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Preface

Scheduling theory is concerned with the optimal allocation of scarce resources (for instance,
machines, processors, robots, operators, etc.) to activities over time, with the objective of
optimizing one or several performance measures. The study of scheduling started about
fifty years ago, being initiated by seminal papers by Johnson (1954) and Bellman (1956).
Since then machine scheduling theory have received considerable development. As a result,
a great diversity of scheduling models and optimization techniques have been developed
that found wide applications in industry, transport and communications. Today, scheduling
theory is an integral, generally recognized and rapidly evolving branch of operations
research, fruitfully contributing to computer science, artificial intelligence, and industrial
engineering and management. The interested reader can find many nice pearls of
scheduling theory in textbooks, monographs and handbooks by Tanaev et al. (1994a,b),
Pinedo (2001), Leung (2001), Brucker (2007), and Blazewicz et al. (2007).

This book is the result of an initiative launched by Prof. Vedran Kordic, a major goal of
which is to continue a good tradition - to bring together reputable researchers from different
countries in order to provide a comprehensive coverage of advanced and modern topics in
scheduling not yet reflected by other books. The virtual consortium of the authors has been
created by using electronic exchanges; it comprises 50 authors from 18 different countries
who have submitted 23 contributions to this collective product. In this sense, the volume in
your hands can be added to a bookshelf with similar collective publications in scheduling,
started by Coffman (1976) and successfully continued by Chretienne et al. (1995), Gutin and
Punnen (2002), and Leung (2004).

This volume contains four major parts that cover the following directions: the state of the art
in theory and algorithms for classical and non-standard scheduling problems; new exact
optimization algorithms, approximation algorithms with performance guarantees, heuristics
and metaheuristics; novel models and approaches to scheduling; and, last but least, several
real-life applications and case studies.

The brief outline of the volume is as follows.

Part I presents tutorials, surveys and comparative studies of several new trends and modern
tools in scheduling theory. Chapter 1 is a tutorial on theory of cyclic scheduling. It is
included for those readers who are unfamiliar with this area of scheduling theory. Cyclic
scheduling models are traditionally used to control repetitive industrial processes and
enhance the performance of robotic lines in many industries. A brief overview of cyclic
scheduling models arising in manufacturing systems served by robots is presented, started
with a discussion of early works appeared in the 1960s. Although the considered
scheduling problems are, in general, NP-hard, a graph approach presented in this chapter
permits to reduce some special cases to the parametric critical path problem in a graph and
solve them in polynomial time.

Chapter 2 describes the so-called multi-agent scheduling models applied to the situations in
which the resource allocation process involves different stakeholders (“agents”), each
having his/her own set of jobs and interests, and there is no central authority which can
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solve possible conflicts in resource usage over time. In this case, standard scheduling models
become invalid, since rather than computing "optimal solutions”, the model is asked to
provide useful elements for the negotiation process, which eventually should lead to a
stable and acceptable resource allocation. The chapter does not review the whole scope in
detail, but rather concentrates on combinatorial models and their applications. Two major
mechanisms for generating schedules, auctions and bargaining models, corresponding to
different information exchange scenarios, are considered. Known results are reviewed and
venues for future research are pointed out.

Chapter 3 considers a class of scheduling problems under unavailability constraints
associated, for example, with breakdown periods, maintenance durations and/or setup
times. Such problems can be met in different industrial environments in numerous real-life
applications. Recent algorithmic approaches proposed to solve these problems are
presented, and their complexity and worst-case performance characteristics are discussed.
The main attention is devoted to the flow-time minimization in the weighted and
unweighted cases, for single-machine and parallel machine scheduling problems.

Chapter 4 is devoted to the analysis of scheduling problems with communication delays.
With the increasing importance of parallel computing, the question of how to schedule a set
of precedence-constrained tasks on a given computer architecture, with communication
delays taken into account, becomes critical. The chapter presents the principal results related
to complexity, approximability and non-approximability of scheduling problems in
presence of communication delays.

Part II comprising eight chapters is devoted to the design of scheduling algorithms. Here the
reader can find a wide variety of algorithms: exact, approximate with performance
guarantees, heuristics and meta-heuristics; most algorithms are supplied by the complexity
analysis and/or tested computationally.

Chapter 5 deals with a batch version of the single-processor scheduling problem with batch
setup times and batch delivery costs, the objective being to find a schedule which minimizes
the sum of the weighted number of late jobs and the delivery costs. A new dynamic
programming (DP) algorithm which runs in pseudo-polynomial time is proposed. By
combining the techniques of binary range search and static interval partitioning, the DP
algorithm is converted into a fully polynomial time approximation scheme for the general
case. The DP algorithm becomes polynomial for the special cases when jobs have equal
weights or equal processing times.

Chapter 6 studies on-line approximation algorithms with performance guarantees for an
important class of scheduling problems defined on identical machines, for jobs with
arbitrary release times.

Chapter 7 presents a new hybrid metaheuristic for solving the jobshop scheduling problem
that combines augmented-neural-networks with genetic algorithm based search.

In Chapter 8 heuristics based on a combination of the guided search and tabu search are
considered to minimize the maximum completion time and maximum tardiness in the
parallel-machine scheduling problems. Computational characteristics of the proposed
heuristics are evaluated through extensive experiments.

Chapter 9 presents a hybrid meta-heuristics based on a combination of the genetic algorithm
and the local search aimed to solve the re-entrant flowshop scheduling problems. The
hybrid method is compared with the optimal solutions generated by the integer
programming technique, and the near optimal solutions generated by a pure genetic
algorithm. Computational experiments are performed to illustrate the effectiveness and
efficiency of the proposed algorithm.
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Chapter 10 is devoted to the design of different hybrid heuristics to schedule a bottleneck
machine in a flexible manufacturing system problems with the objective to minimize the
total weighted tardiness. Search algorithms based on heuristic improvement and local
evolutionary procedures are formulated and computationally compared.

Chapter 11 deals with a multi-objective no-wait flow shop scheduling problem in which the
weighted mean completion time and the weighted mean tardiness are to be optimized
simultaneously. To tackle this problem, a novel computational technique, inspired by
immunology, has emerged, known as artificial immune systems. An effective multi-
objective immune algorithm is designed for searching the Pareto-optimal frontier. In order
to validate the proposed algorithm, various test problems are designed and the algorithm is
compared with a conventional multi-objective genetic algorithm. Comparison metrics, such
as the number of Pareto optimal solutions found by the algorithm, error ratio, generational
distance, spacing metric, and diversity metric, are applied to validate the algorithm
efficiency. The experimental results indicated that the proposed algorithm outperforms the
conventional genetic algorithm, especially for the large-sized problems.

Chapter 12 considers a version of the open-shop problem called the concurrent open shop
with the objective of minimizing the weighted number of tardy jobs. A branch and bound
algorithm is developed. Then, in order to produce approximate solutions in a reasonable
time, a heuristic and a tabu search algorithm are proposed.. Computational experiments
support the validity and efficiency of the tabu search algorithm.

Part III comprises seven chapters and deals with new models and decision making
approaches to scheduling. Chapter 13 addresses an integrative view for the production
scheduling problem, namely resources integration, cost elements integration and solution
methodologies integration. Among methodologies considered and being integrated together
are mathematical programming, constraint programming and metaheuristics. Widely used
models and representations for production scheduling problems are reconsidered, and
optimization objectives are reviewed. An integration scheme is proposed and performance
of approaches is analyzed.

Chapter 14 examines scheduling problems confronted by planners in multi product
chemical plants that involve sequencing of jobs with sequence-dependent setup time. Two
mixed integer programming (MIP) formulations are suggested, the first one aimed to
minimize the total tardiness while the second minimizing the sum of total
earliness/tardiness for parallel machine problem.

Chapter 15 presents a novel mixed-integer programming model of the flexible flow line
problem that minimizes the makespan. The proposed model considers two main
constraints, namely blocking processors and sequence-dependent setup time between jobs.
Chapter 16 considers the so-called hybrid jobshop problem which is a combination of the
standard jobshop and parallel machine scheduling problems with the objective of
minimizing the total tardiness. The problem has real-life applications in the semiconductor
manufacturing or in the paper industries. Efficient heuristic methods to solve the problem,
namely, genetic algorithms and ant colony heuristics, are discussed.

Chapter 17 develops the methodology of dynamical gradient Artificial Neural Networks for
solving the identical paralle]l machine scheduling problem with the makespan criterion
(which is known to be NP-hard even for the case of two identical parallel machines). A
Hopfield-like network is proposed that uses time-varying penalty parameters. A novel time-
varying penalty method that guarantees feasible and near optimal solutions for solving the
problem is suggested and compared computationally with the known LPT heuristic.
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In Chapter 18 a dynamic heuristic rule-based approach is proposed to solve the resource
constrained scheduling problem in an FMS, and to determine the best routes of the parts,
which have routing flexibility. The performance of the proposed rule-based system is
compared with single dispatching rules.

Chapter 19 develops a geometric approach to modeling a large class of multithreaded
programs sharing resources and to scheduling concurrent real-time processes. This chapter
demonstrates a non-trivial interplay between geometric approaches and real-time
programming. An experimental implementation allowed to validate the method and
provided encouraging results.

Part IV comprises four chapters and introduces real-life applications of scheduling theory
and case studies in the sheet metal shop (Chapter 20), baggage handling systems (Chapter
21), large-scale supply chains (Chapter 22), and semiconductor manufacturing and
photolithography systems (Chapter 23).

Summing up the wide range of issues presented in the book, it can be addressed to a quite
broad audience, including both academic researchers and practitioners in halls of industries
interested in scheduling theory and its applications. Also, it is heartily recommended to
graduate and PhD students in operations research, management science, business
administration, computer science/engineering, industrial engineering and management,
information systems, and applied mathematics.

This book is the result of many collaborating parties. I gratefully acknowledge the assistance
provided by Dr. Vedran Kordic, Editor-in-Chief of the book series, who initiated this project,
and thank all the authors who contributed to the volume.
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Cyclic Scheduling in Robotic Cells:
An Extension of Basic Models in Machine
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1. Introduction

There is a growing interest on cyclic scheduling problems both in the scheduling literature
and among practitioners in the industrial world. There are numerous examples of
applications of cyclic scheduling problems in different industries (see, e.g., Hall (1999),
Pinedo (2001)), automatic control (Romanovskii (1967), Cohen et al. (1985)), multi-processor
computations (Hanen and Munier (1995), Kats and Levner (2003)), robotics (Livshits et al.
(1974), Kats and Mikhailetskii (1980), Kats (1982), Sethi et al. (1992), Lei (1993), Kats and
Levner (1997a, 1997b), Hall (1999), Crama et al. (2000), Agnetis and Pacciarelli (2000),
Dawande et al. (2005, 2007)), and in communications and transport (Dauscha et al. (1985),
Sharma and Paradkar (1995), Kubiak (2005)). It is, perhaps, a surprising thing that many
facts in scheduling theory obtained as early as in the 1960s, are re-discovered and re-
rediscovered by the next generations of researchers. About two decades ago, this fact was
noticed by Serafini and Ukovich (1989).

The present survey uniformly addresses cyclic scheduling problems through the prism of
the classical machine scheduling theory focusing on their features that are common for all
aforementioned applications. Historically, the scheduling literature considered periodic
machine scheduling problems in two major classes - called flowshop and jobshop - in which
setup and transportation times were assumed insignificant. Indeed, many machining centers
can quickly switch tools, so the setup times for these situations may be small or negligible.
There are a lot of results about cyclic flowshop and jobshop problems with negligible
setup/transportation times. Advantages of cyclic scheduling policies over conventional
(non-cyclic) scheduling in flexible manufacturing are widely discussed in the literature, we
refer the interested reader to Karabati and Kouvelis (1996), Lee and Posner (1997), Hall et al.
(2002), Seo and Lee (2002), Timkovsky (2004), Dawande et al. (2007), and numerous
references therein.

At the same time, modern flexible manufacturing systems are supplied by computer-
controlled hoists, robots and other material handling devices such that the transportation
and setup operation times are significant and should not be ignored. Robots have become a
standard tool to serve cyclic transportation and assembling/disassembling processes in
manufacturing of airplanes, automobiles, semiconductors, printed circuit boards, food
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products, pharmaceutics and cosmetics. Robots have expanded production capabilities in
the manufacturing world making the assembly process faster, more efficient and precise
than ever before. Robots save workers from tedious and dull assembly line jobs, and
increase production and savings in the processes. As larger and more complex robotic cells
are implemented, more sophisticated planning and scheduling models and algorithms are
required to perform and optimize these processes.

The cyclic scheduling problems, in which setup operations are performed by automatic
transporting devices, constitute a vast subclass of cyclic problems. Robots or other automatic
devices are explicitly introduced into the models and treated as special purpose machines.
In this chapter, we will focus on three major classes of cyclic scheduling problems -
flowshop, jobshop, and parallel machine shop.

The chapter is structured as follows. Section 2 is a historical overview, with the main
attention being paid to the early works of the 1960s. Section 3 recalls three orthodox classes
of scheduling theory: flowshop, jobshop, and PERT-shop. Each of these classes can be
extended in two directions: (a) for describing periodic processes with negligible setups, and
(b) for describing periodic processes in robotic cells where setups and transportation times
are non-negligible. In Section 4 we consider an extension of the cyclic PERT-shop, called the
cyclic FMS-shop and demonstrate that its important special case can be solved efficiently by
using a graph approach. Section 5 concludes the chapter.

2. Brief Historical Overview

Cyclic scheduling problems have been introduced in the scheduling literature in the early
1960s, some of them assuming setup/transportation times negligible while other explicitly
treating material handling devices with non-negligible operation times.

Cyclic Flowshop. Cuninghame-Greene (1960, 1962) has described periodic industrial
processes, which in today’s terminology might be classified as a cyclic flowshop (without
setups and robots), and suggested an algebraic method for finding minimum cycle time
using matrix multiplication in which one writes “addition” in place of multiplication and
operation “max” instead of addition. This (max, +)-algebra has become popular in the 1980s
(see, e.g. Cuninghame-Greene (1979), Cohen et al. (1985), Baccelli et al. (1992)) and is
presently used for solving the cyclic flowshop without robots, see, e.g., Hanen (1994), Hanen
and Munier (1995), Lee (2000), and Seo and Lee (2002).

Independently of the latter research, Degtyarev and Timkovsky (1976) and Timkovsky
(1977) have studied so-called spyral cyclograms widely used in the Soviet electronic industry;
they introduced a generalized shop structure which they called a “cycle shop”. Using a more
standard terminology, we might say that these authors have been the first to study a
flowshop with reentrant machines which includes, as special cases, many variants of the basic
flowshop, for instance, the reentrant flowshop of Graves et al. (1983), V-shop of Lev and
Adiri (1984), cyclic robotic flowshop of Kats and Levner (1997, 1998, 2002). The interested
reader is referred to Middendorf and Timkovsky (2002) and Timkovsky (2004) for more
details.

Cyclic Robotic Flowshop. In the beginning of 1960s, a group of Byelorussian mathematicians
(Suprunenko et al. (1962), Aizenshtat (1963), Tanaev (1964), and others) investigated cyclic
processes in manufacturing lines served by transporting devices. The latters differ from
other machines in their physical characteristics and functioning. These authors have
introduced a cyclic robotic flowshop problem and suggested, in particular, a combinatorial



Cyclic Scheduling in Robotic Cells:
The Extension of Basic Models in Machine Scheduling Theory 3

method called the method of forbidden intervals which today is being developed further by
different authors for various cyclic robotic scheduling problems (see, for example, Livshits
et al. (1974), Levner et al. (1997), Kats et al. (1999), Che and Chu (2005a, 2005b), Chu (2006),
Che et al. (2002, 2003)). A thorough review in this area can be found in the surveys by Hall
(1999), Crama et al. (2000), Manier and Bloch (2003), and Dawande et al. (2005, 2007).

Cyclic PERT-shop. The following cyclic PERT-shop problem has originated in the work by
Romanovskii (1967). There is a set S of n partially ordered operations, called generic
operations, to be processed on machines. As in the classic (non-cyclic) PERT/CPM problem,
each operation is done by a dedicated machine and there is sufficiently many machines to
perform all operations; so the question of scheduling operations on machines vanishes. Each
operation i has processing time p; > 0 and must be performed periodically with the same
period T, infinitely many times.

For each operation i, let <i, k> denote the kth execution (or, repetition) of operation i in a
schedule (here k is any positive integer). Precedence relations are defined as follows (here we
use a slightly different notation than that given by Romanovskii). If a generic operation i
precedes a generic operation j, the corresponding edge (i, j) is introduced. Any edge (i,j) is
supplied by two given values, L; called the length, or delay, and Hj; called the height of the
corresponding edge (i, j). The former value is any rational number of any sign while the
latter is integer. Then, for a pair of operations i and j, and the given length L;; and height Hj;
the following relations are given: for all k 21, t(ik) + L; < t(j, k + H;j), where #(i,k) is the
starting time of operation <i, k>. An edge is called interior if its end-nodes belong to the same
iteration (or, one can say “to the same block, or pattern”) and backward (or, recycling) if its
end-nodes belong to two consecutive blocks.

A schedule is called periodic (or cyclic) with cycle time T if t(i, k) = t(i,1) + (k-1)T, for all
integer k 21, and for all ieS (see Fig. 1). The problem is to find a periodic schedule (i.e., the
starting time #(i,1) of operations) providing a minimum cycle time T, in a graph with the
infinite number of edges representing an infinitely repeating process.

el B>

Figure 1. The cyclic PERT graph (from Romanovskii, (1967))

In the above seminal paper of 1967, Romanovskii proved the following claims which have

been rediscovered later by numerous authors.

e Claim1. Let the heights of interior edges be 0 and the heights of backward edges 1. The
minimum cycle time in a periodic PERT graph with the infinite number of edges is
equal to the maximum circuit ratio in a corresponding double-weighted finite graph in
which the first weight of the arc is its length and the second is its height: Trmin = maxc

ZL,-]-/ ZHi/-, where maximum is taken over all circuits C; ZLZ-]- denotes the total circuit

length, and ZHU the total circuit height.
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e (Claim 2. The max circuit ratio problem and its version, called the max mean cycle
problem, can be reformulated as linear programming problems. The dual to these
problems is the parametric critical path problem.

e Claim 3. The above problems, namely, the max circuit ratio problem and the max mean
cycle problem, can be solved by using the iterative Howard-type dynamic
programming algorithm more efficiently than by linear programming. (The basic
Howard algorithm is published in Howard (1960)).

e (Claim 4. Mean cycle time counted for n repetitions of the first block in an optimal
schedule differs from the optimal mean cycle time by O(1/n).

The interested reader can find these or similar claims discovered independently, for

example, in Reiter (1968), Ramchandani (1973), Karp (1978), Gondran and Minoux (1985),

Cohen et al. (1985), Hillion and Proth (1989), McCormick et al. (1989), Chretienne (1991), Lei

and Liu (2001), Roundy (1992), Ioachim and Soumis (1995), Lee and Posner (1997), Hanen

(1994), Hanen and Munier (1995), Levner and Kats (1998), Dasdan et al. (1999), Hall et al.

(2002). In recent years, the cyclic PERT-shop has been studied for more sophisticated

modifications, with the number of machines limited and resource constraints added (Lei

(1993), Hanen (1994), Hanen and Munier (1995), Kats and Levner (2002), Brucker et al.

(2002), Kampmeyer (2006)).

3. Basic Definitions and lllustrations

In this section, we recall several basic definitions from the scheduling theory. Machine
scheduling is the allocation of a set of machines and other well-defined resources to a set of
given jobs, consisting of operations, subject to some pre-determined constraints, in order to
satisfy a specific objective. A problem instance consists of a set of m machines, a set of 1 jobs
is to be processed sequentially on all machines, where each operation is performed on
exactly one machine; thus, each job is a set of operations each associated with a machine.

Depending on how the jobs are executed at the shop (i.e. what is the routing in which jobs

visit machines), the manufacturing systems are classified as:

e flow shops, where all jobs are performed sequentially, and have the same processing
sequence (routing ) on all machines, or

e job shops, where the jobs are performed sequentially but each job has its own
processing sequence through the machines,

e parallel machine shop, where sequence of operations is partially ordered and several
operations of any individual job can be performed simultaneously on several parallel
machines.

Formal descriptions of these problems can be found in Levner (1991, 1992), Tanaev et al.

(1994a, 1994b), Pinedo (2001), Leung (2004), Shtub et al. (1994), Gupta and Stafford (2006),

Brucker (2007), Blazewicz et al. (2007). We will consider their cyclic versions.

The cyclic shop problems are an extension of the classical shop problems. A problem

instance again consists of a set of m machines and a set of n jobs (usually called products, or

part types) which is to be processed sequentially on all machines. The machines are
requested to process repetitively a minimal part set, or MPS, where the MPS is defined as the
smallest integer multiple of the periodic production requirements for every product. In
other words, let r = (11, r2,..., ty) be the production requirements vector defining how many
units of each product (j=1,...,n) are to be produced over the planning horizon. Then the MPS
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is the vector rvps = (r1/49, 12/, ... , 1m/q) where g is the greatest common divisor of integers
1, t2,..., ta. Identical products of different, periodically repeated, replicas of the MPS have
the same processing sequences and processing times, whereas different products within an
MPS may require different processing sequences of machines and the processing times. The
replicas of the MPS are processed through equal time intervals T called cycle time and in
each cycle, exactly one MPS's replica is introduced into the process and exactly one MPS’s
replica is completed.

An important subclass of cyclic shop problems are the robotic scheduling problems, in
which one or several robots perform transportation operations in the production process.
The robot can be considered as an additional machine in the shop whose transportation
operations are added to the set of processing operations. However, this “machine” has
several specific properties: (i) it is re-entrant (that is, any product requires the utilization of
the same robot several times during each cycle) and (ii) its setup operations, that is, the
times of empty robots between the processing machines, are non-negligible.

3.1. Cyclic Robotic Flowshop

In the cyclic robotic flowshop problem it is assumed that a technological processing
sequence (route) for n products in an MPS is the same for all products and is repeated
infinitely many times. The transportation and feeding operations are done by robots, and
the sequences of the robotic operations and technological operations are repeated cyclically.
The objective is to find the cyclic schedule with the maximum productivity, that is, the
minimum cycle time. In the general case, the robot's route is not given and is to be found as
a decision variable.

A possible layout of the cyclic robotic flowshop is presented in Fig. 2.

Unboading Sumlom

Figure 2. Cyclic Robotic Flowshop

A corresponding Gantt chart depicting coordinated movement of parts and robot is given in
Fig. 3. Machines 0 and 6 stand for the loading and unloading stations, correspondingly.
Three identical parts are introduced into the system at time 0, 47 and 94, respectively. The
bold horizontal lines depict processing operations on the machines while a thin line depicts
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the route of a single robot between the processing machines. More details can be found in
Kats and Levner (1998).

Machine

. : s T S|
Tirmm

Figure 3. The Gantt chart for cyclic robotic flowshop (from Kats and Levner (1998))

3.2 Cyclic Robotic Jobshop
The cyclic robotic jobshop differs from cyclic robotic flowshop only in that each of n
products in MPS has its own route as depicted in Fig. 4.

1

Loading 5 Unloading
station e station 1l

Fig. 4. An example of a simple technological network with two linear product routes and
five processing machines, depicted by the squares, where —— denotes the route for
product 4, and === denotes the route for product b (from Kats et al. (2007))

The corresponding graphs depicting the sequence of technological operations and robot
moves in a jobshop frame are presented in Fig. 5 and 6 .

The corresponding Gantt chart depicting coordinated movement of parts and robots in time
is in Fig. 7, where stations 1 to 5 stand for the processing machines and stations 0 and 6 are,
correspondingly, the loading and unloading ones. In what follows, we refer to the machines
and loading/unloading stations simply as the stations.
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@ P
Cycle 1

et NI~ T
.

Figure 6. Graph depicting the sequence of processing operations and robot moves for two
successive cycles (Kats et al. (2007)). The variables are presented as nodes and the constraints
as arcs, where denotes the robot operation sequence,**=*=-»the processing time window
constraints, —> setup time constraints, and = = = = = » the cut-off line between two cycles

-90 -60 -30 [o] 30 60 90 120 150
Time
Parta of MPS 0 e=l==Part b of MPS 0 e=== Part a of MPS -1 Part b of MPS -1 Part a of MPS 1
et Part b of MPS 1 Part a of MPS -2 Part b of MPS -2 Robot

Figure 7. The Gantt chart of coordinated movement of parts and a robot in time (Kats et al.
(2007))
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3.3 Cyclic Robotic PERT Shop

This major class of cyclic scheduling problems which we will focus on in this sub-section,
has several other names in the literature, for example, ‘the basic cyclic scheduling problem’,
‘the multiprocessor cyclic scheduling problem’, ‘the general cyclic machine scheduling
problem’. We will call this class the cyclic PERT shop due to its evident closeness to project
scheduling, or PERT/CPM problems: when precedence relations between operations are
given, and there is a sufficient number of machines, the parallel machine scheduling
problem becomes the well-known PERT-time problem.

We define the cyclic PERT shop as follows: A set of n products in an MPS is given and the
technological process for each product is described by its own PERT graph. A product may be
considered as assembly consisting of several parts. There are three types of technological
operations: a) operations which can be done in parallel on several machines, i.e. the parts
consisting the assembly are processed separately; b) assembling operations; c) disassembling
operations. There are infinitely many replicas of the MPS and a new MPS's replica is introduced
in each cycle. In the cyclic robotic PERT shop, one or several robots are introduced for performing
the transportation and feeding operations. The objective is to find the cyclic schedule and the
robot route providing the maximum productivity, that is, the minimum cycle time.

Classes of scheduling Subclasses of cyclic R .
. epresentative references
problems scheduling problems
Cuninghame-Greene (1960, 1962),
Models with negligible Timkovsky (1977), Karabati and
setups and no-robot Kouvelis (1996), Lee and Posner
(1997)
Cyclic Flowshop Suprunenko et al. (1962), Tanaev
(1964), Livshits et al. (1974),
Models Phillips and Unger (1976), Kats
Robotic models and Mikhailetskii (1980), Kats
(1982), Kats and Levner (1997a,
1997b), Crama et al. (2000),
Dawande et al. (2005, 2007).
Models with negligible Roundy (1992), Hanen and
Cyclic Jobshop Models setups and no-robot Munier (1995), Hall et al. (2002)
Robotic models Kampmeyer (2006), Kats et al.
(2007)
Models with setups Romanovskii (1967), Chretienne
negligible, no-robot (1991), Hanen and Munier (1995)
PERT-shop Models Lei (1993), Chen et al. (1998),
Robotic models Levner and Kats (1998), Alcaide
et al. (2007), Kats et al. (2007)

Remark. For completeness, we might mention three more groups of robotic (non-cyclic) scheduling
problems which might be looked at as “atomic elements” of the cyclic problems: Robotic Non-cyclic
Flowshop (Kise (1991), Levner et al. (1995a,1995b), Kogan and Levner 1998), Robotic Non-cyclic Jobshop
(Hurink and Knust (2002)), and Robotic Non-cyclic PERT-shop (Levner et al. (1995c)). However, these
problems lie out of the scope of the present survey.

Table 1. Classification of major cyclic scheduling problems
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The cyclic robotic PERT shop problems differs from the cyclic robotic jobshop in two main
aspects: a) the operations are partially ordered, in contrast to the jobshop where operations are
linearly ordered; b) there are sufficiently many processing machines, due to which the
sequencing of operations on machines vanishes. This type of problems is overviewed in
more detail in surveys by Hall (1999) and Crama et al. (2000).

We conclude this section by the classification scheme for cyclic problems and the
representative references (see Table 1).

4. The Cyclic Robotic FMS-shop

4.1. An Informal Description of the Cyclic Robotic FMS Shop

The cyclic robotic FMS-shop can be looked at as an extension of the cyclic robotic jobshop in
which there given PERT-type (not-only-chain) precedence relations between
assembly/ disassembly operations for each product. In other view, the robotic FMS-shop can
be looked at as a generalized cyclic robotic PERT-shop in which a finite set of machines
performing the operations are given. In what follows, we assume that K PERT projects
representing the technological processes for K products in an MPS are given and to be
repeated infinitely many times on m machines.

Example. (Levner et al. (2007)). MPS consists of two products MPS ={a, b} with sequence of
processing operations for products a and b given in the form of PERT graphs as shown in
Fig. 8.

Product a 4 Product b 4
1 5

Figure 8. Two fragments of a technological network in which partially ordered (PERT-type)
networks are given for two individual products in an FMS-shop

There are five processing machines and loading and unloading stations (stations 0 and 6
correspondingly). Infinite number of MPS replicas are waiting for processing and arrive
periodically in process as shown in Fig. 9.

