCESSES

( Common to Electronics & Communication Engineering, Electronics &

Telematics and Electronics & Computer Engineering)

Time: 3 hours Max Marks: 80

Answer any FIVE Questions
All Questions carry equal marks
* * K K X

(a) What is sample space? Explain the Discrete sample space and Continuous
sample space with suitable example each.

(b) In a game of dice a “shooter” can win outright if the sum of the two numbers
showing up is either 7 or 11 when two dice are thrown. What is his probability
of winning outright? [8+8]

(a) What are point conditioning and interval conditioning distribution function?
Explain.

(b) If P(x) = 0.1x, x=12,34
=0, otherwise
Find:
i, P{X=1o0r2}
i. P{(1/2) <X (5/2)X > 1}. 848
(a) If the random variable X has the moment generating function My (¢) = 52,

determine the variance of X.

(b) Show that the distribution function for which the characteristic function e~
has the density:
1

fX(.T)ZW,—OO<$<OO

(c¢) Explain the nonmonotonic transformation of a random variable. [6-+6+4]
(a) Define and explain conditional probability mass function. Give its properties.
(b) The joint probability density function of two random variables X and Y is

= <x< <y <
given by f(x,y) =C(2x+y), 0<x<1,0<y<2

=0, elsewhere
Find:
i. the value of ‘C’
ii. Marginal distribution functions of X and Y. [8+8]

(a) Write the expression for expected value of a function of random variables and
prove that the mean value of a weighted sum of random variables equals the
weighted sum of mean values.

(b) X is a random variable with mean X = 3, variance 0% = 2.

i. Determine the second moment of X about origin
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ii. Determine the mean of random variable y = where y = -6X +22. [8+38|
6. Discuss in detail about:

(a) First order stationary random process

(b) Second order & Wide - Sense Stationary Random Process. [8+8]
7. The auto correlation function of a random process X(t) is Rxx (1) = 3+2exp (—472).

(a) Find the power spectrum of X(t).
(b) What is the average power in X(t)
)
)

c¢) What fractional power lies in the frequency band \’/—% <w< \% [6-+4+6]

(
8. (a) What are the precautions to be taken in cascading stages of a network from
the point of view of noise reduction?

(b) What is the need for band limiting the signal towards the direction of increas-
ing SVR? [8+8]

* kK k ok
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Answer any FIVE Questions
All Questions carry equal marks
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(a) Explain the terms Joint probability and Conditional probability.
(b) Show that Conditional probability satisfies the three axioms of probability.
(¢) Two cards are drawn from a 52-card deck (the first is not replaced):

i. Given the first card is a queen. What is the probability that the second
is also a queen?
ii. Repeat part (i) for the first card a queen and second card a 7.
iii. What is the probability that both cards will be the queen? [4+64-6]

(a) Define cumulative probability distribution function. Discuss distribution func-
tion specific properties.

(b) The random variable X has the discrete variable in the set {-1,-0.5, 0.7, 1.5, 3}
the corresponding probabilities are assumed to be {0.1, 0.2, 0.1, 0.4, 0.2}. Plot
its distribution function and state is it a discrete or continuous distribution
function. [8+8]

(a) A random variable X is uniformly distributed in the interval (-5, 15). Another
random variable Y = e=%/% is formed. Find E[Y] and fy (y).
(b) Explain the following terms:

i. Conditional Expected value

ii. Covariance.

(¢) Find the Expected value of the number on a die when thrown. [8+6+2]

(a) State and prove central limit theorem.

(b) Find the density of W = X + Y, where the densities of X and Y are assumed
to be:

fx(x) = [u(x) - u(x - 1)], fy(y) = [u(y) - u(y - 1)] [8+8]

a) Write the expression for expected value of a function of random variables an

Write th ion f ted value of a functi f rand iabl d
prove that the mean value of a weighted sum of random variables equals the
weighted sum of mean values.

(b) X is a random variable with mean X = 3, variance 0% = 2.

i. Determine the second moment of X about origin

ii. Determine the mean of random variable y = where y = -6X +22. [8+38|
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6. (a) Prove that autocorrelation function of a random process is even function of 7.

(b) Prove that RXX (T) = RXX (0) [8+8]

7. (a) A WSS noise process N(t) has an autocorrelation function Ryy (7) = Pe=3I!
where p is a constant. Find and sketch its power spectrum.

(b) Consider the figure shown in figure 7.
where X(t), Y(t) are random processes & X(t) is WSS. Find the relation

between Syy (w) and Sxx(w). [8+-8]
Xt X(t)
S (@) Syy(w)

Agcos (@gt)
Figure 7

8. (a) A Signal x(t) = u(t) exp (-at ) is applied to a network having an impulse
response h(t)= w u(t) exp (-w t). Here o & w are real positive constants.
Find the network response?