L I T |

5% ————— -— = -t - == — e - — — — — ‘OIS - — G

4‘ ‘h N L] ‘_ !
we+ " — :

2

1 h — .

ol | |

90 -60 -30 0 30 e 60 90 120 150

Figure 9. The Gantt chart of several MPS replicas arriving in the technological process
through equal time intervals
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We give the problem description basing on the model developed in Kats et al. (2007). The
product (part type) processing time at any machine is not fixed, but defined by a pair of
minimum and maximum time limits, called the time window constraints. The movements of
parts between the machines and loading/unloading stations are performed by a robot,
which travels in a non-negligible time. To move a part, the robot first travels to the station
where the part is located, wait if the part is still in process, unload the part and then travels
to the next station specified by a given sequence of material handling operations for the
robot. The robot is supplied by multiple grippers in order to transport several parts
simultaneously to an assembling machine or from an disassembling machine. There is no
buffer available between the machines and each machine can process only one product at
time. If different types of products are processed at the same machine, then a non-negligible
setup time between the processing of these products may be required. The general problem
is to determine the product sequence at each machine, the robot route and the exact
processing time of each product at each machine so that the cycle time is minimized while
the time windows, the setup times, and the robot traveling time constraints are satisfied.
Scheduling of the material handling operations of robots to minimize the cycle time, even
with a single part per MPS and a single one-gripper robot, has been known to be NP-hard in
strong sense (Livshits et al. (1974); Lei and Wang (1989)).

In this chapter, we are interested in a special case of the cyclic scheduling problem
encountered in such a processing network. In particular, we solve the multiple-product
problem of minimizing the cycle time for a processing network with a single multi-gripper
robot, a fixed and known in advance sequence of material handling operations for the robot
to be performed in each cycle and the known product sequence at each machine.
Throughout the remaining analysis of this chapter, we shall denote this problem as Q.
Problem Q is a further extension of the scheduling problem P introduced and solved in Kats
et al. (2007). The problem P is the jobshop scheduling problem where technological
operations for each product are linked by simple chain-like precedence relations (see Fig. 5
above). Like in P, in problem Q the sequence of robot moves is assumed to be fixed and
known. With this special case, the sequencing issue for the robot moves vanishes, and the
problem reduces to finding the exact processing times from the given intervals. This case
has been shown to be polynomial solvable by several researchers independently via
different approaches. Representative work on this can be found in the work by Livshits et al.
(1974), Matsuo et al. (1991), Lei (1993), Ioachim and Soumis (1995), Chen et al. (1998), Van de
Klundert (1996), Levner et al. (1996, 1997), Levner and Kats (1998), Crama et al. (2000), Lee
(2000), Lei and Liu (2001), Alcaide at al. (2007), Kats et al. (2007).

In this section, we analyze the properties of Q and show that it can be solved by the
polynomial algorithm, originating from the parametric critical path method by Levner and Kats
(1998) for the single-product version of the problem. Our main observation is that the
technological processes for products presented by PERT-type graphs (see Fig. 8) can be
treated by the same mathematical tools as more primitive processes presented by linear
chains considered in Kats et al. (2007).

4.2. A formal analysis of problem Q

Each given instance of Q has a fixed sequence of material handling operations o, and an
associated MPS with K products and PERT-type precedence relations. The set of processing
operations of a product in the MPS is not in the form of a simple chain like in problem P, but
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rather linked into a technological graph, containing assembling and disassembling operations.
Let G denote the associated integrated technological network which integrates K technological
graphs of all products in the MPS with the given sequence of processing operations on
machines. In network G, each node specifies a machine or the loading station 0/unloading
station ul, each arc specifies a particular precedence relationship between two consecutive
processing operations of a product, and each fechnological graph to be performed for each
product corresponds to a subgraph in network G.

Now, let €2 be the set of distinct stations/nodes in a given technological network G, j be the
index to enumerate stations, j € ), and k be the index for product, 1 <k < K. Bach
product k requires a total of n; partially ordered processing operations with each operation
taking place at a respective workstation. In each material handling operation the robot
removes a product (or a “semi-product”’) from a station. Therefore,

n=K+Y k=1.2....K N} is the total number of all operations to be performed by the robot

in a cycle, including a total of K operations at station O (i.e., one for each product in the MPS
to be introduced into the process in a cycle). The processing time for product k at station j,

Pjk>1sa deterministic decision variable that must be confined within a given interval

[aj,k:bj,k] ,for1<k<K, j=1,2,...,m, and ] # 0, where parameters a;x and b;x are the

given constants and define the time window constraints on the part processing time at
workstation j. That is, after arriving at workstation j, a part of type k must immediately start
processing and be processed there for a time interval no less than a;; and no more than b;y.
In the practices of assembling shops, the violating of the time window constraints,

a;k <p ik <b j k> May deteriorate the product quality and cause a defect product.

For any given instance of Q sequence O, ¢ = <([i], r[i], f(i)), i=1,2, ...,n> specifies a total of n
(material handling) operations to be performed by the robot in each cycle. The ith operation
in o, ([i], r[i], fi)) where 1<i<n, [i]e Q\{ul}, rli]le{l,2,...K}, fi)elkeep, load}
consists of the following sequential motions:

o Unload product r[i] from station [i];

o If f(i) = load, then transport product F[i]to the next station on its technological route, s[i],

s[i] € Q, and load product r[i] to station s[i] which include the loading of all parts of the
product kept by grippers.
o If f(i) = keep, then keep the unloaded product in gripper.
o Travel to station [i+1], where [i +1]€ Q\{ul}, and wait if necessary. When i=n, [n+1] =
0.
In each cycle, the given sequence of operations, o, is performed exactly once, so that exactly
one MPS is introduced into the process and exactly one MPS is completed and sent to
station ul. In this infinite cyclic process, parts being moved and processed within a cycle
could belong to different MPS’s replicas introduced in different cycles and full processing
time (life cycle) of one MPS could be much longer than cycle time T.
Network G introduces two types of precedence relationships. The first type of relationships
ensures the processing time window constraints, and the second type refers to the setup time
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constraints on sharing stations. The latter incorporates the corresponding setup times into the
model when two or more part types are to be processed at the same station.

Let time moment 0 be a reference time point in the infinite cyclic process and assume,
without loss of generality, that the current cycle starts at time 0. Let MPS(g) be the gth replica
of the MPS such that its first operation starts at time g - T , where =0, £1, £2,...

Let Z;; ;) be the moment when part r[i]€ MPS(0) is removed from station [i]. Then

rli
Yoty = B M0d T) = 205y 0 =y - T ©)

is the moment within interval [0, T) when part r[i]e MPS(-hy;,qi; ) is removed from station [i]
To make a formal definition for problem Q, let’s introduce the following additional notation:

L[i] The part loading time at station [i], [l] e\ {ul} 5

U, [ The part unloading time at station [i], [l] eQ\ {0} 5

d[i],[ i The robot traveling time from stations [i] to [i'];

g [C;’]b The pre-specified setup time at shared station [i] between the processing
of part aand the processing of part b, wherea, b €{1,..., K};

o The given set of paired technological operations;

Y Sequence (c)-dependent binary constants: Yy =1 if (s[i], #[i]) and ([i], [i])

are in the same cycle, and Yj; = 0 otherwise (see Kats et al. (2007)).
Problem Q can be described in the same terms as P in Kats et al. (2007):

Q: Minimize T

subject to
The multigripper robot traveling time constraints
Foralli, 1 <i <n, such that f(i) = load

tigin + Upi + diigsti) + Lsti) + dsti, 11411 < it ofivn) (3a)
For all i, 1<i<n, such that f(i) = keep
tin + Up + d i, 01 S st fie), (3b)

where fy+1)n+1) = Hagey + T

The processing time window constraints
Foralli, 1 <i <n, such that (i) = load

if Y =0

fstitati) ~ Hitrti) 2 Uty + st + Loy + 9sin i) )
ftitri) — atoti) < Uty + sty + Lsiy + Dstig i
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ifYp=1
T + tsfigefi) -ttt 2 Upig + diisi) + Lsgit + asfi il (4b)

T + tfigefit -ttt < Upin + diigsti + Lt + bsfigeil-

The setup time constraints on sharing stations
Forall i'< i, 1<i',i <n, [i']=[i], and ([i],7[i'],7[i]) € @

iyt~ et 2 805 S (5a)

rlilrli']

(T — t[i],r[i]) + t[i'],r[i'] > g[i'] (5b)

The non-negativity condition
All variables T, ¥, 1 ,1 <@ < n, are non-negative.

Constraints (3) ensure the robot to have enough time to operate and to travel between the
starting times of two consecutive operations in sequence c. Constraints (4) enforce the part
processing time at a station to be in given windows. Constraints (5) ensure the required
setup time at the shared stations to be guaranteed.

The processing time window constraints (4a)-(4b) ensure ajx < pjx < bjx, where Py .07

stands for the actual processing time of part r[i] in station s[i] and is determined by the
optimal solution to Q. The “no-wait” requirement means that a part, once introduced into
the process, must be in the status of either being processed at a station or being transported
by a material handling robot.

One can easily observe that the relationships (3) - (6) are of the same form as those in the
model P, and thus an extension of simple chains to the PERT-graphs for each product does
not change the inherent mathematical structure of the model suggested by Kats et al. (2007),
and the complexity of the algorithm proposed for solving P.

4.3. A Polynomial Algorithm for Scheduling the FMS Shop

In this section, we develop results contained in Alcaide et al. (2007) and Kats et al. (2007).
Our considerations are based on the strongly polynomial algorithm for solving problem P
suggested by Kats et al. (2007). However, for reader’s convenience, we present the algorithm
for problem Q in a simplified form, following the scheme and notation developed in Levner
and Kats (1998). To do so, let’s start with the following result.

PROPOSITION 1. Problem Q is a parametric critical path (PCP) problem defined upon a directed
network Gp= (V, A) with parameter-dependent arc lengths.

The proof is along the same line as for problem P in Kats et al. (2007).

The algorithm below for solving Q is called the Parametric Critical Path (PCP) algorithm. As
that for problem P, it consists of three steps (Table 2 below). The first step assigns initial
labels to nodes in a given network Gp, the second step corrects the labels, and the third step,
based on the labels obtained, finds the set A of all feasible cycle times or discovers if this
set is empty.
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PARAMETRIC CRITICAL PATH (PCP) ALGORITHM
Step 1. // Initialization.
Enumerate all the nodes of V\U {f} in an arbitrary order.
Assign labels pO(s)= p19= 0, p0= w(s —j)if j#s;
Pred(s) = &, and p(v) = - o to all other nodes v of VU f.
Step 2./ / Label correction.

For i:=1ton-1do
For each arc e = (f(e), hi(e)) € A compute max{pi(h(e)), p-i(t(e)) + w(e)}.

Calculate
pO@y- max imax{p™ (h(e)),p" (u) + wlu — hle))}. ©)

/ /Notice that for u e Pred(h(e)), u — h(e) denotes the existing arc from u to h(e)).

Step 3. / / Finding all feasible T values or displaying ‘no solution’.
For each arc e = (f(e), h(e)) € A solve the following system of functional
inequalities

pri(te) + w(e) < pri(h(e)), )
with respect to T.

Let A be the set of values of T satisfying (7) for all e € A.
If A # &, then return A and stop. Otherwise return “no solution’.

At termination, the algorithm either produces the set A of all feasible T, or it
reveals that A = &. In the case A # &, then A = [Tyin, Tax] is an interval.

Let A be the set of values of feasible T satisfying (6)-(7) for all e € A.

If A # &, then return A and stop. Otherwise return ‘No solution” and stop.

Table 2. The Parametric Critical Path (PCP) Algorithm

The algorithm terminates with a non-empty set, A, if there exists at least one feasible cycle

%

time on Gp. By the definition of A, the optimal cycle time 7" is the minimal value in A.
Once the value of T* is known, the optimal values of all the f-variables in model Q (i.e., the
optimal starting times of robot operations in sequence o) are known as well, and the optimal

processing time,  Py;.;, Where as[i],r[i]Sps[i],r[i]ﬁbs[i]’r[i],for each part
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rlil=k e {1,2,...,K} in each respective station §[7]along its route, 1 <7 <, can be
found.

For each arc ecA(G,), let t(e), h(e), and w(e) denote the tail, the head, and the length of arc e,
respectively. Let j denote node ([ j],7[j]), 2< j<m+1, Y([j],r[j]) €V, pj denote

the distance label of node j found at the i-th iteration of the PCP algorithm, and (k— j) denote
the arc from node k to j. Let N= n+1 be the total number of nodes of Gp (counting for all the
nodes in V plus the added dummy node f), and M the total number of iterations.

It is worth noticing that labels pi(1) in (6)-(7) are not numbers but the piecewise-linear
functions of T.

PROPOSITION 2. The Parametric Critical Path algorithm finds the optimal solution to problem Q
correctly. The complexity of the parametric critical path algorithm is O(n4), in the worst case.

The proof is identical to that for problem P in Kats et al. (2007).

The following example illustrates how an optimal schedule is obtained by the use of the
proposed PCP algorithm.

Example (Continued). The sequence o of robot moves is fixed and given:

o = <O0byU), 2bol), (4a1U), (1biU), 4bil), BaiU), Gail),

(3/b-1/L)r (OIaOIU)I (l/aO/L)/ (S/a—lrU)/ (6Ia-1IL)/ (Slb-llU)/ (11a0/U)r (31a0/L)/

(4,ba,U), (5baLl), (2boU), (Lbol), (2aol), (5baU) (6,bal) (4a0Ll)
(2,a0,U)>.

Here we use a more detailed description of robot operations given in the form of triplets (¥,

*, *). A number in the first position determines the processing machine or

loading/unloading station, numbered 0 and 6, respectively. A symbol in the second position

determines the product type (a or b); a corresponding subscript determines to which MPS

replica the product belongs. A symbol in the last position determines that a product is either

loaded (symbol L) or unloaded (symbol U).

Then the life cycle of the MPS is completed within two consecutive cycles o| | g, and is

shown in Fig. 6. The Gantt chart of the movements of products and the robot under the

optimal schedule are presented graphically in Fig.10. The minimum cycle time T* = 88.

Figure 10. The Gantt chart of product processing operations and robot movements

We have studied a variation of the single multi-gripper robot cyclic scheduling problem
with a fixed robot operation sequence and the time window constraints on the processing
times. It generalizes the known single-robot single-product problems into the one involving
a processing network, multiple products, and general precedence relations between the
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processing steps for different products in the form of PERT graphs. We reduced the problem
to the parametric critical path problem and solved it in polynomial time by an extension to
the Bellman-Ford algorithm. In particular, we simplified the description of the labeling
procedure suggested by Kats et al. (2007) needed to solve the parametric version of the
critical path problem in strongly polynomial time.

5. Concluding Remarks

Since Johnson’s (1954) and Bellman’s (1956) seminal papers, the machine scheduling theory
have received considerable development and enhancement over the last fifty years. As a
result, a variety of scheduling problems and optimization techniques have been developed.
This chapter provides a brief survey of the evolution of basic cyclic scheduling problems
and possible approaches for their solution started with a discussion of early works appeared
in the 1960s. Although the cyclic scheduling problems are, in general, NP-hard, a graph
approach described in the final sections of this chapter permits to reduce some special case
to the parametric critical path problem in a graph and solve it in polynomial time. The
proposed parametric critical path algorithm can be used to design new heuristic search
algorithms for more general problems involving multiple multi-gripper robots, parallel
machines/tanks at each workstation and more general scenarios of cyclic processes in the
cells, like, for example, multi-degree periodic processes. These are the topics for future
research.
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1. Abstract

Scheduling models deal with the best way of carrying out a set of jobs on given processing
resources. Typically, the jobs belong to a single decision maker, who wants to find the most
profitable way of organizing and exploiting available resources, and a single objective
function is specified. If different objectives are present, there can be multiple objective
functions, but still the models refer to a centralized framework, in which a single decision
maker, given data on the jobs and the system, computes the best schedule for the whole
system.

This approach does not apply to those situations in which the allocation process involves
different subjects (agents), each having his/her own set of jobs, and there is no central
authority who can solve possible conflicts in resource usage over time. In this case, the role
of the model must be partially redefined, since rather than computing "optimal" solutions,
the model is asked to provide useful elements for the negotiation process, which eventually
leads to a stable and acceptable resource allocation.

Multi-agent scheduling models are dealt with by several distinct disciplines (besides
optimization, we mention game theory, artificial intelligence etc), possibly indicated by
different terms. We are not going to review the whole scope in detail, but rather we will
concentrate on combinatorial models, and how they can be employed for the purpose on
hand. We will consider two major mechanisms for generating schedules, auctions and
bargaining models, corresponding to different information exchange scenarios.

Keywords: Scheduling, negotiation, combinatorial optimization, complexity, bargaining,
games.

2. Introduction

In the classical approach to scheduling problems, all jobs conceptually belong to a single
decision maker, who is obviously interested in arranging them in the most profitable (or less
costly) way. This typically consists in optimizing a certain objective function. If more than
one optimization criterion is present, the problem may become multi-criteria (see e.g. the
thorough book by T'Kindt and Billaut [33]), but still decision problems and the
corresponding solution algorithms are conceived in a centralized perspective.
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This approach does not apply to situations in which, on the contrary, the allocation process
involves different subjects (agents), each with its own set of jobs, requiring common
resources, and there is no "superior" subject or authority who is in charge of solving conflicts
on resource usage. In such cases, mathematical models can play the role of a negotiation
support tool, conceived to help the agents to reach a mutually acceptable resource
allocation. Optimization models are still important, but they must in general be integrated
with other modeling tools, possibly derived from disciplines such as multi-agent systems,
artificial intelligence or game theory.

In this chapter we want to present a number of modeling tools for multi-agent scheduling
problems. Here we always consider situations in which the utility (or cost) function of the
agents explicitly depends on some scheduling performance indices. Also, we do not
consider situations in which the agents receiving an unfavorable allocation can be
compensated through money. Scheduling problems with transferable utility are a special
class of cooperative games called sequencing games (for a thorough survey on sequencing
games, see Curiel et al. [9]). While interesting per se, sequencing games address different
situations, in which, in particular, an initial schedule exists, and utility transfers among the
agents take into account the (more or less privileged) starting position of each agent. This
case does not cover all situations, though. For instance, an agent may be willing to complete
its jobs on time as much as possible, but the monetary loss for late jobs can be difficult to
quantify.

A key point in multi-agent scheduling situations concerns how information circulates
among the agents. In many circumstances, the individual agents do not wish to disclose the
details of their own jobs (such as the processing times, or even their own objectives), either
to the other agents, or to an external coordinator. In this case, in order to reach an allocation,
some form of structured protocol has to be used, typically an auction mechanism. On the
basis of their private information, the agents bid for the common resource. Auctions for
scheduling problems are reviewed in Section 3, and two meaningful examples are described
in some detail. A different situation is when the agents are prone to disclose information
concerning their own jobs, to openly bargain for the resource. This situation is better
captured by bargaining models (Section 4), in which the agents must reach an agreement over
a bargaining set consisting of all or a number of relevant schedules. In this context, two
distinct problems arise. First, the bargaining set has to be computed, possibly in an efficient
way.

Second, within the bargaining set it may be of interest to single out schedules which are
compatible with certain assumptions on the agents' rationality and behavior, as well as
social welfare. The computation of these schedules can also be viewed as a tool for an
external facilitator who wishes to drive the negotiation process towards a schedule
satisfying given requirements of fairness and efficiency. These problems lead to a new,
special class of multicriteria scheduling problems, which can be called multi-agent or
competitive scheduling problems. Finally, in Section 5, we present some preliminary results
which refer to structured protocols other than the auctions. In this case, the agents submit
their jobs to an external coordinator, who selects the next job for processing. In all cases, we
review known results and point out venues for future research.
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3. Motivation and notation

Multi-agent scheduling models arise in several applications. Here we briefly review some

examples.

e Brewer and Plott [7] address a timetable design problem in which a central rail

administration sells to private companies the right to use railroad tracks during given
timeslots. Private companies behave as decentralized agents with conflicting objectives
that compete for the usage of the railroad tracks through a competitive ascending-price
auction. Each company has a set of trains to route through the network and a certain
ideal timetable. Agent preferences are private values, but delayed timeslots have less
value than ideal timeslots.
Decentralized multi-agents scheduling models have been studied also for many other
transportation problems, e.g., for aiport take-off and landing slot allocation problems
[27]. For a comprehensive analysis of agent-based approaches to transport logistics, see
[10].

e In [29, 4] the problem of integrating multimedia services for the standard SUMTS
(Satellite-based Universal Mobile Telecommunication System) is considered. In this
case the problem is to assign radio resources to various types of packets, including
voice, web browsing, file transfer via ftp etc. Packet types correspond to agents, and
have non-homogeneous objectives. For instance, the occasional loss of some voice-
packet can be tolerated, but the packets delay must not exceed a certain maximum
value, not to compromise the quality of the conversation. The transmission of a file via
ftp requires that no packet is lost, while requirements on delays are soft.

e  Multi-agent scheduling problems have been widely analyzed in the manufacturing
context [30, 21, 32]. In this case the elements of the production process (machines, jobs,
workers, tools...) may act as agents, each having its own objective (typically related to
productivity maximization). Agents can also be implemented to represent physical
aggregations of resources (e.g., the shop floor) or to encapsulate manufacturing
activities (e.g., the planning function). In this case, using the autonomous agents
paradigm is often motivated by the fact that it is too complex and expensive to have a
single, centralized decision maker.

e Kubzin and Strusevich [16] address a maintenance planning problem in a two-machine
shop. Here the maintenance periods are viewed as operations competing with the jobs
for machines occupancy. An agent owns the jobs and aims to minimize the completion
time of all jobs on all machines, while another agent owns the maintenance periods
whose processing times are time dependent.

We next introduce some notation, valid throughout the chapter. A set of m agents is given,

each owning a set of jobs to be processed on a single machine. The machine can process only

one job at a time. We let i denote an agent, i = 1,..., m, JW s job set, and -"r_}i} the j-th of its
jobs, having length PE,-;}. Let also 7; = |.J'"]. Depending on specific situations, there are
other quantities associated to each job, such as a due date (ff,-ﬁ, a weight “‘_5-”, which can be
regarded as a measure of the job's importance (for agent i), a reward /7, which is obtained if
the job is completed within its due date. We let ./, denote a generic job, when agent's

ownship is immaterial. Jobs are all available from the beginning and once started, jobs
cannot be preeempted. A schedule is an assignment of starting times to the jobs. Hence, a
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schedule is completely specified by the sequence in which the jobs are executed. Let 0 be a

schedule. We denote by (-,}:] (o) the completion time of job "r }!} in 0. If each agent owns
exactly one job, we indicate the above quantities as p;, d;, w;, C;(o).

Agent i has a utility function ”“](U ), which depends exclusively on the completion times of
its own jobs. Function u["}((f ) is nonincreasing as the completion times of its jobs grow. In
some cases it will be more convenient to use a cost function ¢\’ (), obviously nondecreasing
for increasing completion times of the agent's jobs.

Generally speaking, each agent aims at maximizing its own utility (or minimizing its costs).
To pursue this goal, the agents have to make their decisions in an environment which is
strongly characterized by the presence of the other agents, and will therefore have to carry
out a suitable negotiation process. As a consequence, a decision support model must
suitably represent the way in which the agents will interact to reach a mutually acceptable
allocation. The next two chapters present in some detail two major modeling and procedural
paradigms to address bargaining issues in a scheduling environment.

4. Auctions for decentralized scheduling

When dealing with decentralized scheduling methods, a key issue is how to reach a
mutually acceptable allocation, complying with the fact that agents are not able (or willing)
to exchange all the information they have. This has to do with the concept of private vs.
public information. Agents are in general provided a certain amount of public information,
but they will make their (bidding) decisions also on the basis of private information, which
is not to be disclosed. Any method to reach a feasible schedule must therefore cope with the
need of suitably representing and encoding public information, as well as other possible
requirements, such as a reduced information exchange, and possibly yield "good" (from
some individual and/or global viewpoint) allocations in reasonable computational time.
Actually, several distributed scheduling approaches have been proposed, making use of some
degree of negotiation and/or bidding among job-agents and resource-agents. Among the
best known contributions, we cite here Lin and Solberg [21]. Pinedo [25] gives a concise
overview of these methods, see also Sabuncuoglu and Toptal [28]. These approaches are
typically designed to address dynamic, distributed scheduling problems in complex, large-
scale shop floor environments, for which a centralized computation of an overall "optimal"
schedule may not be feasible due to communication and/or computation overhead.
However, the conceptual framework is still that of a single subject (the system's owner)
interested in driving the overall system performance towards a good result, disregarding
jobs' ownship. In other words, in the context of distributed scheduling, market mechanisms
are mainly a means to bypass technical and computational difficulties. Rather, we want to
focus on formal models which explicitly address the fact that a limited number of agents,
owning the jobs, bid for processing resources. In this respect, auction mechanisms display a
number of positive features which make them natural candidates for complex, distributed
allocation mechanisms, including scheduling situations. Auctions are usually simple to
implement, and keep information exchange limited. The only information flow is in the
format of bids (from the agents to the auctioneer) and prices (from the auctioneer to the
agents). Also, the auction can be designed in a way that ensures certain properties of the
final allocation.
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Scheduling auctions regard the time as divided into time slots, which are the goods to be
auctioned. The aim of the auction is to reach an allocation of time slots to the agents. This
can be achieved by means of various, different auction mechanisms. Here we briefly review
two examples of major auction types, namely an ascending auction and a combinatorial
auction.

In this section we address the following situation. There is a set G of goods, consisting of T

. . . . . . () .
time slots on the machine. Processing of a job requires an integer number P?; " of time slots

. . . . . . (7).
on the machine, which can, in turn, process only one job at a time. If a job f J,-i is completed

within slot ¢ !_,I(; ], agent i obtains a reward I;. The agents bid for the time slots, and an
auctioneer collects the bids and takes appropriate action to drive the bidding process
towards a feasible (and hopefully, "good") allocation. We will suppose that each agent has a
linear utility or value function (risk neutrality), which allows to compare the utility of
different agents in monetary terms. The single-agent counterpart of the scheduling problem
addressed here is the problem 1|| >~ RR;U;.

What characterizes an auction mechanism is essentially how can the agents bid for the
machine, and how the final allocation of time slots to the agents is reached.

4.1 Prices and equilibria

Wellman et al. [34] describe a scheduling economy in which the goods have prices,
corresponding to amounts of money the agents have to spend to use such goods. An
allocation is a partition of G into i subsets, X = {X1, Xy,..., Xiu}. Let v; (X)) be the value function
of agent i if it gets the subset X; C (& of goods. The value of an allocation v (X) is the sum of
all value functions,

o(X) =D u(Xy)
i=1
If slot ¢ has price p;, the surplus for agent i is represented by
‘”.f{_-\-.f) - Z J“.'
teX;
Clearly, each agent would like to maximize its surplus, i.e. to obtain the set X;* such that
Hi(p) = vi(X;) = Y p = max{ui($) = >_ i)
te ,\'; - tesS

Now, if it happens that, for the current price vector p, each agent is assigned exactly the set
X;*, no agent has any interest in swapping or changing any of its goods with someone else's,
and therefore the allocation is said to be in equilibrium for p!. An allocation

1 Actually, a more complete definition should include also the auctioneer, playing the role of the owner
of the goods before they are auctioned. The value of good f to the auctioneer is g, which is the starting
price of each good, so that at the equilibrium p, = g; for the goods which are not being allocated. For the
sake of simplicity, we will not focus on the auctioneer and implicitly assume that g, = 0 for all £.
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X ={X1, Xo,...,. X} is optimal if its total value is maximum among all feasible
allocations.

Equilibrium (for some price vector p) and optimality are closely related concepts. In fact, the
following property is well-known (for any exchange economy):

Theorem 1: If an allocation X is in equilibrium at prices p, then it is optimal.

In view of this (classical) result, one way to look at auctions is to analyze whether a certain
auction mechanism may or may not lead to a price vector which supports equilibrium (and
hence optimality). Actually, one may first question whether the converse of Theorem 1
holds, i.e., an optimal allocation is in equilibrium for some price vector. Wellman et al. show

that in the special case in which all jobs are unit-length ( }Jf,-f}= lforall j € JW,i=1,...,
m) , an optimal allocation is supported by a price equilibrium (this is due to the fact that in
this case each agent's preferences over time slots are additive, see Kelso and Crawford [15]).
The rationale for this is quite simple. If jobs are unit-length, the different time slots are
indeed independent goods in a market. No complementarities exist among goods, and the
value of a good to an agent does not depend on whether the agent owns other goods.
Instead, if one agent has one job of length p; = 2, obtaining a single slot is worthless to the
agent if it does not get at least another.

As a consequence, in the general case we cannot expect that any price formation mechanism
reaches an equilibrium. Nonetheless, several auction mechanisms have been proposed and
analyzed.

4.2 Interval scheduling

Before describing the auction mechanisms, let us briefly introduce an optimization
subproblem which arises in many auction mechanisms.

Suppose that to use a certain time slot ¢, an agent i has to pay A;. Given the prices of the
time slots, the problem is to select an appropriate subset of jobs from ./ ) and schedule them
in order to maximize the agent i's revenue. Let u;; the utility (given the current prices) of

starting job Jr }“} at time t. Recalling that there is a reward [?; for timely completion of job

(1) . . . .
Jr J,-“ (otherwise the agent may not have incentives to do any job), one has

i)

flpll'

wie = RVSA) —t—p +1) - YA,

=t

where 0() =1ifx > 0and d() = 0 otherwise. Letting x; = 1 if -)'r_}f} is started in slot ¢, we
can formulate the problem as:

max w = Z Ut L jt @

jeJ
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T

dory < 1jed

=1

Elendner [11] formulates a special case of (1) (in which #;; = u; for all j) to model the winner
determination problem in a sealed-bid combinatorial auction, and calls it Weighted Job
Interval Scheduling Problem (WJISP), so we will also call it. In the next sections, we show
that this problem arises from the agent's standpoint in several auction mechanisms. Problem
(1) can be easily proved to be strongly NP-hard (reduction from 3-PARTITION).