(b) Two systems have transfer functions H;( w) & Hy( w). Show the transfer
function H(w) of the cascade of the two is H(w) =H;(w) Hy (w).

(c) For cascade of N systems with transfer functions H,(w) , n=1,2,........ N show
that H(w) = 7H, (w). [6-+6-+4]
* K * K x
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Answer any FIVE Questions
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1. (a) What is Bayes’ theorem? Explain.

(b) Determine probabilities of system error and correct system transmission of
symbols for an elementary binary communication system shown in figure 1b
consisting of a transmitter that sends one of two possible symbols (a 1 or a 0)
over a channel to a receiver. The channel occasionally causes errors to occur
so that a ’1’ show up at the receiver as a 07, and vice versa. Assume the
symbols ‘1" and ‘0’ are selected for a transmission as 0.6 and 0.4 respectively.
[6+10]

A,

P(B1)=0.6 Pla1i By )

P(B2)=0.4 P(43/B3) A
Figure 1b
2. Define and explain the following density functions
(a) Binomial
(b) Exponential. [8+8]

3. (a) In an experiment when two dice are thrown simultaneously, find expected
value of the sum of number of points on them.

(b) The exponential density function given by
fo(x) = (1/b)e P x> a
=0 x<a
Find out variance and coefficient of skewness. [6+10]

4. (a) Define and explain conditional probability mass function. Give its properties.

(b) The joint probability density function of two random variables X and Y is
f(x,y) =C(2x+y), 0<x<1,0<y <2

given by =0, elsewhere

Find:
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i. the value of ‘C’
ii. Marginal distribution functions of X and Y. [84-8]

5. (a) Define cross correlation function of two random processes.
(b) Comment on cross correlation function of two orthogonal random processes.
(c) State and prove the properties of cross correlation function of two random

processes. [3+3+10]

6. Given the random process X (t) = Asin (wot + O) A, wy are constants and O is a
random variable uniformly distributed in the interval (-7, 7). Define a new random
process Y(t) = X?(t).

(a) Find the autocorrelation function of Y(t)
(b) Find the cross correlation function of X(t) and Y(t)
(c¢) Are X(t) and Y(t) wide sense-stationary. [6+644]

7. (a) A WSS random process X(t) has Rxx (7) = Ay [1 - I—:'} —7<t<T

=0 else where
Find power density spectrum.

(b) Rxx (1) = A?‘% sinwp7. Find S, (w) [8+8]

8. (a) If x(t) is ensemble member of a input random process X(t) and Y(t) is the
ensemble member of a output random process of an LTI system, obtain the
relationships for y(t) and Y(t).

(b) Derive the mean and mean squared value of system response to a input random
process. [4+12]

* ok ok ok ok
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Answer any FIVE Questions
All Questions carry equal marks
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(a) If A is an arbitrary event, then show that P(A4) = 1 - P(A)

(b) An experiment consists of rolling a single die, two events are defined as, A =
{a 6 showa up }, B = {a 2 or a 5 shows up }

i. Find P(A) & P(B)
ii. Define third event C so that P(c) = 1- P(A)-P(B). [6+10]
(a) Sketch the probability density function and probability distribution functions
of:

i. Exponential distribution
ii. Rayleigh distribution
iii. Uniform distribution.

(b) List the properties of Gaussian curve.
(c
(
(

Mention a few applications of Binomial distribution. [9+4+-3]

a) Explain about the moment generating function of a random variable.

)
)
)
b)

Find the moment generating function of the following.

i. Y = ax+b

i, Y = ot 8+8]

(a) Two random variables X and Y have the joint pdf:
foy (z,y) = Ae” 70 gy > 0
=0, elsewhere
i. Evaluate A
ii. Find the marginal pdf’s
iii. Find the marginal pdf’s
iv. Find the joint cdf
v. Find the distribution functions and conditional cdf’s.
(b) Consider a linear amplifier defined by input-output relation Y = aX + b where
a and b are constants. The input X is a Gaussian random variable with mean

m and Variance 0. Determine the probability density function of the random
variable Y at the amplifier output. [8+-8]

(a) Write the expression for expected value of a function of random variables and
prove that the mean value of a weighted sum of random variables equals the
weighted sum of mean values.
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(b) X is a random variable with mean X = 3, variance 0% = 2.

i. Determine the second moment of X about origin
ii. Determine the mean of random variable y = where y = -6X +22. [8+38|

6. Find the time average mean and time autocorrelation function of the random
process for the random process X (t) = A cos (wot + ©), where A, wy are constants

and O is a uniformly distributed random variable in the interval (0, 27). [16]
7. (a) A WSS random process X(t) has Rxx (1) = Ay [1 — |—:|} —7<t<rT
=0 else where
Find power density spectrum.
(b) Rxx (1) = AT% sinwp7. Find S, (w) 848

8. (a) What are the precautions to be taken in cascading stages of a network from
the point of view of noise reduction?

(b) What is the need for band limiting the signal towards the direction of increas-
ing SVR? [8+8]

* Kk ok kK
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(a) Define and explain random experiment with an example.

(b) Four cards are drawn from a well shuffled pack of playing cards. Find the
probability that
i. All are clubs
ii. Two spades & two hearts

iii. Four cards from a different suit. [4+12]

(a) Define Binomial distribution. Write the expressions for distribution function
and density function of Binomial distribution.

(b) Find the probability that in tossing a fair coin five times, there will appear:

i. 3 heads
ii. 3 tails and 2 heads
iii. At least 1 head
iv. Not more than 1 tails. [8+8]

(a) For the binomial density, show that:
E[X] = Np
and 02 = Np(1-p)

(b) Explain in detail the non-monotonic transformation of a continuous random
variable. [8+8]

(a) Find the Conditional density functions fx (xly;), fx (zly2), fx (ylz1) and
fx (yIxs) for the joint function defined by P (z1,y1) = 2/15, P (x9,y1)=3/15,
P (x9,y2)=1/15, P (x1,y3)=4/15 and P (x9,y3)=5/15.

(b) Explain the method of finding the distribution and density functions for a sum
of statistically independent random variables statistically independent random
variables. [10+6]

(a) Write the expression for expected value of a function of random variables and
prove that the mean value of a weighted sum of random variables equals the
weighted sum of mean values.

(b) X is a random variable with mean X = 3, variance 0% = 2.

i. Determine the second moment of X about origin

ii. Determine the mean of random variable y = where y = -6X +22. [8+8]
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6. (a) Calculate the PSD of a stationary random process for which the auto corre-
lation is Rxx (1) = 6V, e 7l auto correlation function of an aperiodic power

signal is Rxx (1) = exp <_7'2/262>. Find the PSD and normalized average
power content of the signal.
(b) Which of the following are suitable autocorrelation functions:
i. AcoswyT,
ii. AsinwgT,

iii. An7/ where m(x) is a unit area rectangular function.

iv. AA (T/T()) where A(x) is the unit triangular function. [8+8]

7. (a) A WSS random process X(t) has Rxx (1) = Ay [1 - lT'} —7<t<rT

T

=0 else where
Find power density spectrum.
(b) Rxx (T) = 2 sinwyr. Find S, () [8+8]

8. (a) Obtain the expression of auto correlation function of the white noise and write
its significance.

(b) Differentiate between narrow band and broad band noises. [84-8]

* ok ok ok ok
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IT B.Tech I Semester Supplimentary Examinations, May/Jun 2009

PROBABILITY THEORY AND STOCHASTIC PROCESSES

( Common to Electronics & Communication Engineering, Electronics &

Telematics and Electronics & Computer Engineering)

Time: 3 hours Max Marks: 80

4.

Answer any FIVE Questions
All Questions carry equal marks
* * K K X

(a) Define and explain following with example

i. Random Experiment
ii. Out come
iii. Trial and Event

(b) A die is tossed. Find the probabilities of the event A = {odd number shows
up}, B = { number larger than 3 shous up }, AUB and AN B. [8+8]

(a) Define density function. Derive an equation for binomial distribution function.

(b) What is the distribution function of mixed random variable? Discuss what do
you mean by density function. [8+8]

(a) State the Chebyshev’s inequality and prove the same for k > 0.

(b) Prove that if ‘X’ and ‘Y’ are random variables taking real values then

[E(XY)’] < E[X?.E[Y?. [8+8]

For two random variables X and Y, fxy(x, y) = 0.56(x + 1)d(y) + 0.16(x)o(y) +
0.15(x)d(y - 2) + 0.4 6(x - 1)6(y + 2) + 0.20(x - 1)d(y - 1) + 0.50(x - 1)o(y - 3)
Find:

the correlation

b

(c
d

(
(a
(

the covariance and

the correlation Coefficient of X and Y

(a
(

are X and Y either uncorrelated or orthogonal. [16]

Obtain the relationship between marginal and joint characteristics functions.

b) The joint characteristic function of two random variables X and Y is given by
dxy (wi,ws) = exp (—2w?, —8w3). Show that X and Y are both zero - mean

random variables and they are uncorrelated. [16]

)
)
)
)
)
)

(a) Determine whether the random process X(t) = Acos(wot+0) is wide station-
ary or not where A, wy are constants and © is a uniformly distributed random
variable on the interval (0,27)

(b) What is an ergodic random process, present the necessary expressions to sup-
port the argument? [10+4-6]
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7. (a) A WSS random process X(t) has Rxx (1) = Ay [1 - M} —7<t<T

=0 else where
Find power density spectrum.

(b) Rxx (7) = 3 sinwor. Find S,y (w) 8+8]

8. (a) Write the quadrature representation of narrow band noise and mention few
properties of narrow band noise.

(b) Write the characteristics of white noise. [10+6]

* %k k kK
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