4.3 Ascending auction

The ascending auction is perhaps the best known auction mechanism, and in fact it is widely
implemented in several contexts. Goods are auctioned separately and in parallel. At any
point in time, each good t has a current price (3, which is the highest bid for ¢ so far. The
next bid for t will have to be at least (3, + ¢ (the ask price). Agents can asynchronously bid
for any good in the market. When a certain amount of time elapses without any increase in a
good's price, the good is allocated to the agent who bid last, for the current price.

This auction scheme leaves a certain amount of freedom to the agent to figure out the next
bid, and in fact a large amount of literature is devoted to the ascending auction in a myriad
of application contexts. In our context, we notice that a reasonable strategy for agent i is to
ask for the subset X® maximizing its surplus for the current ask prices. This is precisely an
instance of WJISP, which can therefore be nontrivial to solve exactly.

Even if, in the unit-length case, a price equilibrium does exist, a simple mechanism such as
the ascending auction may fail to find one. However, Wellman et al. [34] show that the
distance of the allocation provided by the auction from an equilibrium is bounded. In
particular, suppose for simplicity that the number of agents m does not exceed the number

of time slots. In the special case in which |t }| =1 and p; =1 for all i, the following results
hold:

Theorem 2 The final price of any good in an ascending auction differs from the respective
equilibrium price by at most 1me.

Theorem 3 The difference between the value of the allocation produced by an ascending auction and

the optimal value is at most m°e.

4.4 Combinatorial mechanisms

Despite their simplicity, mechanisms as the ascending auction may fail to return satisfactory
allocations, since they neglect the fact that each agent is indeed interested in getting bundles
of (consecutive) time slots. For this reason, one can think of generalizing the concept of price
equilibrium to combinatorial markets, and analyze the relationship between these concepts
and optimal allocations. This means that now the goods in the market are no more simple
slots, but rather slot intervals [#;, t;]. This means that rather than considering the price of
single slots, one should consider prices of slot intervals. Wellman et al. show that it is still
possible to suitably generalize the concept of equilibrium, but some properties which were
valid in the single-slot case do not hold anymore. In particular, some problems which do not
admit a price equilibrium in the single-unit case do admit an equilibrium in the larger space
of combinatorial equilibria, but on the other hand, even if it exists, a combinatorial price
equilibrium may not result in an optimal allocation.
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In any case, the need arises for combinatorial auction protocols, and in fact a number has
appeared in the literature so far. These mechanisms have in common the fact that through
an iterative information exchange between the agents and the auctioneer, a compromise
schedule emerges. The amount and type of information exchanged characterizes the various
auction protocols. Here we review one of these mechanisms, adapting it from Kutanoglu
and Wu [17]2. The protocol works as follows.

1. The auctioneer declares the prices of each time slot, let A;, t = 1,..., T indicate the price
of time slot . On this basis, each agent i prepares a bid B, i.e., indicates a set of (disjoint)
time slot intervals that the agent is willing to purchase for the current prices. Note that
the bid is in the format of slot intervals, i.e. B; = { [”':'lf"'- I'J‘I.'J:- [U-[;]- IrJ::}
that it is worthless to the agent to get only a subset of each interval.

2. The auctioneer collects all the bids. If it turns out that no slot is required by more than
one agent, the set of all bids defines a feasible schedule and the procedure stops. Else, a
feasible schedule is computed which is "as close as possible" to the infeasible schedule
defined by the bids.

3. The auctioneer modifies the prices of the time slots accounting for the level of conflict on
each time slot, i.e., the number of agents that bid for that slot. The price modification
scheme will tend to increase the price of the slots with a high level of conflict, while
possibly decreasing the price of the slots which have not been required by anyone.

4. The auctioneer checks a stopping criterion. If it is met, the best solution (from a global
standpoint) so far is taken as final allocation. Else, go back to step 1 and perform
another round.

Note that this protocol requires that a bid consists of a number of disjoint intervals, and each

of them produces a certain utility if the agent obtains it. In other words, we assume that it is

not possible for the agent to declare preferences such as "either interval [2,4] or [3,5]". This
scheme leaves a number of issues to be decided, upon which the performance of the method
may heavily depend. In particular:

e How should each agent prepare its bid

e  How should the prices be updated

e  What stopping criterion should be used.

]- . meaning

4.4.1 Bid preparation

The problem of the agent is again in the format of WJISP. Given the prices of the time slots,
the problem is to select an appropriate subset of jobs from .J () and schedule them in order
to maximize the agent i's revenue, with those prices. The schedule of the selected jobs
defines the bid.

We note here that in the context of this combinatorial auction mechanism, solving (1) exactly
may not be critical. In fact, the bid information is only used to update the slot prices, i.e., to
figure out which are the most conflicting slots. Hence, a reasonable heuristic seems the most
appropriate approach to address the agent's problem (1) in this type of combinatorial
auctions.

2 Unlike the original model by Kutanoglu and Wu, we consider here a single machine, agents owning
multiple jobs, and having as objective the weighted number of tardy jobs.
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4.4.2 Price update

Once the auctioneer has collected all agents' bids, it can compute how many agents actually
request each slot. At the r-th round of the auction, the level of conflict D} of slot ¢ is simply
the number of agents requesting that slot, minus 1 (note that /) = — 1 if no agent is
currently requesting slot t). A simple rule to generate the new prices is to set them linearly
in the level of conflict:

AL = max{0,\] + k" DI’}

where k' is a step parameter which can vary during the algorithm. For instance, one can start
with a higher value of k7, and decrease it later on (this is called adaptive tatonnement by
Kutanoglu and Wu).

4.4.3 Stopping criterion and feasibility restoration

This combinatorial auction mechanism may stop either when no conflicts are present in the
union of all bids, or because a given number of iterations is reached. In the latter case, the
auctioneer may be left with the problem of solving the residual resource conflicts when the
auction process stops. This task can be easy if few conflicts still exist in the current solution.
Hence, one technical issue is how to design the auction in a way that produces a good
tradeoff between convergence speed and distance from feasibility. In this respect, and when
the objective function is total tardiness, Kutanoglu and Wu [17] show that introducing price
discrimination policies (i.e., the price of a slot may not be the same for all agents) may be of
help, though the complexity of the agent subproblem may grow. As an example of a
feasibility restoration heuristic, Jeong and Leon [18] (in the context of another type of
auction-based scheduling system) propose to simply schedule all jobs in ascending order of
their start times in the current infeasible schedule. Actually, when dealing with the multi-
agent version of problem 1|/ >~ /;U;, it may well be the case that a solution without conflicts
is produced, since many jobs are already discarded by the agents when solving WJISP.

4.4.4 Relationship to Lagrangean relaxation

The whole idea of a combinatorial auction approach for scheduling has a strong relationship
with Lagrange optimization. In fact, the need for an auction arises because the agents are
either unwilling or unable to communicate all the relevant information concerning their jobs
to a centralized supervisor. Actually, what makes things complicated is the obvious fact that
the machine is able to process one job at a time only. If there were no such constraint, each
agent could decide its own schedule simply disregarding the presence of the other agents.
So, the prices play the role of multipliers corresponding to the capacity constraints.

To make things more precise, consider the problem of maximizing the overall total revenue.
Since it is indeed a centralized problem, we can disregard agent's ownship. and simply use j
to index the jobs. We can use the classical time-indexed formulation by Pritsker et al. [26]3.
The variable xj: is equal to 1 if job j has started by time slot ¢t and 0 otherwise. Hence, the
revenue /1 is won by the agent if and only if job j has started by time slot d; —p; + L.

3 The following is a simplification of the development presented by Kutanoglu and Wu, who deal with
job shop problems.
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max E Ry xjdq,p+1
Jed

T+ :: €Tt } cJt=1,....T

Z{'r.f’ - 'r.r'-f—.rl__.) < 1 t=1.....7T
JeJ - (2)
xyp € {01} jeJt=1,..., 1

Constraints (2) express machine capacity. In fact, for each t there can be at most one job j
which has already started at slot  and had not yet started at time t — p; (which means that j
is currently under process in slot t) . Now, if we relax the machine capacity constraints in a
Lagrangean fashion, we get the problem

"
L(\) = max Z R; Tjdimpi+1 — Z A (Z{.rﬂ — Ty .u__.) - I) 3)
JjEJ

t=1 JjEJ

T4 Z £y ;' e Jt=1,....T

xy € {0,1} jedit=1,..., T

(Note that (3) can be solved by inspection, separately for each job.) The value L(A) is an
upper bound on the optimal solution to (2). In an optimization context. one is typically
interested in finding the best such bound, i.e..

L(X") = min L()) 4)

To solve (5), a very common approach is to iteratively update the multiplier vector A by the
subgradient algorithm, i.e., indicating by ' the current optimal solution to (3) when A = Ar

ATl =X\t s, (Z{,}'—_f-, Tjip,) I) (5)
j€d

where s, is an appropriate step size. Now, observe that the term in braces in (5) is precisely
what we previously called the level of conflict. Hence, it turns out that the subgradient
algorithm is equivalent to a particular case of combinatorial auction (with adaptive
tatonnement).

5. Bargaining problems and Pareto optimal schedules

We next want to analyze the scheduling problem from a different perspective. So far we
supposed that it is possible, to a certain extent, to give a monetary evaluation of the quality
of a solution. Actually, the value function of each agent might depend on certain schedule-
related quantities which may not be easy to assess. For instance, completing a job beyond its
due date may lead to some monetary loss, but also to other consequences (e.g. loss of
customers' goodwill) which can be difficult to quantify exactly. In such cases, it appears
more sensible that the agents directly negotiate upon possible schedules.

Bargaining models are a special class of cooperative games with non-transferable utility. For
our scheduling situations, this means that the agents are, in principle, willing to disclose
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information concerning their jobs, and use this information to build a set of solutions and
reach a satisfactory compromise schedule. Note that, unlike our previous assumptions, the
agents may now have heterogeneous objectives. Also, for the sake of simplicity we deal here
with the situation in which there are only two agents. However, the major concepts can be
cast in a more general, m-agent, setting.

The viewpoint of axiomatic bargaining models is to characterize certain schedules,
displaying some desirable properties which make them special candidates to be the outcome
of negotiation. Here we want to apply some of these concepts to the scheduling setting,
pointing out key issues from the modeling and computational viewpoints.

5.1 Bargaining problems
In a bargaining problem, two players (Agent 1 and Agent 2) have to negotiate a common
strategy, i.e., choose an element of a set S of possible agreements. Each point s € S is a pair of
payoffs for Agent 1 and 2 respectively, denoted by ui(s) and ux(s). If negotiation fails,
Agents 1 and 2 get the payoff d; and d> respectively. A bargaining problem is a pair (S, d),
where:
1. SCR?
2. d=(dy, do)is the disagreement point, i.e. the results of the failure of negotiation
3. atleast one point (u1, uz) € S exists such that uy > dy and us > da.
We next want to suitably characterize certain agreements in terms of efficiency and fairness.
In fact, even if negotiation is helped by an external entity, it makes sense to select a few
among all possible schedules, in order not to confuse the players with an excessive amount
of information. A solution of a bargaining problem is an application  which assigns to any
problem instance (S, d) a subset of agreements (possibly, a single agreement) ¥ (S, d) € S.
Consider now the following four axioms. which may or may not be satisfied by a certain
solution ¥:
1. (Weak) Efficiency (PAR):
ifs € ¥ (S, d), then thereisnot € Ssuchthatt; > Syand t,> S,
2.  Symmetry (SYM) :
if (S, d) is symmetric, (u1, u2) € ¥ (S, d) if and only if (u1, u2) € ¥ (S, d)
3. Scale Covariance (SC) :
V/\l.)\-_g. Y1, V2 € R such that /\1. Ag = (), if we let S = {()\Jf“ -+ '}[./\-_)Hg + Ahg)
: (ur,up) € S} and d = (Midi+71, Aada+72), then @(S',d') = {(Aug +71,
Aot + ¥9)|(uy, ug) € o(S,d)}
4. Independence of Irrelevant Alternatives (HA) :
if we restrict the bargaining set to a subset S’ such that S’ M (S) # (), then
e(S'.d) = (S.d)yU S
The meaning of these axioms should be apparent. PAR means that if s € ¥ (S, d), then there
is no other agreement such that both agents are better off, i.e., s is Pareto optimal. SYM
implies that whenever the two agents have identical job sets and payoff functions, the
outcome should give both players the same payoff. SC is related to the classical concept of
utility, and states that the solution should not change if we use equivalent payoff
representations. Finally, IIA says that the solution of a problem should not change if some
agreements (not containing the solution) are removed from the bargaining set.
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The classical notion of bargaining problem assumes S be a compact, convex subset of R”.
For this case, Nash [23] proved that if and only if a solution ¥ (S, d) satisfies all four axioms,
then ¥ (S, d) consists of a single agreement 1/ € S, given by:

v=arg max [(u; —di)(us — ds)] (6)

(wy,u2)ES

and ;. is called the Nash bargaining solution (NBS). Since in our case the bargaining set is
indeed a finite set of distinct schedules, the concept of NBS must be suitably extended.
When S is a general, possibly discrete, set, Mariotti [22] showed that if and only if a solution
o~ (S, d) satisfies all four axioms 1-4, then (S, d)is given by

on (S, d) = {(u},u3) € S: (w0} — dy)(uy — da) = max [(uy — dy)(ug — ds)]} @)

The price we pay for this generalization is that (.S, d) may no longer consist of a single
agreement. We still refer to set (.5, d) as the NBS.

So far we considered the payoffs (u1, u2) associated with an agreement. For our purpose, it is
convenient to associate with each agreement a pair of costs (c1,c2), and let S be the set of all
cost pairs. Let now ¢; and ¢» be the costs of the worst agreements for Agent 1 and 2
respectively, i.e.

]

¢ = max{c; : (e, ) € S} 8
<) ®

¢ = max{cy: (€1,02) €

In what follows, we assume that the players' costs in the event of breakdown are given by
¢; and ¢, respectively. This is equivalent to assuming that S also includes the point (¢, &,).
Clearly, this models a situation in which the players are strongly encouraged to reach an
agreement (other than (¢, ¢,)). Letting u; = ¢ — ¢ and %2 = €2 — C2, we can define a
bargaining problem (S, d) in which S is obtained from S by a symmetry with respect to the
point (&, ¢, ), followed by a shift (—&;, —é, ), so that the disagreement point is the origin. In
other words, we use as value function of a given agreement the saving with respect to the
most costly alternative. The disagreement point is hence mapped in (0, 0) and the NBS is
therefore given by

pn(S,(0,0)) = argmax{ujus : (u1,uz) € S}
= argmax {[r'l —a)le2 —e2) i (e e2) € 5} ®

5.2 Application to scheduling problems

Let us now turn to our scheduling scenario. We denote the two players as Agent 1 (having
. L g7l 71 1 1 2_[72 g2 2

job set J© = {J} 5ot Jo, }’) and Agent 2 (with job set J {Jl £ S Jﬂ._) }) We
call 1-jobs and 2-jobs the jobs of the two sets. The players have to agree upon a schedule, i.e.,
an assignment of starting times to all jobs. Agents 1 and 2 are willing to minimize cost
functions ¢'() and ¢*(o) respectively, where 0 denotes a schedule of the n = 11 + n; jobs,
and both cost functions are nondecreasing as each job's completion time increases. Note that
we can restrict our analysis to active schedules, i.e., schedules in which each job starts
immediately after the completion of the previous job. As a consequence, a schedule is
completely specified by the sequence in which the jobs are scheduled. Also, we can indeed
restrict our attention to Pareto optimal schedules only, since it does not appear reasonable
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that the agents ultimately agree on a situation from which penalizes both of them. In order
to find Pareto-optimal schedules, consider the following problem:

{
Yi=0; Q:=+4o00;i:=0
while the problem 1|f? < Q|f' is feasible

{

ii=i+1

o)) := Pareto-optimal solution of 1|f? < Q|f!
Y =% uUsl

Q' = f*(o'")

Q:=Q —

}

Figure 1. Scheme for the enumeration of Pareto optimal schedules

PrROBLEM 1| < Qle' Given job sets J1, J2, cost functions c!( ), ¢2(-), and an integer Q, find
0 *such that

c'(0*) = min{c'(a)|c*(0) < Q}.

Note that if 0 * is not Pareto optimal, a schedule of cost c!( @ *) which is also Pareto optimal
can be found by solving a logarithmic number of instances of l|('2 < Q|<'l. In order to
determine the whole set > of Pareto optimal schedules one can think of solving several
instances of 1|¢? < Q |e!, for decreasing values of Q (see Fig. 1).

A related problem is to minimize a convex combination of the two agents' cost functions [5]:
ProBLEM 1|[A¢’ + (1 — A)c?. Given job sets J1, J2, cost functions c!(?), (), and A € [0,1],
find a schedule o *such that A\¢'(0*) + (1 — A)c*(0™) is minimum.

The optimal solutions to 1||Ac¢! + (1 — \)¢?, which are obtained for varying A, are called
extreme solutions. Clearly, all extreme solutions are also Pareto optimal, but not all Pareto
optimal solutions are extreme. The following proposition holds.

Proposition 1: If problem 1|c* < Q|c' is solvable in time O(g,(n)), and S has size O(gs(n)), then
1||Ac! + (1 — X)c2is solvable in time O(g1(n)gz(n)) for a given A

Recalling (8) and (9), we can now formally define a scheduling bargaining problem. The
bargaining set S consists of the origin d = (0, 0) plus the set of all pairs of payoffs
(ui(e) uzla)) = (e1 —ei(o). ca — o)), for o € X The set of Nash bargaining schedules N is
then

N = {a“ cuy (o )us(o™) = 111__;1\,;{ iy (o)uz(o) }} (10
In order to analyze a scheduling bargaining problem, one is therefore left with the following

questions:
e How hard is it to generate each point in S?
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e How hard is it to generate extreme solutions in S?

e  How large is the bargaining set S?

e How hard is it to compute the Nash bargaining solution?

The answers to these questions strongly depend on the particular cost functions of the two

agents. Though far from drawing a complete picture, a number of results in the literature

exist, outlining a new class of scheduling problems.

In view of (10), the problem of actually computing the set of Nash bargaining schedules is

therefore a nonlinear optimization problem over a discrete set. In what follows, we study

the computational complexity of generating the bargaining set S, for various cost functions

c():

o (maximum of reqular functions) [.«(0) = max;_
nondecreasing in ;.

o (number of tardy jobs) >_Uj(o) = >77, U;(o), where Uj(o) =1 if job J; is late in 0 and
Uj(a) = 0 otherwise.

o (total weighted flow time) >_ w;Cj(o) =3 7L w;Cj(a).

We next analyze some of the scenarios obtained for various combinations of these cost

functions.

w4 fi(Cj(a))}, where each f;(-) is

53 ( 1:I51X5 jlfmx)

This case contains all cases in which each agent aims at minimizing the maximum of non-
decreasing functions, each depending on the completion time of a job. Particular cases
include makespan Cmax, maximum lateness Lmax, maximum tardiness Tmaxand so on.

The problem of finding an optimal solution to 1|7, < Q|f... be efficiently solved by an
easy reduction to the standard well-known, single-agent problem 1|prec| fi..x, which can be
solved, for example, with an O(n2) algorithm by Lawler [19]. Lawler 's algorithm for this
special case may be sketched as follows. At each step, the algorithm selects, among
unscheduled jobs, the job to be scheduled last. If we let T be the sum of the processing
times of the unscheduled jobs, then any unscheduled 2-job .J7 such that f7(7) < () can be
scheduled to end at 7. If there is no such 2-job, we schedule the 1-job .J;! for which f;}(7)is
minimum. If, at a certain point in the algorithm, all 1-jobs have been scheduled and no 2-job
can be scheduled last, the instance is not feasible. (We observe that the above algorithm can
be easily extended to the case in which precedence constraints exist among jobs, even across
the job sets J1 and J2. This may be the case, for instance, of assembly jobs that require
components machined and released by the other agent.)

For each 2ob .JZ, let us define a deadline D? such that f2(C2) < Q for C2 < D? and
fA(CE) = Q for €} = Dj. The job set J2 can be ordered a priori, in non-decreasing order of
deadlines Dy., in time O(n, Tog n). At each step the only 2-job that needs to be considered is
the unscheduled one with largest Df. On the other hand, for each job in J, the
corresponding f)(7) value must be computed. Supposing that each f}(-) value can be
computed in constant time, whenever no 2-job can be scheduled. all unscheduled 1-jobs may
have to be tried out. Since this happens n; times, we may conclude with the following

Theorem 4: Problem 1|2, < Q| [, can be solved in time O(ni + nzlogns).
Using the above algorithm, we get an optimal solution 0* to 1|f2.. < Q|f}... Let
Q)= fL..(e")and Q> = f2, . (c%). In general, we are not guaranteed that 0 * is Pareto

optimal. However, to find an optimal solution which is also Pareto optimal, we only need to
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exchange the roles of the two agents, and solve an instance of 1| f,,,.. < Q*|f7.. in which Q*
is the optimal value of f.,. obtained with the Lawler's algorithm. Since this computation
will require time O(n3 + ny log n, ), we may state the following

Theorem 5: A Pareto optimal solution to Problem 1|f2.. < Q|f}.. can be computed in time
O(n? + nj).

The set of all Pareto optimal solutions (i.e., the bargaining set S) can be found by the
algorithm in Fig.l in which the quantity ¢ must be small enough in order not to miss any
other Pareto-optimal solution. The ¢ to be used depends on the actual shape of the f
functions. If their slope is small, small values of # may be needed. Finally, in [1] it is shown
that the following result holds.

Theorem 6: There are at most nina Pareto optimal schedules in 1|[(f} .. [2..).

As a consequence, and recalling Proposition 1, the problem 1|AfL, . + (1 —\)f

‘f?l.'lx Can be
solved in time O(niny + nynj) for any value of A € [0, 1]. Similarly, from Theorem 6,
finding the Nash bargaining solution simply requires to compute values ui( 7 )ux(7) in
equation (10) for all possible pairs of Pareto optimal solutions, which can be done in time

(){H'frig - ”l”fjl

1 £2
5.4 (Z; C; 1 fme]x)
This case contains all cases in which Agent 1 aims at minimizing the completion time of its

jobs, while Agent 2 wants to minimize the maximum of nondecreasing functions, each
depending on the completion time of the jobs in J2.

54.1 l -Jlrlli.'\x < (2| Z_j (‘,.'I

In this section we show that 1|/i.. < @ Z_; Clis polynomially solvable. Two lemmas
allow us to devise the solution algorithm for this problem.

Lemma 1: Consider a feasible instance of 1 faax < Ql Z_; (;I and let T = P14+ Pa. If there is a
2-job J7 such that [}(T) < Q, then there is an optimal schedule in which .J} is scheduled last, and
there is no optimal schedule in which a 1-job is scheduled last.

Proof. Let 0' be an optimal schedule in which J| is not scheduled last, and let & * be the
schedule obtained by moving .J f in the last position. For any job .J;* other than./ f ,
CX(0") < C(0') and therefore, >_; (;'(0) <>, C;'(0"). In particular, if a 1-job is last
in 0, then )_; C;'(0%) < 2 ;' (0"), thus contradicting the optimality of ¢'. For what
concerns ]f , its completion time is now 7, and by hypothesis ff (7) < @ Hence, due to
the regularity of fZ(-) for all k, the schedule 0 *is still feasible and optimal.

The second lemma specifies the order in which the 1-jobs must be scheduled.

Lemma 2: Consider a feasible instance of 1 frax < @ Z_; (: and let T = P1 + P, If for all 1-
jobs JZ, [2(T) > Q, then in any optimal schedule a longest I-job is scheduled last.

Proof. The result is established by a simple interchange argument.

The solution algorithm is similar to the one in Section 5.3. At each step, the algorithm selects
a job to be scheduled last among unscheduled jobs. If possible, a 2-job is selected. Else, the
longest 1-job is scheduled last. If all 1-jobs have been scheduled and no 2-job can be
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scheduled last, the instance is infeasible. It is also easy to show that the complexity of this
algorithm is dominated by the ordering phase, so that the following result holds.

Theorem 7: !|/5x < @ >_; €} can be solved in time O(n1log n1 + nz2log ny).

The optimal solution obtained by the above algorithm may not be Pareto optimal. The next
lemma specifies the structure of any optimal solution to 1./ max < Q| >~ CJ thus including
the Pareto optimal ones. Given a feasible sequence 7, in what follows we define 2-block a
maximal set of consecutive 2-jobs in 7.

Lemma 3: Given a feasible instance of 1| f2,.. < Q)| Z_}. C'}, for all optimal solutions:

(1) The partition of 2-jobs into 2-blocks is the same

(2) The 2-blocks are scheduled in the same time intervals.

Proof. See [1].

Lemma 3 completely characterizes the structure of the optimal solutions. The completion
times of the 1-jobs are the same in all optimal solutions, modulo permutations of identical
jobs. The 2-blocks are also the same in all optimal solutions, the only difference being the
internal scheduling of each 2-block. Hence, to get a Pareto optimal schedule, it is sufficient
to order the 2-jobs in each 2-block with the Lawler's algorithm [19]. Notice that selecting at
each step the 2-job according to the Lawler's algorithm implies an explicit computation of
the /i(*) functions. As a result, we cannot order the 2-jobs a priori, and the following
theorem holds.

Theorem 8: An optimal solution to 1|2 . < Q| Z_}- C'} which is also Pareto optimal can be

computed in time O(n1 log n1 + n22).

We next address the problem of determining the size of the bargaining set. From Lemma 2
we know that in any Pareto optimal schedule, the jobs of J! are SPT-ordered. As ()
decreases, the optimal schedule for 1f2, . < Q| Z_}. ('} changes. It is possible to prove [1]
that when the constraint on the objective function of agent 2 becomes tighter, the completion
time of no 1-job can decrease. As a consequence. once a 2-job overtakes (i.e. it is done before)
a 1-job in a Pareto optimal solution. As () is decreased, no reverse overtake can occur when
() decreases further. Hence, the following result holds.

Theorem 9: There are at most mn, Pareto optimal schedules in 1| |(Z} C } SR

Finally, in view of Proposition 1 and Theorem 8, one has that an optimal solution to
LAY, CH+ (1= A) f2,., as well as the Nash bargaining solution can be found in time.

55 (Z; ul.r(‘lrl 1 f;)m\)

This case contains all cases in which Agent 1 aims at minimizing the weighted completion
time of his/her jobs, while Agent 2 wants to minimize the maximum of nondecreasing
functions, each depending on the completion time of the jobs in J2. The complexity of the
weighted problem is different from the unweighted cases of previous section. For this
reason we address this case separately from the unweighted one.

551 1/iax < QI 2w, €

We next address the weighted case of problem | frax < Q2 w;C ,l . A key result for the
unweighted case, shown in Lemma 2 is that 1-jobs are SPT ordered in all optimal solutions,
which would be also the optimal solution for the single agent problem 1| ZJ' ( ;J The
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optimal solution for the single agent problem | Z_,' u '.j(r_;! can be computed with the

Smith's rule, i.e., ranking the jobs by nondecreasing values of the ratios ,% . The question
then arises of whether 1-jobs are processed in this order also in the Pareto optimal solutions
of 1 fiax < Q2 w;C ,l . Unfortunately, it is easy to show that this is not the case in general.
Consider the following example.

Example 1: Suppose that set J2 consists of a single job .J; having processing time pi =10, and that
fiw = Ch.. ie, that Agent 2 is only interested in competing his/her job within time () = 20.
Agent 1 owns four jobs J!,.J}, J}, J} with processing times and weights shown in table 1.
Sequencing the 1-jobs with the Smith's rule and then inserting the only 2-job in the latest feasible
position, one obtains the sequence o = {.J},Ji, J3, Ji, Ji}, with f1(a)= 9*6+7*21+4*24+5% 28 =
437, while the optimal solution is o™ = {J}, J}, J}, J}, J1}, with f'(0") = 9*6+5*10+7*25+4*28=
391.

Job || p; | wy
JLi 6] 9
Jls |7
Ji 3|4
Ji | 4|5

Table 1. Data for Agent 1 in Example 1

We note that in the optimal solution of Example 1, Consecutive jobs of Agent 1 are IWSPT-
ordered. Yet it is not trivial to decide how to insert the 2-jobs in the schedule. Indeed even
when there is only one job of Agent 2 and its objective is to minimize [Z,. = (72, the
problem turns out to be binary NP-hard. The reduction uses the well-known NP-hard
KNAPSACK problem.

KNAPSACK. Given two sets of nonnegative integers {u1, uz, -, u,} and {wy, wy, -, wy,}, and
two integers b and W, find a subset SC {1,... ,n} such that DiesUi < band DiesWiis
maximum.

Theorem 10: 1| /.. < Q|22 w;C} is binary NP-hard.

Proof. We give a sketch of the proof, details can be found in [1]. Given an instance of
KNAPSACK, we define an instance of 1|/fu < Q22 w,C] as follows. Agent 1 has n jobs,
having processing times p! = u; and weights W] = w;, i = 1,..., n. Agent 2 has only one
very long job, having processing time B. Also, we set the deadline for the 2-job to b+B. Now,
the completion times of all the 1-jobs ending after the 2-job will pay B. If B is very large, the
best thing one can do is therefore to maximize the total weight of the 1-jobs scheduled before
the 2-job. Since these 1-jobs have to be scheduled in the interval [0,b], this is precisely
equivalent to solving the original instance of KNAPSACK.

5.5.2 Generating extreme solutions

Interestingly, while 1|/ < Q22 w;C} is NP-hard, the corresponding Problem
LADS w; O 4-(1—-A)CE ., can be solved in polynomial time, as observed by Smith and
Baker [5]. First note that, in any Pareto optimal solution, with no loss of generality Agent 2
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may process its jobs consecutively, since it is only interested in its last job's completion time.
Hence, we may replace the 2-jobs with a single (block) job for Agent 2. The processing time
of the block job equals the sum of the processing times of the 2-jobs. Consider now
LADS w; O 4-(1—-N)C .. This problem is now equivalent to the classical (single- agent)
1| 3>~ w;C; with n+1 jobs where Agent 1 jobs have weights Awj, j =1, ..., n, while the
weight of the single 2-job is 1— A. By applying the Smith's rule we may solve the problem in
time O(n log n). Moreover. note that, varying the values of A, the position of the 2-job
changes in the schedule. while the 1-jobs remain in WSPT order. In conclusion, by
repeatedly applying the above described procedure we are able to efficiently generate O(11)
extreme Pareto optimal solutions.

5.5.3 Generating the bargaining set

Despite the fact that the number of extreme solutions is polynomial, Pareto optimal
solutions are not polynomially many.

Lemma 4: Consider an instance 1[5 = Q| 22 w;C ,l in which Agent 2 has a single job of unit
length, while Agent 1 has ny jobs. For each 1-jobi (i € {1, 2, ..., m}=J"), p! = w! =2"-1,
Then, for every active schedule, the quantity C T+t wiCl s constant and equal to
(14 22mt1)

Proof. Given any active schedule 0, consider two adjacent 1-jobs j and k. Let ¢ be the
starting time of job j and t+p; the starting time of job k. The contribution to the objective
function of the two jobs is then w;(t + p;) + wi(t + p; + pi.). Consider now the schedule 0
in which the two jobs are switched: the contribution of the two jobs to the objective function
is now wy,(t + py) + w;(t + pi. + p;). Observe now that w; px = wy p; for any pair of jobs in
J'UJ? (since w; = p; for each job), thus proving that ¢ and @ have the same value of the
objective function. This implies that any active schedule produces the same value of the
quantity € T+ > wiCl. This value can be computed, for example, by considering the
sequence: 7, J{ 3, J.. We have:

m ] mny 2nq My

Ci+Y wCl=1+)Y 272 =1+Y 22 '=1+)Y 20-) 2%
i=1 i=1 i=1 i i

. ny a2 _ «¢ 1 02i-1 . T oa2i—1 211 oy ¢ ny a%i-—1
Since - 2 =212 we can write: > 2 =320 =2%"" 2% Hence,
. n o2i—-1 _ 1 dny ¢ _ 1ia2ny+1 ¢ . .
we obtain: i 27 =3(00112) = 3(2""" = 2). In conclusion, the quantity

v 1 ~1 . 1 2y +1Y .
Ci+ 501wl is equal to 5(1 + 2 I}, and the thesis follows.

Theorem 11: 1| ij < Q| >°w;C} has an exponential number of Pareto optimal solutions.

In order to prove that the instance of Lemma 4 has an exponential number of Pareto optimal
pairs, consider that, for any value 1 < ) < 2", there is a subset of J! whose total length

equals () — 1. This implies that there is a feasible solution to 1|C2 <= @[> w;C'} where

2. = Qand Y w;C! = (1 +2°%") — Q. This is clearly a Pareto optimal solution and
therefore we have 2! Pareto optimal solutions.

Finally, we observe that no polynomial algorithm is known for finding a Nash bargaining
solution in the set of all Pareto optimal solutions and the complexity of this problem is still

open.
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5.6 Other scenarios

In the cases considered above, we observed that when problem 1[f? < Q|f" is poly-
nomially solvable, the number of Pareto optimal solutions is polynomially bounded,
whereas if the same problem is NP-hard there are exponentially (pseudo-polynomially)
many Pareto optima. Nonetheless, no general relationship links these two aspects. As an
example, consider Problem 1|3 U7 < Q| w;C! which is NP-hard (this is a trivial
consequence of Theorem 10). Clearly, the number of Pareto optimal solutions of any
problem of the class 1| > (f < Q|f" cannot exceed ny, for any possible choice of Agent 1
objective.

Table 2 summarizes the complexity results of several two- agent scheduling problems. In
particular, note that the complexity of 1||A > Cj TH(1-N) 2. U; U? is not known yet. In [24] it is
shown that is NP-hard under hlgh multlphClty encoding (see also [6]),
which does not rule out the possibility of a polynomial algorithm for the general case. If this
problem were polynomially solvable, this would imply that 1||)l > C; T+(1-X) Z{ ; is in
P.

In [3], some extensions of the results reported in Table 2 to the case of k agents are
addressed. When multiple agents want to minimize fin.x objective functions, a simple
separability procedure enables to solve an equivalent problem instance with a reduced
number of agents. In Table 3 we report the complexity results for some maximal
polinomially solvable cases.

':_,FI. f"lf Complexity of Size of the Camplerity of
11F% < Q|f! bargaining set X 1AL + (1= A)f°
LI I U-f-'r'f-- .'-.':ln.:; ng) [1] f-;l.u|.u;'- [1] lf.i-:rril.u;'\ n)
(CwyCl, C ) NP-hard [1] exp. |3] O log n ) [5]
(5" ayd ' I.‘. i NP-hard [1] exp. [] NP-hard 5]
rc ' |',", i) Ofnlogn) [1] Onyng) (1] Ointlogn)
(U5, I '>'* Ofnlogn) [1] Clng) (1 Ofn® logn)
'.}_,Il_ll.)_,f _.'. {Nn*) (1] min{ny, na} [1] nt)
(F wll}, T wU%) NP-hard [20, 14] Open NP-hard [20, 14]
(=cl.T=Up) Open® Ofnz) [1] Chpen
':E . ..r'l'. ‘;-_‘I'I;': NP-hard |1 CIna) |1 NP-hard )
3 f" 1‘:-_"l.""' NP-hard [1] exp. [1] (Nnlogn) [5]
(Y w f LuC 'I NP-hard [1 exp. [1] CHnlogn) [5]

*The problem is NP- Hard under high multiplicity encoding [24]
Table 2. Summary of complexity results for decision and Pareto optimization problems for
two-agent scheduling problems

' - ") Complerily of Complerity of
/'S Quee o SE S QU 1| Fiy S
o T— Qv logn) [3] O lozn)
L{ 51— oo v logn) [3] O loz )
(31 - 5.0 Tk an 15, ny) [3 O{n)
xrf ..... L UT, S B k) O(L bt s [15y 05 + nlogn) (3] Q(n?)

Table 3. Maximal polynomially solvable cases of multi-agent scheduling problems
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6. Single resource scheduling with an arbitrator

In this section we briefly describe a different decentralized scheduling architecture, making
use of a special coordination protocol. A preliminary version of the results presented here
are reported in [2]. The framework considered is the same described in Section 5.2. Again,
we consider a single machine (deterministic, non-preemptive) scheduling setting with two
agents, owning job sets J1 = { A, . ... Anaypand J2= {By.... B, )} respectively. Each agent
wants to optimize its own cost function.

In this scenario, the agents are not willing to disclose complete information concerning their

jobs to the other agent, but only to an external coordination subject, called arbitrator. The

protocol consists of iteratively performing the following steps:

1. Each agent submits one job to the arbitrator for possible processing.

2. The arbitrator selects one of the submitted jobs, according to a priority rule R, and
schedules it at the end of the current schedule. We assume the current schedule is
initially empty.

The priority rule is public information, whereas jobs characteristics are private information

of the respective agent. The information disclosed by the agent concerns the processing time

and/or other quantities relevant to apply the priority rule. After the job is selected and
scheduled, its processing time is communicated also to the other agent.

Let f” : { C 'f* cie Jh } — IR, be the cost function Agent i1, h = 1,2, wants to minimize. We

next report some results concerning the following cases for f"(-):

1. total completion time »_, , C!;

2. total weighted completion time %", | w;(

3. number of latejobs >, , U/

As for the arbitrator rules R, we consider

1. Priority rules SPT, WSPT, and EDD if the arbitrator selects the next job to be scheduled
between the two candidates according their minimum processing time, weighted
processing time, and due date, respectively.

2. Round-Robin rule RR: if agents' jobs are alternated.

3. k-R: a hybrid rule where at most k consecutive jobs of the same agents are selected
according to rule R.

In the following, we indicate the problem where the agents want to minimize cost functions

f'(-) and f?(-) and the arbitrator rule is R, as 1|R| f', f*

Example 2: Consider the two job sets in Table 4- Suppose the arbitrator has a rule R = EDD. Then,

it will choose the earliest due date job between the two candidates. If the job is late in the sequence it is

cancelled from the schedule. The resulting sequence is illustrated in Table 5.

‘e and

i

I-jobs 1 2 3 2-jobs 1 2 3
d 3 6 12 2 5 7 20
pi 2 2 5 P2 3 2 9

Table 4. Job sets of Example 2

On this basis, one is interested in investigating several scenarios, for different objective
functions f1, f2 and arbitrator rules R. In particular, it is of interest to analyze the deviation
of the resulting sequence from some "social welfare" solution (whatever the definition of
such solution is). Of course, in an unconstrained scenario, one agent, say Agent 1, could
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improve its objective function penalizing the objective of Agent 2 and the global
performance. This would obviously occur if Agent 1 were free to decide the schedule of its
jobs. As a consequence, one may ask if arbitrator's rules exist that make a fair behavior
convenient for both agents.

In the remainder of this section, we are addressing the latter problem in different scenarios,
assuming as a social welfare solution one which minimizes the (unweighted) sum of the cost
functions of the two agents.

Definition 1: Given objective functions ['(-) and f*(-) for the two agents, a global optimum is a
sequence of J" U J* minimizing the sum of the two objectives fi + f2.

Definition 2: Given objective functions f'(-) and f*(-) for the two agents, and the priority rule
R, an R -optimum is a sequence of J' U .J? minimizing the sum of the two objectives f + f2,
among all the sequences which can be obtained applying rule R.

Early jobsofe Ay By By Ay

Start. time 0 3 5

Compl. time 3 5 T 12
Table 5. Resulting sequence of Example 2

Definition 3: Given the objective function f"(-) of Agent h (h =1,2), and the priority rule R, a h-
optimum is a sequence of jobs in J' U J* that minimizes f', among all the sequences which can be
obtained applying rule R.

6.1 WSPT rule

We start our analysis with 1|WSPT|>" w!C! > w?C?, that is the problem where both
agents want to minimize their total (weighted) completion times and the arbitrator selects
the next job choosing the one with the smallest processing time over weight ratio. Hereafter
this ratio is referred to as density 0;. For a job i, with processing time p; and positive weight

S . . . . . : .
wi, 0i = . In classical single machine scheduling, a sequence of jobs in non-decreasing
i

order of density (WSPT-order) minimizes »_; wiCi, By standard pairwise interchange
arguments, it is easy to prove the following:

Proposition 4: In the scenario 1|\WSPT|Y", w!C!. > w?C?, if both agents propose WSPT-
ordered candidate jobs, the resulting sequence is 1- optimal, 2-optimal, R -optimal and globally
optimal.

2

i

B wspr s

UB HB
B
a
-— |7
B

Figure 2. Schedule ¢ is a Nash Equilibrium
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Note that if we view the scenario 1|WSPT|Y w!C!, > w;C? as a game in which each
agent's strategy is the order in which the jobs are submitted, Proposition 4 can be
equivalently stated saying that the pair of strategies consisting in ordering the jobs in WSPT
is the only Nash equilibrium.

6.2 Round Robin rules

We call round-robin schedule a schedule where the jobs of the two agents are alternating. In
this section, we deal with the problems arising when the arbitrator selects the candidate jobs
according to a rule R =RR, i.e., the only feasible schedules are round-robin schedules. Note
that this embodies a very simple notion of fairness: the agents take turns in using the
resource.

For simplicity, in the following we assume an equal number of jobs 11 = 1y = n for the two
agents. With no loss of generality, we also suppose that each agent's jobs are numbered by
nondecreasing length, pﬂ’ < pﬂ’_ pforalli=1,.,n—land h=12.

6.21 1|RR|>, CH . C?
When the agents want to minimize their total completion times among all possible round-
robin rules, their strategy simply consists in presenting their jobs in SPT-order. Again by
standard pairwise interchange arguments, one can show that the following propositions
holds.
Proposition 5: In the scenario 1|RR|>,C!. >, C7, if both agents propose SPT-ordered
candidate jobs, the resulting sequence is 1-optimal, 2-optimal and RR-optimal.
Let 0 be the RR-optimal schedule. Since it may not be globally optimal, we want to
investigate the competitive ratio of 0 pp, i.e., the largest possible ratio between the cost of the
RR-optimal schedule 0, and the optimal value for an unconstrained schedule of the same
jobs.
Let us denote with
e OPTspr the cost of a global optimum of 1 | 2 icuge Ci
o cspr(A) the cost of an optimal solution of 1| >~ ;1 €

cspr (B) the cost of an optimal solution of 1|| . ;1 C;
e OPTrg: the total cost of 07, p.
The following proposition holds.
Proposition 6: OPTrr < 20PTspr
Proof sketch. It suffices to note that OPTrr < 2cspr(A) + 2cspr(B) < 20PTspr.

2e 2ke n—k—1 jobs

- - —- ) -— B BEm—
+||||||||+ I b
ke

-

(n —k)e

Figure 3. Istance with O(n) competitive ratio. The case with n - k - 1 < k is depicted
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6.2.2 1|k-R[>,Cl 3, C?

Hereafter, we consider a generalization of the round-robin rule. The arbitrator selects one
between the two candidate jobs according rule R, but no more than k consecutive jobs
of the same agent are allowed in the final sequence. We call k round-robin (briefly, k-RR) a
schedule produced by the above rule. (Note that for k = 1 we reobtain round-robin
schedules.)

Let us denote by o_5 a k-R -optimal schedule. One may show very easily that

Proposition 7: In the scenario 1| k-R|>",C!. > C?; if both agents propose SPT-ordered
candidate jobs, the resulting sequence is 1- optimal, 2- optimal and k — RR -optimal.

However, unlike the round-robin case, the competitive ratio

cost(o}_r)
OPTspr

for general values of k may be arbitrarily bad. The example illustrated in Figure 3, for
sufficiently large values of M and small enough positive =, has a O(n) ratio.

6.3 EDD rules
We conclude this section with an example in which /R = EDD, i.e., the arbitrator schedules

the most urgent between the two submitted. It is interesting to note as this rule may produce
arbitrarily bad sequences in scenario 1| EDD|>" Ul 3. U?,

Consider the instance of 1|EDD|>". U'. 3. U? reported in Table 6, where n >> m >> 1.
Figure 4 illustrates a global optimum. Note that there are m + 1 tardy jobs for Agent 1 and 0
for Agent 2.

[1gobs [ 1 2] 3 ... m+2 m+ 3
P 1 2n 3 . 3 2
d 2 2 (2n+4 ... 2n+3m+1|2n+3m+4
Al A2 Al e Amt2 Alast
2-jobs | 1 2 n+1 | n+2 ... m+n+1 m+n+ 2
P I 2 2 3 o 3 1
d' 1 | 2n+2 ... 2n+2|(2n+5 ... 2n+3m+2 | 2n+3m+5
B! B B B’ e B’ Blast

EDD|>, U}, 3. U?

A 1-optimal schedule is obtained if Agent 1 just skips Al in the list of candidate jobs, and
submits all the others, from 2 to m + 3. The resulting schedule is illustrated in Figure 5: in
this case there are n + m + 1 tardy jobs and just one job of Agent 1 is tardy. Hence, again the
competitive ratio is O(n). In such situations, the coordination rule turns out to be ineffective

Table 6. An instance of 1
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and a preliminary negotiation between the two agents seems a much more recommendable
strategy to obtain agreeable solutions for the two agents.

Bl A'B B B B’ _ Blast
:2 2*.*';..:—1— 2 2n + 3m +:2 2n :+ 3m+5
Figure 4. Globally optimal schedule for the instance of Table 6
B] _ _ J Blemt.
L : L
m+1 M+3m+1 2n+3m+4

Figure 5. 1-optimal schedule for the instance of Table 6

7. Conclusions

In this chapter we have described a number of models which are useful when several agents

have to negotiate processing resources on the basis of their scheduling performance.

Research in this area appears at a fairly initial stage. Among the topics for future research

we can mention:

e An experimental comparison of different auction mechanisms for scheduling problems,
in terms of possibly addressing general systems (shops, parallel machines...)

e Analyzing several optimization problems, related to finding "good" overall solutions to
multi-agent scheduling problems

e Designing and analyzing effective scheduling protocols and the corresponding agents'
strategies.
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1. Introduction

In this chapter, we consider some practical scheduling problems under unavailability
constraints (breakdown periods, maintenance durations and/or setup times). Such
problems can be met in different industrial environments and be associated to numerous
real-life applications. This explains why many researchers have become interested in this
subject. We aim to present the recent approaches proposed to solve these problems and to
discuss their performances. This family of scheduling problems, addressed in this chapter,
has been intensively studied (Kacem [8], Lee [17], Schmidt [24]). The studied criteria in this
chapter are related to the flowtime minimization (the weighted and unweighted cases). The
chapter is organized in two main parts. The first part focuses on the single machine
scheduling problem (see Section 2). The second part is devoted to the parallel machine
scheduling problem (see Section 3). In each part, we present the main contributions and
explain their principles (complexity results, heuristic algorithms and their worstcase
performance, existing approximation schemes, exact methods, branch-and-bound
algorithms, dynamic programming, integer linear models, lower bounds. . .). Finally, Section
4 concludes the paper.

2. The single machine case

The minimization of the total completion time on a single machine with a fixed non-
availability interval (denoted 1, hi|n — res| > C;), is NP-Hard according to Adiri et al. [1]
and Lee and Liman [18]. Several references proposed exact and heuristic methods (a sample
of these papers includes Adiri et al. [1]; Lee and Liman [18]; Sadfi et al. [21] and Breit [3]).
Numerous researchers addressed the problem of scheduling jobs and maintenance tasks
together on a single machine (a sample of them includes Qi et al. [20] and Chen [4] who
addressed the total flow-time minimization). Others recent references focused on the shop
scheduling problems (parallel-machine, flow shop and job shop problems) and designed
exact and heuristic approaches to solve them (Lee and Liman [19]; Lee [16]; Schmidt [24];
Lee [17]).

This first part of this chapter addresses the following problem. We have # jobs {J1, ]2, ..., ]} to
schedule on a single machine. To every job i it is associated a processing time p; and a
weight w;. The machine is unavailable during a fixed interval [T1, T>) and it can process at
most one job at a time. We assume that all data are integers and that jobs are sorted
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according to the WSPT rule (i.e., f—ll < i% S5 o S f—:) It is well-known that the WSPT
order is dominant (i.e., every optimal solution is composed of two sequences such that jobs
are scheduled in the WSPT order in each sequence). The objective function to minimize is
the total weighted completion time (flow-time).

It is easy to verify that the studied problem (noted P) can be solved optimally by the WSPT
rule (Smith [25]) if the total processing time is less than Ti.

In the remainder of this chapter, ¥*(T) represents the minimal weighted flow-time for the

problem 7 and ¥0 () is the weighted flow-time of sequence o for problem 7. We also
define the non-availability interval length as follows: AT=T,-Ti.

Moreover, we define (g+ 1) as the critical job in the WSPT sequence, ie., @, <Ti
and @g+1 > T1. Finally, let Qk and & be the variables defined as follows:

’
Qe=2_p (1)

§=T,-Q, @

Theorem 1 ([1]-[18]) The problem 1, hy|n — res| > C; is NP-Hard.

Theorem 2 [18] The problem 1, hi|res| " C; can be optimally solved using the Shortest Remaining
Processing Time rule.

Theorem 3 [18] The problem 1, hy|res| > w;C; is NP-Hard.

2.1 Mixed Integer Programming (Kacem, Chu and Souissi [12])
Kacem, Chu and Souissi proved that the problem P can be formulated using the following
mixed integer model:

(S): Mm.*'m.i:r’z: w;C;
i=1

Subject to:

i—1

Ciz(1—-) (T-.’ + Z;U_;) =Y ap; Vi<i<n ®3)
j=1

Jj=1

Ci = Z;L'jf)j Vi<i<n @)
J=1
Z zip; <1y 5)
J=1

where x; € {0, 1} Vi € {1, 2, .., n}. Note that x; = 1 if job i is scheduled before T1 and x; = 0 if
job i is scheduled after T>.
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The first constraint (3) determines the completion time C; of job i if it is performed after T.
Constraint (4) gives this completion time if job i is performed before Ty. Finally, constraint
(5) represents the workload constraint for processing jobs before the fixed non-availability
interval.

2.2 Branch-and-bound procedures ([12]- [13]-[21])

The first branch-and-bound algorithm was proposed by Sadfi et al. [22] for solving the

unweighted case (w; = 1 for every job i). The algorithm is based on the SRPT lower bound

and the MSPT heuristic proposed by Sadfi et al. [21]. As it is mentioned before, the problem

consists to find two subsets: the subsets of jobs to be scheduled before and after the non-

availability interval. Each subset respects the SPT order. Therefore, the branching scheme is

based on considering the two possibilities of assignment for every job.

Kacem and Chu [13] and Kacem et al. [12] considered the weighted case. Similarly, the

problem is also reduced to determine if every job has to be scheduled before or after the

unavailability period. Obviously, in the optimal solution, the subset of jobs scheduled before

T1 and the subset of jobs scheduled after T are performed in the WSPT order. Consequently,

every node is represented by the following elements:

e the number of scheduled jobs denoted by k,

e  a partial assignment vector: PA = {ay, ay, ..., &} witha; € {0, 1} Vi<kanda; =1ifjobiis
performed before T7 and a; = 0 otherwise,

e alower bound LB formulated in Equation 11.

The upper bound UB is obtained by taking the best result yielded by some heuristics

(described later in this chapter). At each new branching step, one explore two possibilities;

the first one is to perform job (k + 1) before Ty (a+1 = 1) and the second possibility is to

schedule it after T> (a+1 = 0). If the lower bound is greater than the current upper bound,

then the corresponding node is removed.

In the remainder of this subsection, we present the major results (i.e., the lower bounds)

proposed in the above branch-and-bound algorithm. The heuristics used in such an

algorithm will be described later in this section.

Theorem 4 (Wang et al. [26], Lee [16]) Let P’ denote the resumable scenario of problem P.

Therefore, the following relation holds: wes1 AT 2 Piysgpr (P7) - P*(P) where WSRPT (Weighted

Shortest Remaining Processing Time) is the rule that consists in scheduling jobs according to the

WSPT order under the resumable scenario.

Example 1 We consider the following four-job instance: p1 = 2; w1 =4; p2=3; w2 =5; p3 =2, w3 =

S pi=Lws=1T1 =6 AT = 2. Given this instance, we have: g + 1 = 3. Figure 1 shows the

schedules obtained by using the WSPT and the WSRPT rules.
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WSPT schedule 51
«—>
0 2 5 6 8 1011
WSRPT schedule
0 2 5 6 8 9 10

Figure 1. Illustration of the rules WSPT and WSRPT

From Theorem 4, we can show the following proposition.
Proposition 1 ([26], [16]) Let

g+1 T
by =Y wQi+ Y wi(Q;+AT) ©)
i=1 i=g+2

The quantity Ib; is a lower bound on the optimal weighted flow-time for problem P.
Theorem 5 (Kacem, Chu and Souissi [12]) Let

g+1

n AT

lby = Z w;Q; + Z w; (Q; + AT) + u-‘_q+1ﬁ (Pg+1—0) @)

i=1 i=g+2 g
The quantity Ib; is a lower bound on the optimal weighted flow-time for problem P and it
dominates Ib;.
Theorem 6 (Kacem and Chu [13]) For every instance of P, the lower bound b, is greater than lbo
(Iby denotes the weighted flow-time value obtained by solving the relaxation of the linear model by
assuming that x; € [0, 1]).
In order to improve the lower bound /b, Kacem and Chu proposed to use the fact that job
(g+1) must be scheduled before or after the non-availability interval (ie., either
Cys1 2 To + pyy1 or Cyiq < T must hold). By applying a clever lagrangian relaxation, a
stronger lower bound b3 has been proposed:
Theorem 7 (Kacem and Chu [13]) Let

. y . AT
by =t min (X (5 A7) Xy =0) (142 ) @

Pg+1 Pg+1

. Wyp1 — B, o if job (g +2) exists
with A = : Pg+z °
l .
Wy otherwise

z
and )\z = }__;’H,“_,q — Wy
(N :
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The quantity Ibs is a lower bound on the optimal weighted flow-time for problem P and it dominates

Ib>.

Another possible improvement can be carried out using the splitting principle (introduced

by Belouadah et al. [2] and used by other authors [27] for solving flow-time minimization

problems). The splitting consists in subdividing jobs into pieces so that the new problem can

be solved exactly. Therefore, one divide every job i into n; pieces, such that each piece (i, k)

has a processing time p’:"' and a weight ’U,'_f" (V1 < k < n), with p; = > 1, p¥ and

. ik ' '

w; =) L wy

Using the splitting principle, Kacem and Chu established the following theorem.

Theorem 8 (Kacem and Chu [13)) Index z1 denotes the job such that QQ=, > T\ — pg+1 and
z2—1 Iy

Q:—1 < Ty — pgy1 and index z denotes the job such that ;i_wz Pi <0 and

zo—1

Z?i_q-p) Pi > 0. We also define 5) =11 — pys1 — Q.y—y and 02 =0 — > it g2 Pi. Therefore,
the quantity Iby = min (y1, y2) is a lower bound on the optimal weighted flow-time for P and it
dominates lbs, where

z—1 g
Wy,
v = Z “-‘-;'Q-i + Z wy (AT - Pg+1 + Q:) + » 01 (Tl — [?5,4_1)
i=1 i=21+1 1
n w. )
+wy1 Ty + Z w; (AT + Qi) + — (p, = 61) (T2 +p2,)
i=g+2 Pz ©9)
and
g z2—1 5
2,
T2 = ; w;Q; + ,-:;2 w; (Qi — Pgs1) + Wy o Ty 4 wgsr (T2 + pg1)
. Pz — ‘52 . ) i
+U-'::2p— (-TE + Pg+1 + p:g) + Z wy (AT + Q,)

z2 PR (10)

By using another decomposition, Kacem and Chu have proposed another complementary
lower bound:
Theorem 9 (Kacem, Chu and Souissi [12]) Let

) )
H)c, = ”}2 + AT ('U.-‘y 1 — \"H,-'y| I—J ) .
Pg+1 Pg+1

The quantity Ibs is a lower bound on the optimal weighted flow-time for problem P and it dominates
1by.

In conclusion, these last two lower bounds (Ibs and Ibs) are usually greater than the other
bounds for every instance. These lower bounds have a complexity time of O(n) (since jobs
are indexed according to the WSPT order). For this reason, Kacem and Chu used all of them
(Iby and Ibs) as complementary lower bounds. The lower bound LB used in their branch-and-
bound algorithm is defined as follows:

LB = max {lby, b5} (11)
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2.3 Approximation algorithms

2.3.1 Heuristics and worst-case analysis

The problem (1, hiy|n—res| > w;C;) was studied by Kacem and Chu [11] under the non-
resumable scenario. They showed that both WSPT! and MWSPT? rules have a tight worst-
case performance ratio of 3 under some conditions. Kellerer and Strusevich [14] proposed a
4-approximation by converting the resumable solution of Wang et al. [26] into a feasible
solution for the non-resumable scenario. Kacem proposed a 2-approximation algorithm
which can be implemented in O(n2) time [10]. Kellerer and Strusevich proposed also an
FPTAS (Fully Polynomial Time Approximation Scheme) with O(n#/¢€2) time complexity [14].
WSPT and MWSPT These heuristics were proposed by Kacem and Chu [11]. MWSPT
heuristic consists of two steps. In the first step, we schedule jobs according to the WSPT
order (g is the last job scheduled before Ti). In the second step, we insert job i before Ty if p;
< & (we test this possibility for eachjobi & {g + 2, g + 3, ..., n} and after every insertion, we
setd «— 0 — py).

To illustrate this heuristic, we consider the four-job instance presented in Example 1. Figure
2 shows the schedules obtained by using the WSPT and the MWSPT rules. Thus, it can be
established that: Pispr (P)= 74 and Pywser (P)= 69.

Remark 1 The MWSPT rule can be implemented in O (n log (n)) time.

Theorem 10 (Kacem and Chu [11]) WSPT and MWSPT have a tight worst-case performance
bound of 3 if At < MaXy<i<gy i1 Pi. Otherwise, this bound can be arbitrarily large.

WSPT schedule 5=1
«—
0 2 5 6 8 1011
MWSPT schedule
0 2 5 6 8 10

Figure 2. Illustration of MWSPT

MSPT: the weighted and the unweighted cases The weighted case of this heuristic can be
described as follows (Kacem and Chu [13]). First, we schedule jobs according to the WSPT
order (g is the last job scheduled before T1). In the second step, we try to improve the WSPT
solution by testing an exchange of jobs i and j if possible, where i =1,..., g and j = g+1,..., n.
The best exchange is considered as the obtained solution.

Remark 2 MSPT has a time complexity of O (n3).
To illustrate this improved heuristic, we use the same example. For this example we have:

1 WSPT: Weighted Shortest Processing Time
2 MWSPT: Modified Weighted Shortest Processing Time
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g+ 1 =3. Therefore, four possible exchanges have to be distinguished: (1 and ), (J1 and Ju),
(J2 and J3) and (J2 and J,). Figure 3 depicts the solutions corresponding to these exchanges. By
computing the corresponding weighted flow-time, we obtain Puspr (P)=¥wser (P).

The weighted version of this heuristic has been used by Kacem and Chu in their branch-
and-bound algorithm [13]. For the unweighted case (w; = 1), Sadfi et al. studied the worst-
case performance of the MSPT heuristic and established the following theorem:

Theorem 11 (Sadfi et al. [21]) MSPT has a tight worst-case performance bound of 20/17 when
w;=1 for every job i.

Recently, Breit improved the result obtained by Sadfi et al. and proposed a better worst-case
performance bound for the unweighted case [3].

WSPT schedule

+—>

0 2 5 6 8 10 11

Exchange J; and J3

0 3 5 10 11

(@)}
e o]

Exchange J; and Jy

0 3 4 6 8 10 12
Exchange J, and J3

0 2 4 6 8 11 12
Exchange J, and Jy

0 2 3 6 8 11 13

Figure 3. Illustration of MSPT for the weighted case
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Critical job-based heuristic (HS) [10] This heuristic represents an extension of the one
proposed by Wang et al. [26] for the resumable scenario. It is based on the following
algorithm (Kacem [10]):

i. Letl=0and G =0.

ii. Let 7 (i, ]) be the ith job in ] - G; according to the WSPT order. Construct a schedule 0; =
(m@ ), 720 .m0, G m™(gl+11), ., n-|Gl, 1) ) such that
chg, Pi +Zf’£z Pripy <11 and Z;eg; pi+ ngl}ﬂ Priin) > 11 where jobs in G;
are sequenced according to the WSPT order.

ii. If E,;Fg, Pi + Prey+10) < 11, then: Gy = {7 (g()+1,)}UG; 1 =141 go
to step (ii). Otherwise, go to step (iv).

iv. ¢us(P) = ming<p< {‘?90:. ('P)}

Remark 3 HS can be implemented in O (n2) time.

We consider the previous example to illustrate HS. Figure 4 shows the sequences 0" (0 < h <

1) generated by the algorithm. For this instance, we have [ = 2 and ¥us (P) = Pwser (P).

Schedule o,

6=1

+—>
0 2 5 6 8 10 11
Schedule o,
0 2 4 6 8 11 12
Schedule o,
0 3 5 6 8 10 11

Figure 4. Illustration of heuristic HS

Theorem 12 (Kacem [10]) Heuristic HS is a 2-approximation algorithm for problem S and its
worst-case performance ratio is tight.

2.3.2 Dynamic programming and FPTAS

The problem can be optimally solved by applying the following dynamic programming
algorithm AS, which is a weak version of the one proposed by Kacem et al [12]. This
algorithm generates iteratively some sets of states. At every iteration k, a set Zx composed of
states is generated (1 < k < n). Each state [t, f] in Z\ can be associated to a feasible schedule
for the first k jobs.
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Variable ¢ denotes the completion time of the last job scheduled before T; and f is the total
weighted flow-time of the corresponding schedule. This algorithm can be described as
follows:
Algorithm AS
i. Set Z, = {[O, TU1(T2 + p1)] , [p1, ZU1p1]}.
ii. Fork € {23, .., n}

For every state [t, f] in Zy 1:

1) Put [t- f+wi(Ta + Zle pi = f)} in 2y
2) Put [t + pi, [+ wi (t + pi)]in Zuif t+ pe< T

Remove Z
iti.  P*(P) = ming, ge 20 {f}-
Let UB" be an upper bound on the optimal weighted flow-time for problem (P). If we add
the restriction that for every state [t, f] the relation f < UB" must hold, then the running time
of AS can be bounded by nT;UB" (by keeping only one vector for each state). Indeed, t and f
are integers and at each step k, we have to create at most T{UB" states to construct Zj.
Moreover, the complexity of AS is proportional to Z:_] | Z5|.
However, this complexity can be reduced to O (1nTi) as it was done by Kacem et al [12], by
choosing at each iteration k and for every f the state [¢, f] with the smallest value of f.
In the remainder of this chapter, algorithm AS denotes the weak version of the dynamic
programming algorithm by taking UB" = ¥ps (P), where HS is the heuristic proposed by
Kacem [10].
The algorithm starts by computing the upper bound yielded by algorithm HS.
In the second step of our FPTAS, we modify the execution of algorithm AS in order to
reduce the running time. The main idea is to remove a special part of the states generated by
the algorithm. Therefore, the modified algorithm AS' becomes faster and yields an
approximate solution instead of the optimal schedule.
The approach of modifying the execution of an exact algorithm to design FPTAS, was initially
proposed by Ibarra and Kim for solving the knapsack problem [7]. It is noteworthy that
during the last decades numerous scheduling problems have been addressed by applying
such an approach (a sample of these papers includes Gens and Levner [6], Kacem [8], Sahni
[23], Kovalyov and Kubiak [15], Kellerer and Strusevich [14] and Woeginger [28]-[29]).

nL.éﬂ my = {ﬂ] me = [é] & = eus(P)

. . . I
Given an arbitrary ¢ > 0, we define LB = =

; T
and 0, = =

ma*

[(r — 1)87, 1Y), <r<m, Of length &'1. We also split the interval [0, Ti] into m> equal

We split the interval [0, ¥us (P)] into m; equal subintervals I} =

subintervals 1’;’ =[(s—1) ;2-.3’5!2] 1<s<my Of length &5 The algorithm AS'. generates

reduced sets Z:a instead of sets Z;. Also, it uses artificially an additional variable w* for
every state, which denotes the sum of weights of jobs scheduled after T» for the
corresponding state. It can be described as follows:

Algorithm AS'

i set Z7 ={[0,wi (T2 +p1),wi], [pr, wip1, 0]},
ii. Forke {23, ..,1n},
For every state [, fw*] in 2 f_ I
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1) Put [t-. fHw(Ta+ X, pi— t),wt + ?L‘;\,] in 2}
2) Put [t + pg, f + wg (t + pi) ,w']in Z;:{a ift+p <T)

Remove Z;_;

Let [t, fw*],s be the state in Zfﬁ such that f € I'and t €I? with the smallest possible
t (ties are broken by choosing the sate of the smallest f). Set Zf& .
{[t.f, w1 <r<m,1<s< mg},

iii.  Pas; (P) =ming ;o2 {f}.

The worst-case analysis of this FPTAS is based on the comparison of the execution of
algorithms AS and AS'.. In particular, we focus on the comparison of the states generated by
each of the two algorithms. We can remark that the main action of algorithm AS' consists in
reducing the cardinal of the state subsets by splitting [0, ¢ (P)] x [0,T}] into mim
boxes f.,l. X I? and by replacing all the vectors of Z; belonging to f.,l. x I? by a single
"approximate" state with the smallest .

Theorem 13 (Kacem [9]) Given an arbitrary € > 0, algorithm AS' can be implemented in O (n2/€2)
time and it yields an output P As! (P) such that: Yase (P) = (Py<1+e
From Theorem 13, algorithm AS'. is an FPTAS for the problem 1, iy |n — res| Y w;C;.
Remark 4 The approach of Woeginger [28]-[29] can also be applied to obtain FPTAS for this
problem. However, this needs an implementation in O (|I|3n3/¢€3), where |I| is the input size.

3. The two-parallel machine case

This problem for the unweighted case was studied by Lee and Liman [19]. They proved that
the problem is NP-complete and provided a pseudo-polynomial dynamic programming
algorithm to solve it. They also proposed a heuristic that has a worst case performance ratio
of 3/2.

The problem is to schedule 7 jobs on two-parallel machines, with the aim of minimizing the
total weighted completion time. Every job i has a processing time p; and a weight w;. The
first machine is available for a specified period of time [0, T1] (i.e., after Ty it can no longer
process any job). Every machine can process at most one job at a time. With no loss of
generality, we consider that all data are integers and that jobs are indexed according to the
WSPT rule: f:—ll < f% <. < f:—: Due to the dominance of the WSPT order, an optimal

solution is composed of two sequences (one sequence for each machine) of jobs scheduled in
non-decreasing order of their indexes (Smith [25]). In the remainder of the paper, (P)
denotes the studied problem, ¥* (Q) denotes the minimal weighted sum of the completion
times for problem Q and ¥s (Q) is the weighted sum of the completion times of schedule S
for problem Q.

3.1 The unweighted case

In this subsection, we consider the unweighted case of the problem, i.e., for every job i, we
have w; = 1. Hence, the WSPT order becomes: p1 <p2 < ... < py.

In this case, we can easily remark the following property.

Proposition 2 (Kacem [9]) If 1" | p; < 2T, then problem (P) can be optimally solved in
O(nlog (n)) time.
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Based on the result of Proposition 2, we only consider the case where E:; 1 Di > 2T

3.1.1 Dynamic programming
The problem can be optimally solved by applying the following dynamic programming
algorithm A, which is a weak version of the one proposed by Lee and Liman [19]. This
algorithm generates iteratively some sets of states. At every iteration k, a set }}, composed of
states is generated (1 < k < n). Each state [¢, f] in V}, can be associated to a feasible schedule
for the first k jobs. Variable ¢ denotes the completion time of the last job scheduled on the
first machine before T; and f is the total flow-time of the corresponding schedule. This
algorithm can be described as follows:
Algorithm A
i Set Vi ={[0,p],[p1, ]}
ii. Fork e {23, .., n},

For every state [t, f] in Vie_1:

1) Put [T f+Xpi- ?‘] in V.

2)Put [t + pg, [+t 4+ pi]in Vyift+pe< T

Remove Vi1
iii. ¥*(P)=ming ey, {f}
Let UB be an upper bound on the optimal flow-time for problem (P). If we add the
restriction that for every state [¢, f] the relation f < UB must hold, then the running time of A
can be bounded by nT;UB. Indeed, t and f are integers and at each iteration k, we have to
create at most T1UB states to construct V.. Moreover, the complexity of A is proportional to
Z:=1 |Vl.
However, this complexity can be reduced to O (nT1) as it was done by Lee and Liman [19],
by choosing at each iteration k and for every f the state [¢t, f] with the smallest value of f. In
the remainder of the paper, algorithm A denotes the weak version of the dynamic
programming algorithm by taking UB = ¥y (P), where H is the heuristic proposed by Lee
and Liman [19].

3.1.2 FPTAS (Kacem [9])

The FPTAS is based on two steps. First, we use the heuristic H by Lee and Liman [19]. Then,
we apply a modified dynamic programming algorithm. Note that heuristic H has a worst-
case performance ratio of 3/2 and it can be implemented in O(n log (1)) time [19].

In the second step of our FPTAS, we modify the execution of algorithm A in order to reduce
the running time. Therefore, the modified algorithm becomes faster and yields an
approximate solution instead of the optimal schedule.

Given an arbitrary & > 0, we define LB = Eﬂq(ﬂ G = {%] go = [§‘| 0 = fﬂqfﬂ and

<0
of length 61. We also split the interval [0, Ti] into ¢» equal subintervals
I? = (s — 1)ds, -"'52]1{_“;;,2 of length 6o.

Our algorithm A'e generates reduced sets Vf instead of sets ). The algorithm can be
described as follows:

02 = ?T} We split the interval [0, s (P)] into g1 equal subintervals I} = [(r = 1)01.791], .
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Algorithm A',

i. Set Vl# ={[0,p1], [p1, 7]}
ii. Fork € {23, .., n}

For every state [t, f] in Vf_l

1) Put [t-. [+ (Zle pi — f)] in V::’é

2) Put [t + pe f+ (4 pi)lin Vi i t+ pi<Ty
Remove Vf_l

Let [t, f]..s be the state in Vf such that f € [ ,! and t €] E with the smallest possible ¢ (ties are
broken by choosing the state of the smallest f).

s Vi {t fllSr<a1<s<a)}
iii. Par (P) = mi“[g!fjevf {f}.

The worst-case analysis of our FPTAS is based on the comparison of the execution of
algorithms A and A'e. In particular, we focus on the comparison of the states generated by
each of the two algorithms. We can remark that the main action of algorithm A'. consists in
reducing the cardinal of the state subsets by splitting [0, @5 (P)] x [0, T1] into g142 boxes

I} x I? and by replacing all the vectors of )), belonging to [} X I? by a single
"approximate" state with the smallest .

Theorem 14 (Kacem [9]) Given an arbitrary € > 0, algorithm A'. can be implemented in O (n3/€2)

time and it yields an output © ar (P) such that: ¥4z (P)/¢*(P)<1+e,
From Theorem 14, algorithm A'; is an FPTAS for the unweighted version of the problem.

3.2 The weighted case

In this section, we consider the weighted case of the problem, i.e., for every job i, we have an
arbitrary w;. Jobs are indexed in non-decreasing order of p;/w;.

In this case, we can easily remark the following property.

Proposition 3 (Kacem [9]) If Z:!_l pi < 2T, then problem (P) has an FPTAS.

Based on the result of Proposition 3, we only consider the case where Z:; 1 Pi > 277.

3.2.1 Dynamic programming
The problem can be optimally solved by applying the following dynamic programming
algorithm AW, which is a weak extended version of the one proposed by Lee and Liman
[19]. This algorithm generates iteratively some sets of states. At every iteration k, a set U},
composed of states is generated (1 < k < n). Each state [t, p, f] in U}, can be associated to a
feasible schedule for the first k jobs. Variable t denotes the completion time of the last job
scheduled before T1 on the first machine, p is the completion time of the last job scheduled
on the second machine and fis the total weighted flow-time of the corresponding schedule.
This algorithm can be described as follows:
Algorithm AW
i.  Setly ={[0,p1,wip1], [p1,0,wip]}.
ii. Fork € {23, .., n},

For every state [t, p, f] in Uj._1:
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1) Put [t, P + Pk, [ + wi (p + pr)] in U,

2) Put [f + pr,ps f +wi (4 p;_-)] inU,ift+p<Th

Remove Uj;,_;
ii. ©* (P) = ming,, few. {f}.
Let UB' be an upper bound on the optimal weighted flow-time for problem (P). If we add
the restriction that for every state [¢t, p, f] the relation f < UB' must hold, then the running
time of AW can be bounded by nPTiUB' (where P denotes the sum of processing times).
Indeed, t, p and f are integers and at each iteration k, we have to create at most PT1UB' states
to construct Uj,.. Moreover, the complexity of AW is proportional to Z}f: L Ukl
However, this complexity can be reduced to O(nT1) by choosing at each iteration k and for
every f the state [¢, p, f] with the smallest value of f.
In the remainder of the paper, algorithm AW denotes the weak version of this dynamic
programming algorithm by taking UB' = ¥ (P), where HW is the heuristic described later
in the next subsection.

3.2.2 FPTAS (Kacem [9])

Our FPTAS is based on two steps. First, we use the heuristic HW. Then, we apply a modified
dynamic programming algorithm.

The heuristic HW is very simple! We schedule all the jobs on the second machine in the
WSPT order. It may appear that this heuristic is bad, however, the following Lemma shows
that it has a worst-case performance ratio less than 2. Note also that it can be implemented
in O(n log (n)) time.

Lemma 1 (Kacem [9]) Let p (HW) denote the worst-case performance ratio of heuristic HW.
Therefore, the following relation holds: p (HW) < 2.

From Lemma 3, we can deduce that any heuristic for the problem has a worst-case
performance bound less than 2 since it is better than HIV.

In the second step of our FPTAS, we modify the execution of algorithm AWV in order to
reduce the running time. The main idea is similar to the one used for the unweighted case
(i.e., modifying the execution of an exact algorithm to design FPTAS). In particular, we
follow the splitting technique by Woeginger [28] to convert AW in an FPTAS.

Using a similar notation to [28] and given an arbitrary € > 0, we define A = 1 + ﬁ L, =

[In(71) /In(A)], Ly = [In(P) /In(A)]and Lz = [In (@uw (P)) /In(A)].

First, we remark that every state [t, p, f] € U], verifies
[t,p, f] € [0, T3] x [0, P] X [L, o (P)] -

Then, we split the interval [0,T1] into Li+1 subintervals I* (I; = [0,1]and I} = [A™, A crery)-
We also split the intervals [0, P] and [1, Pmw (P)] respectively, into Lr+1 subintervals ff
(73 = [0.1[and I? = [A*"*,A®],_,;,) and into L5 subintervals I} = [":-\‘j_l-"":-\‘f]@:g;,;y
Our algorithm AW generates reduced sets Uf instead of sets Uy. This algorithm can be

described as follows:
Algorithm AW

i set U = {[0,p1, wip1], [p1, 0, wip1]}
ii. Fork € {23, .., n},
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For every state [f, p, f] in U f_’il

1) Put [t,p + P, f + wi(p + pi)] in U

2)Put [t + pr,p, f+wi (E+pe)] in U ift+pe<T

Remove Uf_l

Let [t, p, flrs; be the state in Uf such that t €I, p €1 2and f €] ,3 with the smallest

possible ¢ (ties are broken by choosing the state of the smallest .
Set U ={[t:p, fl,ss 10 <7 < Ly, 0< 5 < Ly, 1 <1 < La}.

iii. Pawy (P) =ming, qqe {f}-

3.2.3 Worst-case analysis and complexity

The worst-case analysis of the FPTAS is based on the comparison of the execution of
algorithms AW and AW'.. In particular, we focus on the comparison of the states generated
by each of the two algorithms.

Theorem 15 (Kacem [9]) Given an arbitrary e > 0, algorithm AW'e yields an output PAW! (P)
such that: ©aw! (P) =" (P) < 9" (P) and it can be implemented in O(|I|3 n3/€3) time,
where | 1| is the input size of I.

From Theorem 15, algorithm AW'¢ an FPTAS for the weighted version of the problem.

4. Conclusion

In this chapter, we considered the non-resumable version of scheduling problems under
availability constraint. We addressed the criterion of the weighted sum of the completion
times. We presented the main works related to these problems. This presentation shows that
some problems can be efficiently solved (as an example, some proposed FPTAS have a
strongly polynomial running time). As future works, the idea to extend these results to other
variants of problems is very interesting. The development of better approximation
algorithms is also a challenging subject.
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1.1 Introduction

More and more parallel and distributed systems (cluster, grid and global computing) are both

becoming available all over the world, and opening new perspectives for developers of a large

range of applications including data mining, multimedia, and bio-computing. However, this
very large potential of computing power remains largely unexploited this being, mainly due to
the lack of adequate and efficient software tools for managing this resource.

Scheduling theory is concerned with the optimal allocation of scarce resources to activities over time.

Of obvious practical importance, it has been the subject of extensive research since the early

1950's and an impressive amount of literature now exists. The theory dealing with the design of

algorithms dedicated to scheduling is much younger, but still has a significant history.

An application which will be scheduled on a parallel architecture may be represented by an

acyclic graph G = (V, E) (or precedence graph) where V designates the set of tasks, which

will be executed on a set of m processors, and where E represents the set of precedence

constraints. A processing time is allotted to each task i € V.

From the very beginning of the study about scheduling problems, models kept up with

changing and improving technology. Indeed,

e In the PRAM' s model, in which communication is considered instantaneous, the
critical path (the longest path from a source to a sink) gives the length of the schedule.
So the aim, in this model, is to find a partial order on the tasks, in order to minimize an
objective function.

e In the homogeneous scheduling delay model, each arc (i,j) € E represents the potential
data transfer between task i and task j provided that i and j are processed on two
different processors. So the aim, in this model, is to find a compromise between a
sequential execution and a parallel execution.

These two models have been extensively studied over the last few years from both the

complexity and the (non)-approximability points of view (see (Graham et al., 1979) and

(Chen et al., 1998)).

With the increasing importance of parallel computing, the question of how to schedule a set

of tasks on a given architecture becomes critical, and has received much attention. More

precisely, scheduling problems involving precedence constraints are among the most
difficult problems in the area of machine scheduling and they are part of the most studied
problems in the domain. In this chapter, we adopt the hierarchical communication model

(Bampis et al., 2003) in which we assume that the communication delays are not

homogeneous anymore; the processors are connected into clusters and the communications
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inside a same cluster are much faster than those between processors belonging to different

ones.

This model incorporates the hierarchical nature of the communications using today's

parallel computers, as shown by many PCs or workstations networks (NOWs) (Pfister, 1995;

Anderson et al., 1995). The use of networks (clusters) of workstations as a parallel computer

(Pfister, 1995; Anderson et al., 1995) has not only renewed the user's interest in the domain

of parallelism, but it has also brought forth many new challenging problems related to the

exploitation of the potential power of computation offered by such a system.

Several approaches meant to try and model these systems were proposed taking into

account this technological development:

e One approach concerning the form of programming system, we can quote work
(Rosenberg, 1999; Rosenberg, 2000; Blumafe and Park, 1994; Bhatt et al., 1997).

e In abstract model approach, we can quote work (Turek et al.,, 1992; Ludwig, 1995;
Mounié, 2000; Decker and Krandick, 1999; Blayo et al., 1999; Mounié et al., 1999; Dutot
and Trystram, 2001) on malleable tasks introduced by (Blayo et al., 1999; Decker and
Krandick, 1999). A malleable task is a task which can be computed on several
processors and of which the execution time depends on the number of processors used
for its execution.

As stated above, the model we adopt here is the hierarchical communication model which
addresses one of the major problems that arises in the efficient use of such architectures: the
task scheduling problem. The proposed model includes one of the basic architectural features
of NOWs: the hierarchical communication assumption i.e., a level-based hierarchy of
communication delays with successively higher latencies. In a formal context where both a
set of clusters of identical processors, and a precedence graph G = (V, E) are given, we
consider that if two communicating tasks are executed on the same processor (resp. on
different processors of the same cluster) then the corresponding communication delay is
negligible (resp. is equal to what we call inter-processor communication delay). On the contrary,
if these tasks are executed on different clusters, then the communication delay is more
significant and is called inter-cluster communication delay.

We are given m multiprocessor machines (or clusters denoted by IT?) that are used to process

n precedence-constrained tasks. Each machine IT? (cluster) comprises several identical

parallel processors (denoted by 7). A couple (¢ij; €i;) of communication delays is associated

to each arc (i, j) between two tasks in the precedence graph. In what follows, c; (resp. €; ) is
called inter-cluster (resp. inter-processor) communication, and we consider that c; = €;; . If

tasks i and j are allotted on different machines I1* and I1, then j must be processed at least c;

time units after the completion of i. Similarly, if i and j are processed on the same machine

I but on different processors 7, and Ths (with k # k') then j can only start ¢; units of time
after the completion of i. However, if i and j are executed on the same processor, then j can
start immediately after the end of i. The communication overhead (inter-cluster or inter-
processor delay) does not interfere with the availability of processors and any processor
may execute any task. Our goal is to find a feasible schedule of tasks minimizing the
makespan, i.e., the time needed to process all tasks subject to the precedence graph.

Formally, in the hierarchical scheduling delay model a hierarchical couple of values
(¢ij, €ij) will be associated with (¢ij, €ij) < ¢ - ¥(i, j) € E such that:

o ifII'=1I7and if 7}, = 7}, then t; +p; < t
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o elseif I" =117 and if ?r;;_ e ?Ff.:, with k# k' then ¢ +pite; < t;

o II'#Ilg +pite; < t;

where t; denotes the starting time of the task i and p; its duration. The objective is to find a
schedule, i.e., an allocation of each task to a time interval on one processor, such that
communication delays are taken into account and that completion time (makespan) is
minimized (the makespan is denoted by Cuu and it corresponds to max;ey {t; + p;}). In
what follows, we consider the simplestcase Vi€V, pi=1,cij=c > 2,¢;=¢ > 1 with = ¢".
Note that the hierarchical model that we consider here is a generalization of classical
scheduling model with communication delays ((Chen et al, 1998), (Chrétienne and
Picouleau, 1995)). Consider, for instance, that for every arc (i, j) of the precedence graph we
have c¢; = ¢;. In such a case, the hierarchical model is exactly the classical scheduling
communication delays model.

Note that the values ¢ and [ are considered as constant in the following. The chapter is
organized as follow: In the next section, some results for UET-UCT model will be presented.
In the section 1.3, a lower and upper bound for large communication delays scheduling
problem will presented. In the section 1.4, the principal results in hierarchical
communication delay model will be presented. In the section 1.5, an influence of an
introduction of the duplication on the complexity of scheduling problem is presented. In the
section 1.6, some results non-approximability results are given for the total sum of
completion time minimization. In the section 1.7, we will conclude on the complexity and
approximation scheduling problem in presence of communication delays. In Appendix
section, some classical NP — complete problems are listed which are used in this chapter
for the polynomial-time transformations.

1.2 Some results for the UET-UCT model

In the homogeneous scheduling delay model, each arc (i j) € E represents the potential data
transfer between task i and task j provided that i and j are processed on two different
processors. So the aim, in this model, is to find a compromise between a sequential
execution and a parallel execution. These two models have been extensively studied over
the last few years from both the complexity and the (non)-approximability points of view
(see (Graham et al., 1979) and (Chen et al., 1998)).

1. at any time, a processor executes at most one task;

2. V(i,j)€EE if m = Tjthen t; > # + p;, otherwise & > ti+p; + cj.

The makespan of schedule o is: C,,, = max;cy (t; + pi)

In the UET-UCT model, we have Vi, pj=1and V (i, j) €E, ¢; = 1.

1.2.1 Unbounded number of processors

In the case of there is no communication delays, the problem becomes polynomial (even if
we consider that Vi, p; 7 1). In fact, the Bellman algorithm can be used.

Theorem 1.2.1 The problem of deciding whether an instance of Plprecyp; = 1, ¢j = 1|Crax
problem has a schedule of length 5 is polynomial, see (Veltman, 1993).

Proof

The proof is based on the notion of total unimodularity matrix, see (Veltman, 1993) and see
(Schrijver, 1998).

Theorem 1.2.2 The problem of deciding whether an instance of P|prec, pi =1, ¢;j = 1|Crnaz problem
has a schedule of length 6 is N'P — complete see (Veltman, 1993).



66 Multiprocessor Scheduling: Theory and Applications

Proof
The proof is based on the following reduction 3SAT o Plprec, pi=1,cj= 1|Crnaz = 6.

€T .
.+ variable »

R ..I.‘ I o
O ‘6

e

T

. NE clause ¢ = (¢, Ye, 2¢)
e R Telie
-

- - 2
~ YeZe

Figure 1.1. The variables-tasks and the clauses-tasks

It is clear that the problem is in N'P.

Let be 7* an instance of 3SAT problem, we construct an instance 7 of the problem P|prec, p;

=1, ¢ = 1|Cmaz in the following way:

e  For each variable x, six tasks are introduced: x1, x» x3, x, T and xs the precedence
constraints are given by Figure 1.1.

e For each clause ¢ = (x;, Yo, z;), where the literals x,, y.and z.are occurrences of negated
or unnegated, 3 variables are introduced:
Tey Yer Zes Tey Tey Yoy Yer Zes Zes Teles YeZey TeZe and ¢ precedence constraints
between these tasks are also given by Figure 1.1.

e If the occurrence of variable x in the clause ¢ is unnegated then we add
T, — rand T, — T.

e If the occurrence of variable x in the clause c is negated, then we add z. — T and
Ie — I.

Clearly, x. represents the occurrence of variable x in the clause ¢; it precedes the

corresponding variable tasks. This is a polynomial-time transformation illustrated by Figure

1.1.

It can be proved that, there exists a schedule of length at most six if only if there is a truth

assignment I : V — {0,1} such that each clause in C has at least one true literal.

Corollary 1.2.1 There is no polynomial-time algorithm for the problem Plprec, pi =1, ¢;

= 1|Craz with performance bound smaller than 7/6 unless P # NP, see (Veltman, 1993).

Proof

The proof of Corollary 1.2.1 is an immediate consequence of the Impossibility Theorem, (see

(Chrétienne and Picouleau, 1995), (Garey and Johnson, 1979)).

1.2.2 Approximate solutions with guaranteed performance
Good approximation algorithms seem to be be very difficult to design, since the
compromise between parallelism and communication delays is not easy to handle. In this
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section, we will present a approximation algorithm with a performance ratio bounded by
4/3 for the problem P|prec, pi=1, ¢j = 1|Cinaz. This algorithm is based on a formulation on
a integer linear program. A feasible schedule is obtained by a relaxation and rounding
procedure. Notice that it exists a trivial 2-approximation algorithm: the tasks without
predecessors are executed at t = 0, the tasks admitting predecessors scheduled at t = 0 are
executed at t =2 and so on.
Given a precedence graph G = (V, E) a predecessor (resp. successor) of a task i is a task j such
that (j, i) (resp. (i, j)) is an arc of G. For every task i € V, ['*(i)
(resp. I'(i)) denotes the set of immediate successors (resp. predecessors) of i. We denote the
tasks without predecessor (resp. successor) by Z (resp. U). We call source every task
belonging to Z.
The integer linear program The aim of this section is to model the problem Plprec, pi=1,
¢ij = 1|Cimaz by an integer linear program (ILP) denoted, in what follows, by TL.
We model the scheduling problem by a set of equations defined on the starting times vector
(t1,..., tn)l
For every arc (i, j) € E, we introduce a variable x;; € {0, 1} which indicates the presence or not
of an communication delay, and the following constraints: V(i, j) € E, ti+p; + x;; < t;.
In every feasible schedule, every task i € V — U has at most one successor, w.l.0.g. call them
j € I'"(i), that can be performed by the same processor as i at time # = t+p;. The other
successors of i, if any, satisfy: Yk € T'F(i))—{j}, & > t+p; + 1. Consequently, we add the
constraints: Z zij 2 [P ()] = 1.

JEr+(@)
Similarly, every task i of V — Z has at most one predecessor, w.l.o.g. call them j € '™ (i), that
can be performed by the same processor as i at times #; satisfying t; — (t; +p;) < 1. So, we add
the following constraints: Z zji 2 [T @)= i

JET=(3)

If we denote by Cyua the makespan of the schedule, Vi €V, ti+p; < Cupar. Thus, in what
follows,the following ILP will be considered:

min Crpax
Y(i,7) € E, x4 €{0,1}
YieV, ti =0
\V((?}} eFE, ti+pi+ Tij < t;
(I1) VieV-U Y z;>[*36)| -1

JET+(3)

VieV-2, Y a;>[I(@) -1
Jer=(i)

V'ri [S L]-_ ti + Di S (/meu;

Let IIif denote the linear program corresponding to II in which we relax the integrity
constraints x; € {0, 1} by setting x; € [0, 1]. Given that the number of variables and the
number of constraints are polynomially bounded, this linear program can be solved in
polynomial time. The solution of I will assign to every arc (i, j) € E a value x;; = ¢; with 0 <
;< 1 and will determine a lower bound of the value of Cy, that we denote by e/,

Lemma 1.2.1 ©™7 is q lower bound on the value of an optimal solution for Plprec, p; =1, cj
. 1|Crnm.-a‘.
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Proof This is true since any optimal feasible solution of the scheduling problem must satisfy
all the constraints of the integer linear program II.

Algorithm 1 Rounding Algorithm and construction of the schedule

Step 1 [Rounding] _
Let be e;; the value of an arc (i, j) € E given by PL}”I
ife;; <05 = z;;,=0
if(:-;_‘]' >05 = Tij = 1

Step 1 [Computation of starting time]
if i € Z then
ti=0
else
ti=max {t; + 1 + x;;} with j €'~ (i) and (j, i) €A,
end if
Step 2
[Construction of the schedule]
Letbe G' = (V; E') where E' = E\{(i,j) € Elx;j = 1}{G' is generated by the 0—arcs.}
Allotted each connected component of G' on a different processor. Each task is executed at it
starting time.
In the following, we call an arc (i,j) € E a 0-arc (resp. 1-arc) if x;; = 0 (resp. x; = 1).
Lemma 1.2.2 Every job i € V has at most one successor (resp. predecessors) such that e;; < 0.5 (resp.
eji < 0.5).
Proof We consider a task i € V and his successors ji,..., jk such that €i,j, <€ j, < ... < €.

We know that Z?_l €ij; = k—1 then 2e;4, > e, +eij 2k—1— ZL_.; e; j,- Since that
eij € 10,1], ZL:; € j, < k—2 Then, 2¢;j, = 1. Therefore V | € {2,..., k} we have ¢; >
0.5.We use the same arguments for the predecessors.

Lemma 1.2.3 The scheduling algorithm described above provides a feasible schedule.

Proof It is clear that each task i admits at most one incoming (resp. outcoming) 0-arcs.
Theorem 1.2.3 The relative performance p' of our heuristic is bounded above by % (Munier and
Konig, 1997).

Proof Let be a path x1 — X2 — ... — )41 constituted by (k + 1) tasks such that x (resp. (k
— x)) arcs values, given by linear programming, between two tasks are less (resp. least) than
1/2. So the length of this path is less than k+1+1/2(k —x) = 3/2k — 1/2x + 1. Moreover, by the
rounding procedure, the length of this path at most 2k — x + 1. Thus, we obtain

% < 4/3, ¥x. Thus, for a given path, of value p* (resp. p) before (resp. after) the
rounding, admitting x arcs values less than 1/2, we have ;f’— < % < 4/3. A

critical path before the rounding phase is denoted by s* It is true for the critical path after
the rounding procedure p =s then, ;& < & = & < 4/3,

In fact, the bound is tight (see (Munier and Konig, 1997)).

1.2.3 Bounded number of processors
In this section, a lower and upper bound will be presented,
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Theorem 1.2.4 The problem of deciding whether an instance of Plprec, p; = 1, c;j = 1/Crnaz
problem has a schedule of length 3 is polynomial, see (Picouleau, 1995).

Theorem 1.2.5 The problem of deciding whether an instance of Plprec, pi = 1, ¢j = 1|Crax
problem has a schedule of length 4 is N"P-complete, see (Veltman, 1993).

Proof

The proof is based on the ATP-complete problem Clique.

3]

a ) b 3 ¢ ¢ 5
m =12 The dots lines

€ | =3  between the two sets A and B
L signify a complete graph
O |¢ RV_ 3 5 between the two sefs
SEE
01 2 3 4

Tro [ ’_rg I{Q Lb Le up ... Ug wy ... Wy

™ Ty KyL, Lg : i

™ Ty Ky Ly 1

™ ul Ty Ky yo i R

™ uy T Ki ys ry ... I7 Y1 ... Y10

7 ug wy @1 Y4 .

70 ug wy 9 Ys h T2 Ts ;ﬂ Tr’

x7 | U5 wy 23 Yo N/

7 U wy T4 Y7 Ky Ky Ky "Ki K

7 ur ws T5 Ys /

70 ug wg v6 Yo Lo "Ly Le 'Lg Le

wll g w27y

Figure 1.2. Example of polynomial-time reduction clique o< P|prec, pi=1, ¢ = 1|Craz

Let be | = M‘ the number of edges of a clique of size k. Let be m' =

max{|V|+I—k, |E|=1}, the number of processors of an instance is m = 2(m'+l). It is clear
that the problem is in NP. The proof is based on the polynomial-time reduction clique
ocPlpree, pi =1, ¢ = 1/Cmaz. Let be 7 a instance of the clique problem. An instance 7 of
Plprec, pi=1, ¢ = 1|Crnaz problem is constructed in the following way:
o Vv € Vthe tasks Ty, K, are introduced,
e Ve€E atask L, is created.

¢  We add the following precedence constraints: T, — Ky, Vo € Vand T, — L. if v is an

endpoint of e.

e  Four sets of tasks are introduced:

o Xo={z=1,....,.0=m—-1—|V|+k},

o« Y,={y=1,...,y=m—|E|+1},

o Uy={u=1,...,u=m-k},

o Wy={w=1,...,w=m—|V|}
the precedence constraints are added: U, — X,, U, —Y,, Ww — Y,
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i K. cliqug| L — Lc‘hquc
clique cligue
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W X

Figure 1.3. Example of construction in order to illustrate the proof of theorem 1.2.5

It easy to see that the graph G admits a clique of size k if only if it exists a schedule of length 4.

1.2.4 Approximation algorithm

In this section, we will present a simple algorithm which gives a schedule ¢ on m
machines from a schedule ™ on unbounded number of processors for the P [pree, pi=1, Cij
= 1|Cpnaz. The validity of this algorithm is based on the fact there is at most a matching
between the tasks executed at ¢; and the tasks processed at f; + 1.

Theorem 1.2.6 From all polynomial-time algorithm h* with performance guarantee p for the problem
P[p-rr:(:, pi=1, ¢ = 1|Cma_1-, we may obtain a polynomial-time algorithm with performance
guarantee (1 + p) for the problem Plprec p;=1, c; = 1|Caz.

Proof
( ?:”! .'r-J_‘l-'N.l r”!l T
A e Xl IX | IX |
C::::r; = Z [T:] = Z (|_ 1) = Z (l )+('mm
i=0) ) i=0
(rf-lfﬂ‘.! |X |
SEEDIN = EHE e e e (e ar e

—~ 'm

For example, the 4/3-approximation algorithm gives a 7/3-approximation algorithm.
Munier et al. (Munier and Hanen, 1996) propose a (7/3 — 4/3m)-approximation algorithm
for the same problem.

Algorithm 2 Scheduling on m machines from a schedule 0> on unbounded number of
processors

fori=0aCy,. —1do

Let be X; the set of tasks executed at ij in 0° using a heuristic h*.

Xi
The X; tasks are executed in flm l] units of time.
end for

1.3 Large communications delays

Scheduling in presence of large communication delays, is one most difficult problem in
scheduling theory, since the starting time of tasks and the communication delay are not be
synchronized.

If we consider the problem of scheduling a precedence graph with large communication
delays and unit execution time (UET-LCT), on a restricted number of processors, Bampis et
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al. in (Bampis et al., 1996) proved that the decision problem denoted by P|prec, ¢;j=c > 2, pi
= 1|Chnaz; for Cpuu = ¢ + 3 is an .-‘\.’—'P—complete problem, and for Cyx = ¢ + 2 (for the special
case ¢ = 2), they develop a polynomial-time algorithm. This algorithm can not be extended
for ¢ > 3. Their proof is based on a reduction from the NP-complete problem Balanced
Bipartite Complete Graph, BBCG (Garey and Johnson, 1979; Saad, 1995). Thus, Bampis et al.
(Bampis et al., 1996) proved that the

Plprec, cij=c > 2, pi = 1|/Cimaz problem does not possess a polynomial-time approximation

algorithm with ratio guarantee better than (1 + - + —3), unless P= NP
i G er1 Coto
. -2 O ° -9
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Figure 1.4. A partial precedence graph for the NT1 -completeness of the scheduling problem
P|p?“(( C,]—C>3, pi= 1|Cmm

Theorem 1.3.1 T/ze problem of deciding whether an instance of P|prec, cj=c;pi= 1|Cinaz has a

schedule of length equal or less than (c+4) is N'P -complete with ¢ > 3 (see (Giroudeau et al., 2005)).

Proof

It is easy to see that Plprec, ¢j=c;pi= 1|Cmaz=c+4ENP.

The proof is based on a reduction from II;. Given an instance 7* of II;, we construct an

instance 7 of the problem 13[;)1-{:(:, CGi=c,;pi= 1|Cnma-= ¢ *+ 4, in the following way (Figure

1.4 helps understanding of the reduction):

n denotes the number of variables of 7* .

1. FPoralll € V, we introduce (c + 6) variable-tasks: ¢, v 3I withj€({1,2,.
2}. We add the precedence constraints: oy — ', app — I, I.J] ."' g =7, ﬁj— o _dj—_.]
withj€(1,2,...,c+1}.

2. For all clauses of length three denoted by C; = (y V z V t), we introduce 2 x (2 + ¢)
clause-tasks C and Aj, j € {1, 2, ... ¢ + 2}, with precedence constraints: (“ — C' +1and
A; — Aj-H,]' €1{1,2,...,c+1}. We add the constraints Cj — [ with[ € {?} 2! f } and
l— Al ,withl € {§/,2,'}.

3. For all clauses of length two denoted by C; = (x V i), we introduce (c + 3) clause-tasks
Df ,J€1{1,2, ..., c + 3} with precedence constraints: D — D withj€{1,2,..,c+2}and
i’ — D(__+,5 with ! € {z,7}.
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The above construction is illustrated in Figure 1.4. This transformation can be clearly
computed in polynomial time.

Remark: [’ is in the clause C' of length two associated with the path D'| —
D'5—...Dyg—Deps

It easy to see that there is a schedule of length equal or less than (c + 4) if only if there is a
truth assignment I : V — {0, 1} such that each clause in C has exactly one true literal (i.e.
one literal equal to 1), see (Giroudeau et al., 2005).

For the special case c =, by using another polynomial-time trnasformation, we state:
Theorem 1.3.2 The problem of deciding whether an instance of P|prec, =2 pi= 1Conaz has a
schedule of length equal or less than six is NP -complete (see (Giroudeau et al., 2005)).

Corollary 1.3.1 There is no polynomial-time algorithm for the problem P|prec, cj =2 pi= 1|Crax
with performance bound smaller than 1 + (]? unless P # NP (see (Giroudeau et al, 2005)).

The limit between the NP-completeness and the polynomial-time algorithm by the
following Theorem.

Theorem 1.3.3 The problem of deciding whether an instance of Plprec, ¢j = ¢; pi = 1|Craz with c €
{2, 3} has a schedule of length at most (c + 2) is solvable in polynomial time (see (Giroudeau et al., 2005)).

1.3.1 Approximation by expansion
In this section, a new polynomial-time approximation algorithm with performance
guarantee non-trivial for the problem P|prec, c; > 2; p; = 1|/Crnaz will be proposed.
Notation: We denote by ¢, the UET-UCT schedule, and by o2° the UET-LCT schedule.
Moreover, we denote by #; (resp. t§) the starting time of the task i in the schedule ™ (resp.
in the schedule 0.°).
Principle: We keep an assignment for the tasks given by a "good" feasible schedule on an
unrestricted number of processors o°°. We proceed to an expansion of
the makespan, while preserving communication delays (t; = ¢ + 1 4 ¢) for two tasks, i
and j with (i, j) EE, processing on two different processors. Consider a precedence graph G =
(V, E), we determine a feasible schedule o, for the model UET-UCT, using a (4/3)—
approximation algorithm proposed by Munier and Kénig (Munier and Konig, 1997). This
algorithm gives a couple Vi € V, (#;, ) on the schedule 6°° corresponding to: # the starting
time of the task i for the schedule ¢° and 7 the processor on which the task i is processed at
ti. Now, we determine a couple Vi € V, (£, 7') on schedule o2° in the following way: The
_ (et1)

starting time {{ = d X t; = ~——t; and, ™ = 7. The justification of the expansion coefficient

is given below. An illustration of the expansion is given in Figure 1.5.

Lemma 1.3.1 The coefficient of an expansion is d = @

Proof Consider two tasks i and j such that (i, j) € E, which are processed on two different
processors in the feasible schedule 0. Let be d a coefficient d such that t§ = d x t; and
t5 =d X 1; After an expansion, in order to respect the precedence constraints and the

communication delays we must have t; = 7 + 1 + ¢ and so

., c+1 c+1 .
dxti—dxt;>ct+l, d= g7, d 255 ftis sufficient to choose d = 1. d

Lemma 1.3.2 An expansion algorithm gives a feasible schedule for the problem denoted by P|prec,
ci=c=22pi= 1|C'rnm.-r.

Proof It is sufficient to check that the solution given by an expansion algorithm produces a
feasible schedule for the model UET-LCT. Consider two tasks i and j such that (i,j) € E. We




Scheduling with Communication Delays 73

denote by ;, (resp. 7;) the processor on which the task i (resp. the task j) is executed in the

schedule o°. Moreover, we denote by T, (resp. f) the processor on which the task 7 (resp.

the task j) is executed in the schedule o.°. Thus,

e If m = 7 then m; = ?T;-, Since the solution given by Munier and Koénig (Munier and
Konig, 1997) gives a feasible schedule on the model UET-UCT, then we have fi + 1 < {;,
aTq+1_cﬂgf‘+1<ﬂ4ﬂ+‘<r

o Ifn,#njthenJLE¢WJ.W€haVGr- +1+1St; %ff-{—ZS%‘; +((' )<f(

k k+1k+2k+3
m e[y ] |
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Figure 1.5. Illustarion of notion of an expansion

Theorem 1.3.4 An expansion algorithm gives a Q{r—;m
Plprec, cij=c>2p;i= 1|Crnaz.
Proof

We denote by C :,'m . (resp. C,(:fﬂi) the makespan of the schedule computed by the Munier

and Konig (resp. the optimal value of a schedule ¢>). In the same way we denote by C'"

(resp. C'P4:C) the makespan of the schedule computed by our algorithm (resp. the optimal
value of a schedule 0.°).

We know that C . < 4C o .. Thus, we obtain

[f‘+1} 8l fr+J) +F {( I\.{ wopt -
C :i!ﬁi — C I';HIL < C r:uu < (nfa T < 2{1"+i}
wopl.e T vopt,c — t _ L —_ :
C miu r ( r:rfu T ( g ( UP 3 B

This expansion method can be used for other scheduling problems.

— approximation algorithm for the problem

mar mar

1.4 Complexity and approximation of hierarchical scheduling model

On negative side, Bampis et al. in (Bampis et al., 2002) studied the impact of the hierarchical
communications on the complexity of the associated problem. They considered the simplest
case, i.e., the problem P(P2)|prec; (cij, €ij) = (1,0);p; =1|Cypae and they showed that
this problem did not possess a polynomial-time approximation algorithm with a ratio
guarantee better than 5/4 (unless P = N'P).
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Lower bound
(€ij, €i5) (o References
(1,0) p>5/4 see (Bampis et al., 2002)
(2,1) p=>6/5 see (Giroudeau, 2005)
(c,c') | p> 14 =5 | see (Giroudeau and Kénig, 2004)

Table 1.1: Previous complexity results for unbounded number of machines for hierarchical
communication delay model

Recently, (Giroudeau, 2005) Giroudeau proved that there is no hope to find a p-
approximation with p < 6/5 for the couple of communication delays (c; €;) = (2,1). If
duplication is allowed, Bampis et al. (Bampis et al., 2000a) extended the result of (Chrétienne
and Colin, 1991) in the case of hierarchical communications, providing an optimal algorithm
for P(P2)|prec; (cij, €i5) = (1,0)pi = 1; dup|Cinae. These complexity results are given in
Table 1.1.

On positive side, the authors presented in (Bampis et al., 2000b) a 8/5-approximation
algorithm for the problem P (P2)|prec; (cij,€i5) = (1,0)p;: = 1|Cinax which is based on an
integer linear programming formulation. They relax the integrity constraints and they
produce a feasible schedule by rounding. This result is extended to the problem
P(P2)|p'r(?(::_ (cij, €5) = (1,0)p; = 1|Cinap leading to a %—approximation algorithm (see
below).

The challenge is to determinate a threshold for the approximation algorithm concerning the
two more general problems: P(Pl > 4)|prec;(cij,e;) = (¢,1);pi = 1|/Cpiar  and
P(PL > 4)|prec; (cij, €i) = (¢, ); pi = |Crnaz with ' <c.

Recently, in (Giroudeau et al., 2005), the authors proved that there is no possibility of
finding a p-approximation with p <1 +1/(c + 4) (unless P = N'P) for the case where all tasks
of the precedence graph have unit execution times, where the multiprocessor is composed of
an unrestricted number of machines, and where ¢ denotes the communication delay
between two tasks i and j both submitted to a precedence constraint and which have to be
processed by two different machines (this problem is denoted in the following UET-LCT
(Unit Execution Time Large Communication Time) homogeneous scheduling
communication delays problem). The problem becomes polynomial whenever the
makespan is at most (c + 1). The case of (¢ + 2) is still partially opened. In the same way as
for the hierarchical communication delay model, for the couple of communication delay
values (1,0), the authors proved in (Bampis et al., 2002) that there is no possibility of finding
a p-approximation with p < 5/4 (this problem is detailed in following the UET-UCT
hierarchical scheduling communication delay problem).

Theorem 1.4.1 The problem of deciding whether an instance of P(Pl > 4)|prec;
(ciiv€ii) = (e, ):ipi = 1|Crnan having a schedule of length at most (c + 3) is N'P-complete, see
(Giroudeau and Konig, 2004).

Corollary 1.4.1 There is no polynomial-time algorithm for the problem P(Pl > 4)|prec;
(cij €ii) = (e,d);pi = 1| Caz with ¢ > d performance bound smaller than 1 + H%} unless P 7
NP, see (Giroudeau and Konig, 2004).

The problem of deciding whether an instance of P(Pl)|prec(cij,ei5) = (¢ >
0,¢);pi = 1|Cnae having a schedule of length at most (¢ + 1) is solvable in polynomial
time since [ and ¢ are constant.
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In the same way as the section 1.2.2, the aimis to model the problem

P(P2)|prec; (cij,€i5) = (1,0);p; = 1|Crnuae by an integer linear program (ILP) denoted, in
what follows, by II.

In this section, we will precise only the difference between the ILP given for the problem
Plprec;cij = 1;p; = 1|Cazand P(P2)|prec; (cij, €i5) = (1,0):p; 21|Conaa-

In every feasible schedule, every task i € V — U has at most two successors, w.l.o.g. call
them ji and j» € I'*(i), that can be performed by the same cluster as i at time tj = tp = t; + p;.
The other successors of i, if any, satisfy: Vk € I''(i)—{ji,jo}. tx = t; +pi + 1
Consequently, the constraints: 2_jep+(i) Tij =|TF(i)| — 2 are added.

Similarly, every task i of V — Z has at most two predecessors, w.l.o.g. call them j; and j, €
'~ (i), that can be performed by the same cluster as i at times #1 , fp satisfying t;— (1 +pj1) <
1and ti— (2 +pp2) < 1. So, the following constraints:Y_jer-(;) Lji = [T ()| — 2 are added.
The above constraints are necessary but not sufficient conditions in order to get a feasible
schedule for the problem. For instance, a solution minimizing (C,u..x for the graph of case (a)
in Figure 1.6 will assign to every arc the value 0. However, since every cluster has two
processors, and so at most two tasks can be processed on the same cluster simultaneously,
the obtained solution is clearly not feasible. Thus, the relaxation of the integer constraints,
by considering 0 < x;; < 1, and the resolution of the resulting linear program with objective
function the minimization of Cyu, gives just a lower bound of the value of C.

In order to improve this lower bound, we consider every sub-graph of G that is isomorphic
to the graphs given in Figure 1.6 -cases (a) and (b). It is easy to see that in any feasible
schedule of G, at least one of the variables associated to the arcs of each one of these graphs
must be set to one. So, the following constraints are added:

e  For the case (a):

Yi,j kI, mE€V,suchthat (j, i), (, k), (|, k), (1, m) EE, xji + xjx + xpe+ xpm = 1.

e  For the case (b):

Vi, j, k1, m€V,suchthat (i, j), (k ), (k 1), (m, ) EE, xy + xij + x + Xt >1.

Thus, in what follows, the following ILP will be considered:

min Chax
Y(i,j) € E, xi € {0,1}
YieV, t:>0
V(i, j) € E, ti+pi+aij <t
VieV -U, > @i > M@ -2
(11) JET+(i)
VieV -2, > zizrT@) -2
Jer—(i)
Vi, g,k Lm e VNG, ), (4, k), (Lk), (I,m) € E, zji + 2, + 2 + 24, > 1
Vi, gk, Lm € V(i 4), (k, 3), (R, D), (myl) € E, @i + @ + &g + amy > 1
VieV, ti + pi < Crnaw

Once again the integer linear program given above does not always imply a feasible solution
for the scheduling problem. For instance, if the precedence graph given in Figure 1.7 is
considered, the optimal solution of the integer linear program will set all the arcs to 0.
Clearly, this is not a feasible solution for our scheduling problem. However, the goal in this
step is to get a good lower bound of the makespan and a solution -eventually not feasible-
that we will transform to a feasible one.
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Figure 1.6. Special sub-graphs considered in the ILP
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Figure 1.7 An optimal solution of the ILP II does not always imply a feasible solution

Let Ilinf denote the linear program corresponding to II in which we relax the integrability
constraints x; € {0,1} by setting x;; € [0,1]. Given that the number of variables and the number
of constraints are polynomially bounded, this linear program can be solved in polynomial
time. The solution of I1if will assign to every arc (i, j) € E a value xj; = ¢; with 0 = ¢; = 1 and
will determine a lower bound of the value of C,.x that we denote by ©7/,
Lemma 141 O™ is a lower bound on the value of an optimal solution for
P(P2)|pree; (¢ij. €i5) = (1,0);pi = 1|Crnaa
Proof
See the proof of Theorem 1.2.1.
We use the algorithm 1 for the rounding algorithm by changing the value rounded: e;; < 0.25
instead e;; < 0.5 The solution given by Step 1 is not necessarily a feasible solution (take for
instance the precedence graph of Figure 1.7), so we must transform it to a feasible one.
Notice that the cases given in Figure 1.6 are eliminated by the linear program. In the next
step we need the following definition.
Definition 1.4.1 A critical path with terminal vertex i € V is the longest path from an arbitrary
source of G to task i. The length of a path is defined as the sum of the processing times of the tasks
belonging to this path and of the values x;; for every arc in the path.
1. Step 2 [Feasible Rounding]: We change the integer solution as follows:
a) Ifiisasource then we keep unchanged the values of x;; obtained in Step 1.
b) Leti be a task such that all predecessors are already examined. Let A; be the subset
of incoming arcs of i belonging to a critical path with terminal vertex the task i.
i)  If the set A; contains a 0-arc, then all the outcoming arcs x;; take the value 1.
if) If the set A; does not contain any O-arc (all the critical incoming arcs are valued to
1), then the value of all the outcoming arcs x;; remains the same as in Step 1, and all
the incoming 0-arcs are transformed to I-arcs.
In Step 1 b) ii changing the value of an incoming 0-arc to 1 does not increase the length of any
critical path having as terminal vertex i, because it exists at least one critical path with
terminal vertex i such that an arc (j, i) € E is valued by the linear program to at least 0.25 (e;;
= 0.25), and so xj; is already equal to 1.
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Lemma 1.4.2 Every job i € V has at most two successors (resp. predecessors) such that e; < 0.25
(resp. eji < 0.25) and The scheduling algorithm described above provides a feasible schedule.

Theorem 1.4.2 The relative performance p of our heuristic is bounded above by §] and the bound is
tight, see (Bampis et al, 2003).

Proof

See the proof of the Theorem 1.2.3.

1.5 Duplication

The duplication of the tasks has been introduced first by Papadimitriou and Yannakakis
(Papadimitriou and Yannakakis, 1990) in order to reduce an influence of the communication
delays on the schedule. In (Papadimitriou and Yannakakis, 1990), the authors develop a 2-
approximation algorithm for the problem P]pf'f:(?: cii = ¢ > 2ip; = 1;dup|Crae. The
problem P|prec; SCT|Chyaq (the problem Plprec;cij = 1ip; = 1|Cpaz is a subproblem of
Plprec; SCT|C)yaz) becomes easy. In the following, we will describe the procedure. We
may assume w.lo.g. that all the copies of any task i € V start their execution at the same
time, call it ¢;.

1.5.1 Colin-Chrétienne Algorithm see (Chrétienne and Colin, 1991)

The algorithm uses two steps: the first step computes the release times, and the second step
use a critical determined from the first step in order to produces a optimal schedule in
which all the tasks and their copies are executed at their release times.
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Figure 1.8. Py problem

The Py problem given by Figure 1.8 will be illustrated the algorithm. The algorithm which
computes the release times is given next:

Algorithm 3 Release date algorithm and Earliest schedule

fori:=1tondo
if PRED(i) = & then
b,‘ =0
else
C:=max{bitpx + ci | k € PRED(i)};
Let be s such that : b + ps + ¢si = C;
bi .= max{bs + ps : max{bitpx + ci | k € PRED(i) - {s}}}.
end if
end for
Each connected component G, = (V; E.) on different processor;
Each copy is executed at his release time.
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Without lost of generality, all copies of the task i admit the same starting , denoted by ¢, as
the the task i. A arc (i, j) € E is a critical arc if bi+p; +c;; > b;. From this definition, it is clear that
if (i, j) is a critical arc, then in all as soon as possible schedule, each copy of a task j must be
preceded by a copy of a task i on the same processor. In order to construct a earliest
schedule, each critical path is allotted on a processor, and each copy is executed at his
release date.

Theorem 1.5.1 Let be b; the starting time computed by the procedure. For all feasible schedule for a
graph G, the release date of a task i cannot be less than b;. All sub-graph is spanning forest. The
procedure gives a feasible schedule and the overall complexity is O(n2).

al(cij, €i5) Lower bound References

P|(1,1), dup p>5/4 see (Bampis et al., 2000b)

P|(1,1), dup poly see (Chrétienne and Colin, 1991)

P|(c,c), dup p>1+ % see (Bampis et al., 1996)

P|(c,¢), dup NP-complete | see (Papadimitriou and Yannakakis, 1990)
P(P2)|(1,0), dup p=4/3 see (Angel et al., 2002)
P(P2)|(1,0), dup poly see (Bampis et al., 2000a)
P(P2)|(e,c),dup | p>1+ ﬁ see (Giroudeau and Konig, 2004)
P(P2)|(c,e), dup

Table 1.2: Complexity results in presence of duplication
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Figure 1.9 The critical sub-graph
An earliest schedule of the precedence graph Pyis given by Figure 1.10.
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Figure 1.10: An earliest schedule of Pg

The study of duplication in presence of unbounded number of processors is theoretical.
Indeed, the results on unbounded processors do not improved the results on limited
number of processors. So, concerning the hierarchical model, since the number of processors
per cluster is limited, the authors in (Bampis et al., 2000a) are investigate only on the
theoretical aspect of associated scheduling problem.
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al(eij, €i5) Upper bound References
P|(1,1), dup 2-approx (Munier and Hanen, 1997)
P|(1,1), dup poly see (Chrétienne and Colin, 1991)
P|(e,¢), dup 3-approx (Thurimella and Yesha, 1992)
P|(e,¢), dup 2-approx (Papadimitriou and Yannakakis, 1990)
P(P2)|(1,0),dup
P(P2)|(1,0), dup poly see (Bampis et al., 2000a)
P(P2)|(c.c), dup
P(P2)|(e,c), dup

Table 1.3. Approximation results in presence of duplication

Lower bound
(cii, €i7) (Grerr References
(1,1) p=>9/8 see (Hoogeveen et al., 1998)
(c,c) p=>1+ 2{:1_:5 see (Giroudeau et al., 2005)
(1,0) p=>T7/6 see (Giroudeau, 2000)
(2,1) p>9/8 see (Giroudeau, 2005)
(e.!) | p>1+ 52 | see (Giroudeau and Kénig, 2004)

Table 1.4. Thresold for the total sum of completion time minimization of unbounded
number of machines

1.6 Total sum of completion time minimization

In this section, a threshold for total sum of completion time minimization problem is
presented for some problems in the homogeneous and hierarchical model. The following
table summarize all the results in the homogeneous communication delay model and the
hierarchical communication delay model.

Theorem 1.6.1 There is no polynomial-time algorithm for the problem Plprecici; = 1ipi = 1| ) iCi
with performance bound smaller than 98 unless P 7 NP see (Hoogeveen et al, 1998).

Proof

We suppose that there is a polynomial-time approximation algorithm denoted by A with
performance guarantee bound smaller than 1 + % Let I be the instance of the problem
Plprec; cij = 1;p; = 1|Chax obtained by a reduction (see Theorem 1.2.2).

Let I' be the instance of the problem I’ [prec; cij = 1;pi = 1| Z; Cj by adding x new tasks

from an initial instance I. In the precedence constraints, each group of x (with x > %%)

new tasks is a successor of the old tasks (old tasks are from the polynomial transformation

used for the proof of Theorem 1.2.2). We obtain a complete directed graph from old tasks to

new tasks.

Let A(I') (resp. A* (I')) be the result given by A (resp. an optimal result) on an instance I'.

1. If A(I') < 8px + 6pn then A¥I') < 8px + 6pn. So we can decide that there exists a
scheduling of an instance I with Cyux = 6. Indeed, we suppose that at most one (denoted
by i) task of n old tasks is executed at ¢t = 6. Among the x news tasks, at most one task
may be executed on the same processor as i before t = 9. Then A* (I') > 9(x - 1). Thus, x <
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9=8p"
tasks.

2. . We suppose that A(I') > 8px + 6pn. So, A*(I') = 8x + 6mn because an algorithm A is a
polynomial-time approximation algorithm with performance guarantee bound smaller
than p < 9/8. There is no algorithm to decide whether the tasks from an instance I admit
a schedule of length equal or less than 6.
Indeed, if there exists such an algorithm, by executing the x tasks at time t = 8, we
obtain a schedule with a completion time strictly less than 8x + 6n (there is at least one
task which is executed before the time t = 6). This is a contradiction since A*(I') = 8x +
6.

This concludes the proof of Theorem 1.6.1.

9+6pn A contradiction with x > %{;ﬁ— Thus, it exists a schedule of length 6 on an old

1.7 Conclusion

Without com. LCT
/ UET -UCT
p/ |p P/ \7 P P
9~ L (Grahdm et al., 1979) / )
Polynomial/ ~ No dup / \ Nodup dup No dup
dup,/ // Nodup
dup dup
Polynomial Ii - ﬁ (Muylier and Hanen, 1996)

_1 (Munier and Kénig, 1997)% (Munier and []ancn,._l‘)()’?)

2, (Papadimitriou and Yannakakis, 1990)
no-APX, (Rapine, 1999)

no-APX, (Giroudeau et al., 2005)

3. (Thurimella and Yesha, 1992)

Figure 1.11. Principal results in UET-UCT model for the minimization of the length of the
schedule

With the Figure 1.11, a question arises: " It exists a p-approximation algorithm with p € INT
fOI' the problems P|p:’“(‘:(:; (’” = G pf = ]- C‘III.U..'L'; and Plp" €c; '::i_,r' = p'f = ]-[C:‘IHH.!.‘?"
Moreover, the hierarchical communication delays model is a model more complex as the

homogeneous communication delays model. However, this model is not too complex since
some analytical results were produced.
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1.8 Appendix

In this section, we will give some fundamentals results in theory of complexity and
approximation with guaranteed performance. A classical method in order to obtain a lower
for none approximation algorithm is given by the following results called "Impossibility
theorem" (Chrétienne and Picouleau, 1995) and gap technic see (Aussiello et al., 1999).
Theorem 1.8.1 (Impossibility theorem) Consider a combinatorial optimization problem for which
all feasible solutions have non-negative integer objective function value (in particular scheduling
problem). Let c be a fixed positive integer. Suppose that the problem of deciding if there exists a
feasible solution of value at most c is N'P-complete. Then, for any p < (c +1)/c, there does not exist a
polynomial-time p-approximation algorithm A unless P = NP, see ((Chrétienne and Picouleau,
1995), (Aussiello et al, 1999))

Theorem 1.8.2 (The gap technic) Let Q' be an N'P-complete decision problem and let Q be an NPO
minimization problem. Let us suppose that there exist two polynomial-time computable functions f :
Ior — Igandd: Igr — IN and a constant gap > 0 such that, for any instance x of Q'

ey [ d(z)
S*(f(x)) = { d(z)(1 + gap)

Then no polynomial-time r-approximate algorithm for Q with r < 1+ gap can exist, unless P = N'P,
see (Aussiello et al, 1999).

1.8.1 List of N'P-complete problems

In this section, some classical . .-“\.“"-D—complete problems are listed, which are used in this

chapter for the polynomial-time transformation.

One-in-(2,3)SAT(2,1) problem

Instances: We consider a logic formula with clauses of size two or three, and each positive

literal (resp. negative literal) occurs twice (resp. once). The aim is to find exactly one true

literal per clause. Let 1 be a multiple of 3 and let C be a set of clauses of size 2 or 3. There are

n clauses of size 2 and 1/3 clauses of size 3 so that:

e each clause of size 2 is equal to (z V y) for some z, y € V with x # y.

e each of the n literals x (resp. of the literals ') for x € V belongs to one of the n clauses of
size 2, thus to only one of them.

e each of the n literals x belongs to one of the 1/3 clauses of size 3, thus to only one of them.

e whenever (z V ) is a clause of size 2 for some x, y € V, then x and y belong to
different clauses of size 3.

We would insist on the fact that each clause of size three yields six clauses of size two.

Question:

Is there a truth assignment for I: V — {0,1} such that every clause in C has exactly one true

literal?

Clique problem

Instances: Let be G = (V, E) a graph and k a integer.

Question: There is a clique (a complete sub-graph) of size k in G ?

3 - SAT problem

Instances:

e LetbeV ={xy,.., x4} a set of n logical variables.

e LetbeC={C, ..., Cy} asetof clause of length three: (Te, V Ye, V 2¢,).

Question: Thereis: V —{0,1} a assignment
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1.8.2 Ratio of approximation algorithm
This value is defined as the maximum ratio, on all instances /, between maximum objective
value given by algorithm / (denoted by K'(I)) and the optimal value (denoted by K1),
ie.

h K" (1)

4 = maxr W -
1

Clearly, we have p"’ > 1.

1.8.3 Notations
The notations of this chapter will precised by using the three fields notation scheme ,
proposed by Graham et al. (Graham et al., 1979):
e xa € {P,P,P(P2)}
e If @ = P the number of processors is limited,
e If a = P, then the number of processors is not limited,
e If @ = P(P2), then we have unbounded number of clusters constituted by two
processors each,
o 3= 31323334 where:
e If 3; =prec (the precedence graph unspecified
*3y € {(:}
e If Gy = ¢ (the communication delay between to tasks admitting a precedence
constraint is equal to c)
*Bs € {p;}
e If 3 = p; = 1(the processing time of all the tasks is equal to one).
*By € {dup, .}
If 34 =dup (the duplication of task is allowed)
Si 34 = . (the duplication of task is not allowed)
e 7 is the objective function:
e the minimization of the makespan, denoted by Cyax

¢ the minimization of the total sum of completion time, denoted by > ; Cj where G
= t*pj
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with Batch Setup Times and Delivery Costs on a
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Canada

1. Introduction

We study a single machine scheduling problem with batch setup time and batch delivery
cost. In this problem, n jobs have to be scheduled on a single machine and delivered to a
customer. Each job has a due date, a processing time and a weight. To save delivery cost,
several jobs can be delivered together as a batch including the late jobs. The completion
(delivery) time of each job in the same batch coincides with the batch completion (delivery)
time. A batch setup time has to be added before processing the first job in each batch. The
objective is to find a batching schedule which minimizes the sum of the weighted number of
late jobs and the delivery cost. Since the problem of minimizing the weighted number of late
jobs on a single machine is already N'P-hard [Karp, 1972], the above problem is also NP-
hard. We propose a new dynamic programming algorithm (DP), which runs in
pseudopolynomial time. The DP runs in O(#n5) time for the special cases of equal processing
times or equal weights. By combining the techniques of binary range search and static
interval partitioning, we convert the DP into a fully polynomial time approximation scheme
(FPTAS) for the general case. The time complexity of this FPTAS is O(n¥/= + n*logn).
Minimizing the total weighted number of late jobs on a single machine, denoted by
1|| 32 w;U; [Graham et. al, 1979], is a classic scheduling problem that has been well studied in
the last forty years. Moore [1968] proposed an algorithm for solving the unweighted
problem on 7 jobs in O(nlogn) time. The weighted problem was in the original list of N'P-
hard problems of Karp [1972]. Sahni [1976] presented a dynamic program and a fully
polynomial time approximation scheme (FPTAS) for the maximization version of the
weighted problem in which we want to maximize the total weight of on-time jobs. Gens and
Levner [1979] developed an FPTAS solving the minimization version of the weighted
problem in O(n3/z) time. Later on, they developed another FPTAS that improved the time
complexity to O(n2logn + n%/z) [Gens and Levner, 1981].

In the batching version of the problem, denoted by 1|s| >~ w;Uj, jobs are processed in batches
which require setup time s, and every job's completion time is the completion time of the
last job in its batch. Hochbaum and Landy [1994] proposed a dynamic programming
algorithm for this problem, which runs in pseudopolynomial time. Brucker and Kovalyov

1 email:steiner@mcmaster.ca, zhangr6@mcmaster.ca
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[1996] presented another dynamic programming algorithm for the same problem, which
was then converted into an FPTAS with complexity O(n3/= + n3logn).

In this paper, we study the batch delivery version of the problem in which each job must be
delivered to the customer in batches and incurs a delivery cost. Extending the classical
three-field notation [Graham et. al., 1979], this problem can be denoted by 1|s.q| >3- w;U; + bg,
where b is the total number of batches and g is the batch delivery cost. The model, without
the batch setup times, is similar to the single-customer version of the supplier's supply chain
scheduling problem introduced by Hall and Potts [2003] in which the scheduling
component of the objective is the minimization of the sum of the weighted number of late
jobs (late job penalties). They show that the problem is A"P-hard in the ordinary sense by
presenting pseudopolynomial dynamic programming algorithms for both the single-and
multi-customer case [Hall and Potts, 2003]. For the case of identical weights, the algorithms
become polynomial. However, citing technical difficulties in scheduling late jobs for
delivery [Hall and Potts, 2003] and [Hall, 2006], they gave pseudopolynomial solutions for
the version of the problem where only early jobs get delivered. The version of the problem in
which the late jobs also have to be delivered is more complex, as late jobs may need to be
delivered together with some early jobs in order to minimize the batch delivery costs. In
Hall and Potts [2005], the simplifying assumption was made that late jobs are delivered in a
separate batch at the end of the schedule. Steiner and Zhang [2007] presented a
pseudopolynomial dynamic programming solution for the multi-customer version of the
problem which included the unrestricted delivery of late jobs. This proved that the problem
with late deliveries is also N'P-hard only in the ordinary sense. However, the algorithm had
the undesirable property of having the (fixed) number of customers in the exponent of its
complexity function. Furthermore, it does not seem to be convertible into an FPTAS. In this
paper, we present for 1/s.q| > w;U;+ bg a different dynamic programming algorithm with
improved pseudopolynomial complexity that also schedules the late jobs for delivery.
Furthermore, the algorithm runs in polynomial time in the special cases of equal tardiness
costs or equal processing times for the jobs. This proves that the polynomial solvability of
1[|32U; can be extended to 1[s.q| 3 Uj+bg, albeit by a completely different algorithm. We
also show that the new algorithm for the general case can be converted into an FPTAS.

The paper is organized as follows. In section 2, we define the 1|s,¢| > w;U;+ bg problem in
detail and discuss the structure of optimal schedules. In section 3, we propose our new
dynamic programming algorithm for the problem, which runs in pseudopolynomial time.
We also show that the algorithm becomes polynomial for the special cases when jobs have
equal weights or equal processing times. In the next section, we develop a three-step fully
polynomial time approximation scheme, which runs in O(n*/= + n*logn) time. The last
section contains our concluding remarks.

2. Problem definition and preliminaries

The problem can be defined in detail as follows. We are given n jobs, | = {1,2,..., n}, with
processing time p;, weight wj, delivery due date d; > p;, j € J. Jobs have to be scheduled
nonpreemptively on a single machine and delivered to the customer in batches. Several jobs
could be scheduled and delivered together as a batch with a batch delivery cost g4 and
delivery time . For each batch, a batch setup time s has to be added before processing the
first job of the batch. Our goal is to find a batching schedule that minimizes the sum of the
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weighted number of late jobs and delivery costs. Without loss of generality, we assume that
all data are nonnegative integers.

A job is late if it is delivered after its delivery due date, otherwise it is early. The batch
completion time is defined as the completion time of the last job in the batch on the machine.
Since the delivery of batches can happen simultaneously with the processing of some other
jobs on the machine, it is easy to see that a job is late if and only if its batch completion time
is greater than its delivery due date minus +. This means that each job j has an implied due
date d; = d; — 7 on the machine. This implies that we do not need to explicitly schedule the
delivery times and consider the delivery due dates, we can just use the implied due dates, or
due dates in short, and job j is late if its batch completion time is greater than d;. (From this
point on, we use the term due date always for the d;.) A batch is called an early batch if all
jobs are early in this batch, it is called a late batch if every job is late in this batch, and a batch
is referred to as mixed batch if it contains both early and late jobs. The batch due date is defined
as the smallest due date of any job in the batch. The following simple observations
characterize the structure of optimal schedules we will search for. They represent
adaptations of known properties for the version of the problem in which there are no
delivery costs and/ or late jobs do not need to be delivered.

Proposition 2.1. There exists an optimal schedule in which all early jobs are ordered in EDD
(earliest due date first) order within each batch.

Proof. Since all jobs in the same batch have the same batch completion time and batch due
date, the sequencing of jobs within a batch is immaterial and can be assumed to be EDD.
Proposition 2.2. There exists an optimal schedule in which all late jobs (if any) are scheduled in the
last batch (either in a late batch or in a mixed batch that includes early jobs).

Proof. Suppose that there is a late job in a batch which is scheduled before the last batch in an
optimal schedule. If we move this job into this last batch, it will not increase the cost of the
schedule.

Proposition 2.3. There exists an optimal schedule in which all early batches are scheduled in EDD
order with respect to their batch due date.

Proof. Suppose that there are two early batches in an optimal schedule with batch
completion times #; < #; and batch due dates d; > dj. Since all jobs in both batches are early,
we have d; > dy 2 > t;. Thus if we schedule batch k before batch i, it does not increase the
cost of the schedule.

Proposition 2.4. There exists an optimal schedule such that if the last batch of the schedule is not a
late batch, i.e., there is at least one early job in it, then all jobs whose due dates are greater than or
equal to the batch completion time are scheduled in this last batch as early jobs.

Proof. Let the batch completion time of the last batch be t. Since the last batch is not a late
batch, there must be at least one early job in this last batch whose due date is greater than or
equal to t. If there is another job whose due date is greater than or equal to ¢ but it was
scheduled in an earlier batch, then we can simply move this job into this last batch without
increasing the cost of the schedule.

Proposition 2.2 implies that the jobs which are first scheduled as late jobs can always be
scheduled in the last batch when completing a partial schedule that contains only early jobs.
The dynamic programming algorithm we present below uses this fact by generating all
possible schedules on early jobs only and designating and putting aside the late jobs, which
get scheduled only at the end in the last batch. It is important to note that when a job is
designated to be late in a partial schedule, then its weighted tardiness penalty is added to
the cost of the partial schedule.
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3. The dynamic programming algorithm

The known dynamic programming algorithms for 1|s| 3~ w;U; do not have a straightforward
extension to 1[s.¢|>>w;U; + bg, because the delivery of late jobs complicates the matter. We
know that late jobs can be delivered in the last batch, but setting them up in a separate batch
could add the potentially unnecessary delivery cost g for this batch when in certain
schedules it may be possible to deliver late jobs together with early jobs and save their
delivery cost. Our dynamic programming algorithm gets around this problem by using the
concept of designated late jobs, whose batch assignment will be determined only at the end.

Without loss of generality, assume that the jobs are in EDD order, i.e., d; < d> < ... <d,and let

P =37 pi.If di2 P + s, then it is easy to see that scheduling all jobs in a single batch will

result in no late job, and this will be an optimal schedule. Therefore, we exclude this trivial

case by assuming for the remainder of the paper that some jobs are due before P + s. The
state space used to represent a partial schedule in our dynamic programming algorithm is

described by five entries {k, b, t, d, v}:

k: the partial schedule is on the job set {1,2,..., k}, and it schedules some of these jobs as early
while only designating the rest as late;

b: the number of batches in the partial schedule;
t: the batch completion time of the last scheduled batch in the partial schedule;
d: the due date of the last batch in the partial schedule;
v: the cost (value) of the partial schedule.
Before we describe the dynamic programming algorithm in detail, let us consider how we
can reduce the state space. Consider any two states (k, b, t;, d,v1) and (k, b, t», d,v2). Without
loss of generality, let t; <t>. If v1 < v2, we can eliminate the second state because any later
states which could be generated from the second state can not lead to better v value than the
value of similar states generated from the first state. This validates the following elimination
rule, and a similar argument could be used to justify the second remark.
Remark 3.1. For any two states with the same entries {k,b,f,d, }, we can eliminate the state
with larger v.
Remark 3.2. For any two states with the same entries {k, b, ,d,v}, we can eliminate the state
with larger £.
The algorithm recursively generates the states for the partial schedules on batches of early
jobs and at the same time designates some other jobs to be late without actually scheduling
these late jobs. The jobs designated late will be added in the last batch at the time when the
partial schedule gets completed into a full schedule. The tardiness penalty for every job
designated late gets added to the state variable v at the time of designation. We look for an
optimal schedule that satisfies the properties described in the propositions of the previous
section. By Proposition 2.2, the late jobs should all be in the last batch of a full schedule. It is
equivalent to say that any partial schedule {k, b, t, d, v} with1<b <n — 1 can be completed
into a full schedule by one of the following two ways:

1. Add all unscheduled jobs {k + 1, k + 2,..., n} and the previously designated late jobs to
the end of the last batch b if the resulting batch completion time (P + bs) does not exceed
the batch due date d (we call this a simple completion); or

2. Open a new batch b+1, and add all unscheduled jobs {k + 1, k + 2,..., n} and the
previously designated late jobs to the schedule in this batch. (We will call this a direct
completion.)
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We have to be careful, however, as putting a previously designated late job into the last
batch this way may make such a job actually early if its completion time (P+bs or P + (b + 1)
s, respectively) is not greater than its due date. This situation would require rescheduling
such a designated late job among the early jobs and removing its tardiness penalty from the
cost v. Unfortunately, such rescheduling is not possible, since we do not know the identity
of the designated late jobs from the state variables (we could only derive their total length
and tardy weight). The main insight behind our approach is that there are certain special
states, that we will characterize, whose completion never requires such a rescheduling. We
proceed with the definition of these special states.

It is clear that a full schedule containing exactly [ (1 <[ < n) batches will have its last batch
completed at P + Is. We consider all these possible completion times and define certain
marker jobs m; and batch counters g in the EDD sequence as follows: Let 1o be the last job with
dm, < P + s and mp +1 the first job with d,,,+1 = P+s. If mp +1 does not exist, i.e., mo = n, then
we do not need to define any other marker jobs, all due dates are less than P + s, and we will
discuss this case separately later. Otherwise, define 4 = 0 and let 3, 21 be the largest integer
for which d,,,+12 P + gs. Let the marker job associated with ¢, be the job m; = mp + 1 whose
due date is the largest due date strictly less than P + (g +1)s,i.e., dm, <P + (g + 1)s and dyy,, 41
2 P + (g, + 1)s. Define recursively fori = 2,3,..,h — 1, 4.2 4., + 1 to be the smallest counter for
which there is a marker job m; 2m;1 +1 such that dy,,, < P + (g, + 1) s and dyn,41 2 P+(g, + 1) s.
The last marker job is m; = n and its counter g, is the largest integer for which P + g,s < d, <
P + (@ + 1)s. We also define g1 = g +1. Since the maximum completion time to be
considered is P+ns for all possible schedules (when every job forms a separate batch), any
due dates which are greater than or equal to P + ns can be reduced to P + ns without
affecting the solution. Thus we assume that d, < P+ns for the rest of the paper, which also
implies gn +1 < n+1.

For convenience, let us also define T10=P + g5, Tix = P+ (g + k)sfori=1,., hand k=0,1,...,
k(i), where each k(i) is the number for which T; ks = P + (g + k(i))s = P + gi+15 = Tiv1,0, and T
= P + (g + 1)s. Note that this partitions the time horizon [P, P + (g + 1)s] into consecutive
intervals of length s. We demonstrate these definitions in Figure 1.
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Figure 1. Marker Jobs and Corresponding Intervals

We can distinguish the following two cases for these intervals:

1. Ti1= Ti,0, ie., k(i) = 1: This means that the interval immediately following I; = [T;0, T;1)
contains a due date. This implies that g1 = g + 1;

2. Ti1 # T, ie., k(i) > 1: This means that there are k(i) — 1 intervals of length s starting at
P + (g, + 1)s in which no job due date is located.

In either case, it follows that every job j > m has its due date in one of the intervals I; = [T;o, T;1)

for some i & {1,..., h}, and the intervals [T;,, T;+1) contain no due date for i =1,...,h and I>0.

Figure 1 shows that jobs from m+1 to m; have their due date in the interval [T1,, T1,1). Each

marker job m;is the last job that has its due date in the interval I; = [T, T;1) fori=1,.., I, i.e,

wehave T < dp i1 S dony_ys2 < oo Sy, < Thy
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Now let us group all jobs into h +1 non-overlapping job sets Go = {1,..., mo}, G1 = {mo + 1,...,
mi} and G; = {mi1 + 1,.., mi} for i = 2,..., h. Then we have d; € I; ¥j € G; and i 2 1. We also
define the job sets Jo = Go, J; = Go UG LJ....iG;, fori=1,2,...,h — 1and ], = Go LI Gy LI...LiG, = ].
The special states for DP are defined by the fact that their (k, b) state variables belong to the
set H defined below:
If mo=n, thenletH={(n,1), (n, 2), ..., (n,n — 1)};
If mo < n, then let H = Hy ) H, L) H3, where
1. If g > 1, then Hi = {(mqo, 1), (mo, 2), ..., (im0, 4-1)}, otherwise Hy = if;
2. Hy = {(my,g), (my,g1 + 1), ..., (my, g0 — 1), (ma,g2), (Mo, g2 + 1), ..., (ma, gz —1), ..., (my,g:),
(mi,gi +1), ..., (Miy gis1 — 1), s (M Gna), oo (M0 — 1}
3. If1< g <n, then Hy= {(n.gs).(n,gn +1),....(n.n = 1)}, otherwise H3 = il
Note that my; = n and thus the pairs in H3 follow the same pattern as the pairs in the other
parts of H. The dynamic program follows the general framework originally presented by
Sahni [1976].
The Dynamic Programming Algorithm DP
[Initialization] Start with jobs in EDD order
1. Set(0,0,0,0,0)=50, SO =Wk=1,2,..n T =1 and define my, gand mi,i=12,..,h
2. If mo+ 1 does not exist, i.e., mo = n, then set H = {(n, 1), (1, 2), ..., (n, n — 1)}; Otherwise
setH = H1 '.zHQ'.zH3.
LetI= {(k,b)]1 < b < k < n} the set of all possible pairs and /#=]— H , the complementary
set of H.
[Generation] Generate set S® for k =1 to n + 1 from S*1) as follows:
SetT =1
[Operations] Do the following for each state (k — 1,b,, d, v) in S
Case (k-1,b)=H
1. Ift<P+bs,set T"=T*U(n,b+1, P+ (b+1)s,d,v+q)/* Generate the direct
completion schedule and add it to the solution set T*, where d' is defined as the due date of
the first job in batch b+ 1;
2. Ift=P+bs set T*=T*Li(n b, P+bs,d v)/* Wehave a partial schedule in which all
jobs are early. (This can happen only when k — 1 =n.)
Case (k-1,b) = i¥
1. Ift+p<dandk<n,set T =T L1 (k b t+pyd v)/*Schedule job k as an early job in
the current batch;
2. Ift+p+s<diandk<n,set T=T u(k,b+1,t+pc+s,dy,v+q)/* Schedule job k as
an early job in a new batch;
3. Ifk<n,setT=Tu(kbt d v+ws) /* Designate job k as a late job by adding its weight
to v and reconsider it at the end in direct completions.
Endfor
[Elimination] Update set S®)
1. For any two states (k, b, t, d, v) and (k, b, t, d, v') with v < ', eliminate the one with
v' from set T based on Remark 3.1;
2. For any two states (k, b, t, d, v) and (k, b, t', d, v) with t < #', eliminate the one with #'
from set T based on Remark 3.2;
3. SetSkh=T.
Endfor



Minimizing the Weighted Number of Late Jobs
with Batch Setup Times and Delivery Costs on a Single Machine 91

[Result] The optimal solution is the state with the smallest v in the set T*. Find the optimal
schedule by backtracking through all ancestors of this state.
We prove the correctness of the algorithm by a series of lemmas, which establish the crucial
properties for the special states.
Lemma 3.1. Consider a partial schedule (m;, b, t, d, v) on job set ], where (m; b) = H. If its
completion into a full schedule has b+1 batches, then the final cost of this completion is exactly v + q.
Proof. We note that completing a partial schedule on b batches into a full schedule on b + 1
batches means a direct completion, i.e., all the unscheduled jobs (the jobs in | — J, if any)
and all the previously designated late jobs (if any) are put into batch b+1, with completion
time P+ (b +1)s.
Since all the previously designated late jobs are from J; for a partial schedule (m;, b, t, d, v),
their due dates are not greater than dm, < P+ (g +1)s < P+ (b+ 1)s. Therefore, all
designated late jobs stay late when scheduled in batch b+1. Next we show that unscheduled
jobs j = (] — J;) must be early in batch b+1. We have three cases to consider.
Case1.mp=nandi=0:
In this case, H = {(n, 1), (n, 2),..., (n,n — 1)} and Jo = ], i.e. all jobs have been scheduled
early or designated late in the state (1o, b, f, d, v). Therefore, there are no unscheduled
jobs.
Case2. moy<nand b= g:
Since gp = 0 by definition, we must have i > 1 in this case. The first unscheduled job j = (J
— Ji) is job m; + 1 with due dated,,,+1 = P+ (g; + 1)s =P + (b + 1)s. Thus m; +1 and all
other jobs from | — J; have a due date that is at least P + (b + 1)s, and therefore they will
all be early in batch b+1.
Case 3. moy<nandb> g:
This case is just an extension of the case of b = .
If i = 0, then the first unscheduled job for the state (mq, b, t, d, v) is mg +1. Thus every
unscheduled job j has a due date d; > dy,1 = P+ gis > P+ (b+ 1)s, where the last
inequality holds since (i, b) = H;and therefore, b < g — 1.
If 1 <i < h, then we cannot have k(i) = 1: By definition, if k(i) =1, then g + k(i) —1 =g =
+1—1, which contradicts b >g and (m;b) €H. Therefore, we must have k(i) > 1, and b
could be any value from {g + 1,..., i + k(i) — 1}. This means that P+ (b +1)s < P + (g +
k(i))s = P +g+1 5. We know, however, that every unscheduled job has a due date that is
at least Ti1,0 = P + g+15. Thus every job from | — J; will be early indeed.
If i = h, then we have m;, = n and J, = ], and thus all jobs have been scheduled early or
designated late in the state (1, b, t, d, v). Therefore, there are no unscheduled jobs.
In summary, we have proved that all previously designated late jobs (if any) remain late in
batch b+1, and all jobs from | — J; (if any) will be early. This means that v correctly accounts
for the lateness cost of the completed schedule, and we need to add to it only the delivery
cost g for the additional batch b+1. Thus the cost of the completed schedule is v + g indeed.
Lemma 3.2. Consider a partial schedule (m;, b, t, d, v) on job set J;, where (m;, b) = H and b Fn—1.
Then any completion into a full schedule with more than b + 1 batches has a cost that is at least v + g,
i.e., the direct completion has the minimum cost among all such completions of (m;, b,t,d, v).
Proof. If m; = n, then the partial schedule is of the form (1, b, t,d,v), (n,b) =H, b 1 — 1. (This
implies that either mo = n with i = 0 or (m;, b) = Hs with i = h.) Since there is no unscheduled
job left, all the new batches in any completion are for previously designated late jobs. And
since all the previously designated late jobs have due dates that are not greater than
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d, < P+ (g +1)s < P+ (b+1)s, these jobs will stay late in the completion. The number of
new batches makes no difference to the tardiness penalty cost of late jobs. Therefore, the best
strategy is to open only one batch with cost g. Thus the final cost of the direct completion is
minimum with cost v + g.
Consider now a partial schedule (11, b, t, d, v), (m;, b) € H, b # n—1 when m; < n. Since all the
previously designated late jobs (if any) are from J;, their due dates are not greater than
dy, < P+giy1s < P+ (b+1)s. Furthermore, since all unscheduled jobs are from | — J;, their
due dates are not less than d,,, 11 > P+ gi11s > P+ (b+1)s. Thus scheduling all of these jobs
into batch b + 1 makes them early without increasing the tardiness cost. It is clear that this is
the best we can do for completing (m;, b, ¢, d, v) into a schedule with b + 1 or more batches.
Thus the final cost of the direct completion is minimum again with cost v + 4.
Lemma 3.3. Consider a partial schedule (m;, b, t, d, v} on job set J; (i 2 1), where (m;, b) = H and b >
1. If it has a completion into a full schedule with exactly b batches and cost v', then there must exist
either a partial schedule (m;,b—1,1.d, v) whose direct completion is of the same cost v' or there exists
a partial schedule (m;_y,b—1,t,d, ©) whose direct completion is of the same cost v'.
Proof. To complete the partial schedule (m,b,t,dv) into a full schedule on b batches, all
designated late jobs and unscheduled jobs have to be added into batch b.
Case 1. b > g:
Let us denote the early jobs by E; = J; in batch b in the partial schedule (m;, b, ¢, d, v).
Adding the designated late jobs and unscheduled jobs to batch b will result in a batch
completion time of P+bs. This makes all jobs in E; late since d; < dy, < P+(gi+1)s <P +bs
for j & E;. Thus the cost of the full schedule should be v' = v+3_ ;.. w;. We cannot do this
calculation, however, since there is no information available in DP about what E; is. But
if we consider the partial schedule (mi, b—1,t,d,5) = (mi,b—1,t=>, p pj.d,v+
> jer Wi — @) with one less batch, where « is the smallest due date in batch b — 1 in the
partial schedule (m;, b, t, d, v), the final cost of the direct completion of the partial
schedule (mib—1,0—=3p pisd,v+37,cp wi—q) would be exactly v' =v+3 .. w; by
Lemma 3.1. We show next that this partial schedule (7.0 = 1,6 =3y pj.dv+3 05 p w; —q)
does get generated in the algorithm.
In order to see that DP will generate the partial schedule (mi:b— 1.6 =3 p pj.d.v+ 30500 wj —q)
suppose that during the generation of the partial schedule (m;, b, t, d, v), DP starts batch b by
adding a job k as early. This implies that the jobs that DP designates as late on the path of
states leading to (m;, b, t, d, v) are in the set L; = {k, k + 1, ..., m;} — E;. In other words, DP has
in the path of generation for (m;,b,t,d,0) a partial schedule (k—1.b—1,t -3 p pj,d,v— 3. w;—q).
Then it will also generate from (k=1,b-1,t-)7 jek; Pi» dv-) jeL; Wi —4) the partial schedule
(mi,b=1,t=3" . P d: v+, w; —q) by simply designating all jobs in E; L1 L; as late.
Case2.b=g#1:
Suppose the partial schedule (m;, b, t, d, v) has in batch b the sets of early jobs Ei1 L1 E,
where E;1 = i1 and E = ( J; — Ji1). Adding the designated late jobs and unscheduled jobs
to batch b will result in a batch completion time of P + bs. This makes all jobs in E;; late
since d; < dp, , < P+ gis for j € E;_;. On the other hand, if L = (J;— Ji.1 — E) denotes the
previously designated late jobs from J; — Ji1 in (m;, b, t, d, v), then these jobs become
early since P+ gis < dp, ,+1 < d; for j = L. For similar reasons, all previously designated
late jobs not in L stay late, jobs in E remain early and all other jobs from | — J; will be
early too. In summary, the cost for the full completed schedule derived from (m;,b,t,d,v)
should be v = v+ 3,  wj — > ;. w; Again, we cannot do this calculation, since
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there is no information about E;; and L. However, suppose that E;q # (), and consider
the partial schedule (m,b—1,i,d,0) = (Mi1,b=1=Y pp Pidv+ Ycp  w;
— 2jer Wi — ) with one less batch, where d is the smallest due date in batch b — 1 in
the partial schedule (m;, b, t, d, v). The final cost of the direct completion of the partial
schedule (mi-1,b =1t =37 p g Pivdv+ D ep Wi — 2 ;e Wi — ) would be exactly
V' = v+ e Wi — 2 e w; by Lemma 3.1. Next, we show that this partial schedule
(mi—1,b— 10 =3 cpop, P& v+ ep, Wi — 2 5e W5 — a) does get generated during the
execution of DP.
To see the existence of the partial schedule (mi-1.b— 1,4d,9) = (mi,b—1,t—
Y icEuE_ P&V + D e Wi — Do Wi — 1) note that DP must start batch b on the path of
states leading to (m;, b, t, d, v) by scheduling a job k < m; early in iteration k from a state
(k=1b—1t—3 i puppidv— (i w; — Demiy Wi) = Diep Wi — q) (We cannot have k >
m;1 since this would contradict Eq # i). Note also that (37" w; =" cp, , w;) accounts for the
weight of those jobs from {k, k+l,..., m;.1} that got designated late between iterations k and ;1
during the generation of the state (m;b,t,d,v).) In this case, it is clear that DP will also
generate from (k—1,b— 1t~ 3 o pppdv— (X7 w =Y cp w) =Y wi—q) a
partial schedule on Ji1 in which all jobs in E;.; are designated late, in addition to those jobs (if
any) from {k, k+1,..., mi1} that are designated late in (m;, b, t, d, v). Since this schedule will
designate all of {k, k+1,..., m;.1} late, the lateness cost of this set of jobs must be added, which
results in a state (mi_1,b—1.t = > cpip, pjsds v + > ik, Wi — > e, wi —q). This is the state
(mi_1,b— 1,t,d, 7) whose existence we claimed.
The remaining case is when E;.; = Il In this case, batch b has no early jobs in the partial
schedule (m;b,t,d,v) from the set J.1 and if k again denotes the first early job in batch b, then k
& Ji - Jia. This clearly implies that (;b,t,d,v) must have a parent partial schedule (7i-1,0—1,
t=>5epPid.v=3",, w;—q), Consider the direct completion of this schedule: All designated
late jobs must come from J.; and thus they stay late with a completion time of P + bs.
Furthermore, all jobs from | - Ji1 will be early, and therefore, the cost of this direct
completion will be v — 3=, w; —g =1
The remaining special cases of b = 1, which are not covered by the preceding lemma, are (171,
b) = (m, 1) or (m;, b) = (g, 1), and they are easy: Since all jobs are delivered at the same time
P + s, all jobs in Jo or ], respectively, are late, and the rest of the jobs are early. Thus there is
only one possible full schedule with cost =Y witgor v =370 witg,
In summary, consider any partial schedule (m;, b, t, d, v) on job set J;, where (m;, b) =H , or a
partial schedule (1, b, t, d, v) on job set ] and assume that the full schedule S' = (1, b', P + b's,
d', v') is a completion of this partial schedule and has minimum cost v'. Then the following
schedules generated by DP will contain a schedule among them with the same minimum
costas S"
1. the direct completion of (m;b,t,d,v), if (m;, b) # (mi, 4) and b' > b, by Lemma 3.1 and
Lemma 3.2;
2. the direct completion of a partial schedule (m;,b — 1.1,d. ), if (m;, b) # (m;, 4) and b' =
b, by Lemma 3.3;
3. the direct completion of a partial schedule (m;.b — 1,1,d,v), if (m;, b) = (m;, ), i > 1 and
b' =b, by Lemma 3.3;
4. the full schedule (n,1, P + s, d,41, Z;’i’l wij+q)ifmy<nand b'2b=g =11ie., (m,b)
= (m, 1);
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5. the full schedule (n, 1, P + s,d1, 277 w; +q) ,if mg=nand b'2b=1. ie, (m;b)=
(mo, 1).

Theorem 3.1. The dynamic programming algorithm DP is a pseudopolynomial algorithm, which
finds an optimal solution for 1|s,q| > w;U; + bg in O(n*min{d,, P + ns,W + nq}) time and space,
where P = Z_T_] p; and W = Z;‘_l wj-
Proof. The correctness of the algorithm follows from the preceding lemmas and discussion.
It is clear that the time and space complexity of the procedures [Initialization] and [Result] is
dominated by the [Generation] procedure. At the beginning of iteration k, the total number of
possible values for the state variables {k, b, t, d, v} in S® is upperbounded as follows: n is the
upper bound of k and b; n is the upper bound for the number of different d values; min{d,, P
+ ns} is an upper bound of t and W + ng is an upper bound of v, and because of the
elimination rules, min{d,, P+ns, W+ng} is an upper bound for the number of different
combinations of ¢ and v. Thus the total number of different states at the beginning of each
iteration k in the [Generation] procedure is at most O(n? min{d,, P + ns, W + ng}). In each
iteration k, there are at most three new states generated from each state in S&1) and this takes
constant time. Since there are n iterations, the [Generations] procedure could indeed be done
in O(n3 min{d,, P + ns, W + nq}) time and space.
Corollary 3.1. For the case of equal weights, the dynamic programming algorithm DP finds an
optimum solution in O(n°) time and space.
Proof. For any state, v is the sum of two different cost components: the delivery costs from {g,
2g,..., nq} and the weighted number of late jobs from {0, w,..., nw}, where w; = w, Vj € .J.
Therefore, v can take at most n(n + 1) different values and the upper bound for the number
of different states becomes O(n3 min{d,, P + ns, n2}) = O(nd).
Corollary 3.2. For the case of equal processing times, the dynamic programming algorithm DP finds
an optimum solution in O(nd) time and space.
Proof. For any state, t is the sum of two different time components: the setup times from {s,
..,ns} and the processing times from {0,p, ...,np}, where pj=p, ¥j € .J. Thus, t can take at most
n(n + 1) different values, and the upper bound for the number of different states becomes
O(n3 min{d,, n2, W + ng}) = O(n°).

4. The Fully Polynomial Time Approximation Scheme

To develop a fully polynomial time approximation scheme (FPTAS), we will use static
interval partitioning originally suggested by Sahni [1976] for maximization problems. The
efficient implementation of this approach for minimization problems is more difficult, as it
requires prior knowledge of a lower (LB) and upper bound (UB) for the unknown optimum
value v* such that the UB is a constant multiple of LB. In order to develop such bounds, we
propose first a range algorithm R(u, =), which for given u and £, either returns a full schedule
with cost v < u or verifies that (1 — ) u is a lower bound for the cost of any solution. In the
second step, we use repeatedly the range algorithm in a binary search to narrow the range
[LB, UB] so that UB < 2LB at the end. Finally, we use static interval partitioning of the
narrowed range in the algorithm DP to get the FPTAS. Similar techniques were used by
Gens and Levner [1981] for the one-machine weighted-number-of-late-jobs problem
(1]] >Zw;U;) and Brucker and Kovalyov [1996] for the one-machine weighted-number-of-late-
jobs batching problem without delivery costs (1|s,¢ = 0] 3 w;Uj;).

The range algorithm is very similar to the algorithm DP with a certain variation of the
[Elimination] and [Result] procedures.
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The Range Algorithm R(u, =)

[Initialization] The same as that in the algorithm DP.

[Partition] Partition the interval [0, u] into [n/c] equal intervals of size us/n, with the last one
possibly smaller.

[Generation] Generate set S® for k =1 to k =n + 1 from Sk-1) as follows:

Set T =1}

[Operations] The same as those in the algorithm DP.

[Elimination] Update set S®

1. Eliminate any state (k, b, ¢, d, v) if v > u.

2. If more than one state has a v value that falls into the same interval, then discard all
but one of these states, keeping only the representative state with the smallest ¢
coordinate for each interval.

3. For any two states (k, b, t, d, v) and (k, b, t, d, v') with v < v', eliminate the one with
o' from set T based on Remark 3.2;

4. SetSk=T.

Endfor

[Result]

If 7*=W thenv*> (1-2) u;

If 7% 0 then v* < u.

Theorem 4.1. If at the end of the range algorithm R(u, =), we found T* =W then v* > (1—£)u;
otherwise v* < u. The algorithm runs in O(n*/ ) time and space.

Proof. If T* is not empty, then there is at least one state (1, b, t, d, v) that has not been
eliminated. Therefore, v is in some subinterval of [0, u] and v* < v < u. If T* = [, then all
states with the first two entries (k, b) = H have been eliminated. Consider any feasible
schedule (n,b,t,d,v). The fact that T* = i means that any ancestor state of (1,b,t,d,v) with cost
v < v must have been eliminated at some iteration k in the algorithm either because i > u
or by interval partitioning, which kept some other representative state with cost ir' and
maximum error u/n. In the first case, we also have v > u. In the second case,

let v' > ©' be the cost of a completion of the representative state and we must have v' > u
since T* = [l Since the error introduced in one iteration is at most =u/n1, the overall error is at
most n(=u/m) = u, ie, v2v' — n(zum) =v' — zu>u — su=(1 — £)u. Thusv > (1 — =)u for
any feasible cost value v.

For the complexity, we note that [S*| < [n*/] for k = 1,2,...,n. Since all operations on a single
state can be performed in O(1) time, the overall time and space complexity is O(n4/ =).

The repeated application of the algorithm R(u, =) will allow us to narrow an initially wide
range of upper and lower bounds to a range where our upper bound is only twice as large
as the lower bound. We will start from an initial range v' < v* < nv'. Next, we discuss how
we can find such an initial lower bound v'.

Using the same data, we construct an auxiliary batch scheduling problem in which we want
to minimize the maximum weight of late jobs, batches have the same batch-setup time s, the
completion time of each job is the completion time of its batch, but there are no delivery
costs. We denote this problem by 1[s. ¢ = 0| maxw;U;. It is clear that the minimum cost of this
problem will be a lower bound for the optimal cost of our original problem.

To solve the 1|s, ¢ = 0| maxw;U; problem, we first sort all jobs into smallest-weight-first order,
i.e, wp S wp < ... £ wpy. Here we are using [k] to denote the job with the kth smallest weight.
Suppose that [k*] has the largest weight among the late jobs in an optimal schedule. It is
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clear that there is also an optimal schedule in which every job [i], for i = 1,2,..., k* is late,
since we can always reschedule these jobs at the end of the optimal schedule without
making its cost worse. It is also easy to see that we can assume without loss of generality
that the early jobs are scheduled in EDD order in an optimal schedule. Thus we can restrict
our search for an optimal schedule of the following form:
There is a k ={0,1,..., n} such that jobs {[k + 1],..., [n]} are early and they are scheduled in EDD
order in the first part of the schedule, followed by jobs {[1], [2],..., [k]} in the last batch in any
order. The existence of such a schedule can be checked by the following simple algorithm.
The Feasibility Checking Algorithm FC(k)
[Initialization] For the given k value, sort the jobs {[k + 1],..., [n]} into EDD order, and let this

sequence be (th.f.....0;), where f=n — k.

Seti=1,j=¢,t=s+pjandd=d;

If t > d, no feasible schedule exists and goto [Report];

If t <d, set i =2 and goto [FeasibilityChecking].
[FeasibilityChecking] While i < f do

Setj=4d,

If t + p; > d, start a new batch for job j;

if t + s + p; > dj, no feasible schedule exists and goto [Report};
if t+s+p; < dj, set t = t+s+p;, d = d;, i = i+1 and goto [FeasibilityChecking].

If t+pj<d, sett =t +p;i=i+1and goto [FeasibilityChecking].

Endwhile
[Report] 1If i < f, no feasible schedule exists. Otherwise, there exists a feasible batching

schedule for jobs (01, 0:. ..., f7) in which these jobs are early.
The 1[s,q = 0| maxw;U; problem can be solved by repeatedly calling FC(k) for increasing k to
find the first k value, denoted by k* for which FC(k) returns that a feasible schedule exists.
The Min-Max Weight Algorithm MV
[Initialization] Sort the jobs into a nondecreasing sequence by their weight

wpy S Wi < ... < wpyp and set k = 0.
[AlgorithmFC] While k < n call algorithm FC(k).

If FC(k) reports that no feasible schedule exists, set k = k+1 and goto [AlgorithmFC] ;

Otherwise, set k* = k and goto [Result];

Endwhile
[Result] If k* = 0 then there is a schedule in which all jobs are early and set w* = 0; otherwise,
w* = wye is the optimum.
Theorem 4.2. The Min-Max Weight Algorithm MW finds the optimal solution to the problem
s, q = Ol maxw;U; in O(n?) time.
Proof. For k = 0, FC(k) constructs the EDD sequence on the whole job set ], which requires
O(nlogn) time. We can obtain the sequence (61,0, ....0y-1) (f=n — k) in the initialization step of
FC(k + 1), from the sequence (1, 6s, ..., 0¢) constructed for FC(k) in O(n) time by simply deleting
the job [k] from it. It is clear that all other operations in FC(k) need at most O(n) time. Since MIV
calls FC(k) at most (1 + 1) times, the overall complexity of the algorithm is O(12) indeed.
Corollary 4.1. The optimal solution v* to the problem of minimizing the sum of the weighted number
of late jobs and the batch delivery cost on a single machine, 1|s,q| 3_7_, w;U; + bg, is in the interval
[v', nv'], where v' = w* + q.
Proof. It is easy to see that there is at least one batch and there are at most n — k* + 1 batches
in a feasible schedule. Also the weighted number of late jobs is at least w* and at most k*w*



Minimizing the Weighted Number of Late Jobs
with Batch Setup Times and Delivery Costs on a Single Machine 97

in an optimal schedule for 1|s, | 3_7_, w;U; + bq. Thus v' = w* + g is a lower bound and k*w* +
(n — k*+ 1)g £ nw* + ng = n(w* + q) = nv' is an upper bound for the optimal solution v* of
1s, q| 37—, w;lU; + bg.
Next, we show how to narrow the range of these bounds. Similarly to Gens and Levner [1981],
we use the algorithm R(u,£) with £ =1/4 in a binary search to narrow the range [v', nv'].
The Range and Bound Algorithm RB
[Initialization] Set u' = nv'/2;
[BinarySearch] Call R(u', 1/4);

If R(u', 1/4) reports that v* < u', set u' = u' /2 and goto [BinarySearch];

If R(u', 1/4) reports v* >3 u'/4, set u' =3u'/2.
[Determination] Call R(u', 1/4).

If R(u', 1/4) reports v* < u', set ¥ = u!/2 and stop;

If R(u', 1/4) reports v* >3 u'/4, set T = 3u!/2 and stop.
Theorem 4.3. The algorithm RB determines a lower bound T for v* such that T < v* <2¥ and it
requires O(n*logn) time.
Proof. It can be easily checked that when the algorithm stops, we have ¥ < v* <2%. For each
iteration of the range algorithm R(u', 1/4), the whole value interval is divided into
subintervals with equal length ;L; (the last subinterval may be less), where u' 2 v'. Since only

values v < u' are considered in this range algorithm, the maximum number of subintervals is
less than or equal to —%— < 420 — 45 By the proof of Theorem 4.1, the time complexity of

wfdn — o'

one call to R(u', 1/4) is O(n4). It is clear that the binary search in RB will stop after at most

O(logn) calls of R(u', 1/4), thus the total running time is bounded by O(n4logn).

Finally, to get an FPTAS, we need to run a slightly modified version of the algorithm DP

with static interval partitioning. We describe this below.

Approximation Algorithm ADP

[Initialization] The same as that in the algorithm DP.

[Partition] Partition the interval [¥, 2¥] into [n/e] equal intervals of size T=/n, with the last
one possibly smaller.

[Generation] Generate set S®) for k =1 to k =n + 1 from S*1 as follows:

SetT =1k

[Operations] The same as those in the algorithm DP.

[Elimination] Update set S®.

1. If more than one state has a v value that falls into the same sub-interval, then
discard all but one of these states, keeping only the representative state with the
smallest ¢ coordinate.

2. For any two states (k, b, t, d, v) and (k, b, t, d, ') with v < ', eliminate the one with v'
from set T based on Remark 3.2;

3. SetSk=T.

Endfor

[Result] The best approximating solution corresponds to the state with the smallest v over all
states in T* Find the final schedule by backtracking through the ancestors of this state.
Theorem 4.4. For any = > 0, the algorithm ADP finds in O(n*/ =) time a schedule with cost v for the
1s,q| 377_, wiUj + bg problem, such that v < (1 + £)v*,

Proof. For each iteration in the algorithm ADP, the whole value interval [¥, 27] is divided
into subintervals with equal length < (the last subinterval may be less). Thus the maximum
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number of the subintervals is less than or equal to =~ = 2. By the proof of Theorem 3.1,

£t /n

the time complexity of the algorithm is O(n*/ =) indeed.

To summarize, the FPTAS applies the following algorithms to obtain an s-approximation for
the 1fs,q| 37, w;U; + bg problem.

The Fully Polynomial Time Approximation Scheme (FPTAS)

1. Run the algorithm MW by repeatedly calling FC(k) to determine v' = w* + g;

2. Run the algorithm RB by repeatedly calling R(u', 1/4) to determine

3. Run the algorithm ADP using the bounds ¥ <v* <2%.

Corollary 4.2. The time and space complexity of the FPTAS is O(n4logn + n*/ ).

Proof. The time and space complexity follows from the proven complexity of the component
algorithms.

5. Conclusions and further research

We presented a pseudopolynomial time dynamic programming algorithm for minimizing the sum
of the weighted number of late jobs and the batch delivery cost on a single machine. For the special
cases of equal weights or equal processing times, the algorithm DP requires polynomial time. We
also developed an efficient, fully polynomial time approximation scheme for the problem.

One open question for further research is whether the algorithm DP and the FPTAS can be
extended to the case of multiple customers.
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1. Introduction

In the theory of scheduling, a problem type is categorized by its machine environment, job
characteristic and objective function. According to the way information on job characteristic
being released to the scheduler, scheduling models can be classified in two categories. One
is termed off-line in which the scheduler has full information of the problem instance, such
as the total number of jobs to be scheduled, their release times and processing times, before
scheduling decisions need to be made. The other is called on-line in which the scheduler
acquires information about jobs piece by piece and has to make a decision upon a request
without information of all the possible future jobs. For the later, it can be further classified
into two paradigms.

1. Scheduling jobs over the job list (or one by one). The jobs are given one by one
according to a list. The scheduler gets to know a new job only after all earlier jobs have
been scheduled.

2. Scheduling jobs over the machines' processing time. All jobs are given at their release
times. The jobs are scheduled with the passage of time. At any point of the machines'
processing time, the scheduler can decide whether any of the arrived jobs is to be
assigned, but the scheduler has information only on the jobs that have arrived and has
no clue on whether any more jobs will arrive.

Most of the scheduling problems aim to minimize some sort of objectives. A common

objective is to minimize the overall completion time Cy, called makespan. In this chapter

we also adopt the same objective and our problem paradigm is to schedule jobs on-line over

a job list. We assume that there are a number of identical machines available and measure

the performance of an algorithm by the worst case performance ratio. An on-line algorithm

is said to have a worst case performance ratio ¢ if the objective of a schedule produced by
the algorithm is at most ¢ times larger than the objective of an optimal off-line algorithm for
any input instance.

For scheduling on-line over a job list, Graham (1969) gave an algorithm called List

Scheduling (LS) which assigns the current job to the least loaded machine and showed that

LS has a worst case performance ratio of 2 — % where m denotes the number of machines

available. Since then no better algorithm than LS had been proposed until Galambos &

Woeginger (1993) and Chen et al. (1994) provided algorithms with better performance for
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m= 4. Essentially their approach is to schedule the current job to one of the two least loaded
machines while maintaining some machines lightly loaded in anticipation of the possible
arrival of a long job. However for large m, their performance ratios still approach 2 because
the algorithms leave at most one machine lightly loaded. The first successful approach to
bring down the ratio from 2 was given by Bartal et al. (1995), which keeps a constant fraction
of machines lightly loaded. Since then a few other algorithms which are better than LS have
been proposed (Karger et al. 1996, Albers 1999). As far as we know, the current best
performance ratio is 1.9201 which was given by Fleischer & Wahl (2000).

For scheduling on-line over the machines' processing time, Shmoys et al. (1995) designed a
non-clairvoyant scheduling algorithm in which it is assumed any job's processing time is not
known until it is completed. They proved that the algorithm has a performance ratio of 2.
Some other work on the non-clairvoyant algorithm was done by Motwani et al. (1994). On
the other hand, Chen & Vestjens (1997) considered the model in which jobs arrive over time
and the processing time is known when a job arrives. They showed that a dynamic LPT
algorithm, which schedules an available job with the largest processing time once a machine
becomes available, has a performance ratio of 3/2.

In the literature, when job's release time is considered, it is normally assumed that a job
arrives before the scheduler needs to make an assignment on the job. In other words, the
release time list synchronizes with the job list. However in a number of business operations,
a reservation is often required for a machine and a time slot before a job is released. Hence
the scheduler needs to respond to the request whenever a reservation order is placed. In this
case, the scheduler is informed of the job's arrival and processing time and the job's request
is made in form of order before its actual release or arrival time. Such a problem was first
proposed by Li & Huang (2004), where it is assumed that the orders appear on-line and
upon request of an order the scheduler must irrevocably pre-assign a machine and a time
slot for the job and the scheduler has no clue or whatsoever of other possible future orders.
This problem is referred to as an on-line job scheduling with arbitrary release times, which
is the subject of study in the chapter. The problem can be formally defined as follows. For a
business operation, customers place job orders one by one and specify the release time 7;
and the processing time p; of the requested job J;. Upon request of a customer's job order, the
operation scheduler has to respond immediately to assign a machine out of the m available
identical machines and a time slot on the chosen machine to process the job without
interruption. This problem can be viewed as a generalization of the Graham's classical on-
line scheduling problem as the later assumes that all jobs' release times are zero.

In the classical on-line algorithm, it is assumed that the scheduler has no information on the
future jobs. Under this situation, it is well known that no algorithm has a better performance
ratio than LS for m < 3 (Faigle et al. 1989) . It is then interesting to investigate whether the
performance can be improved with additional information. To respond to this question, the
semi-online scheduling is proposed. In the semi-online version, the conditions to be
considered online are partially relaxed or additional information about jobs is known in
advance and one wishes to make improvement of the performance of the optimal algorithm
with respect to the classical online version. Different ways of relaxing the conditions give
rise to different semi-online versions (Kellerer et al. 1997). Similarly several types of
additional information are proposed to get algorithms with better performance. Examples
include the total length of all jobs is known in advance (Seiden et al. 2000), the largest length
of jobs is known in advance (Keller 1991, He et al. 2007), the lengths of all jobs are known in
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[p, rr] where p > 0 and r = 1 which is called on-line scheduling for jobs with similar lengths
(He & Zhang 1999, Kellerer 1991), and jobs arrive in the non- increasing order of their
lengths (Liu et al. 1996, He & Tan 2001, 2002, Seiden et al. 2000). More recent publications on
the semi-online scheduling can be found in Dosa et al. (2004) and Tan & He (2001, 2002). In
the last section of this chapter we also extend our problem to be semi-online where jobs are
assumed to have similar lengths.

The rest of the chapter is organized as follows. Section 2 defines a few basic terms and the
LS algorithm for our problem. Section 3 gives the worst case performance ratio of the LS
algorithm. Section 4 presents two better algorithms, MLS and NMLS, for m = 2. Section 5
proves that NMLS has a worst case performance ratio not more than 2.78436. Section 6
extends the problem to be semi-online by assuming that jobs have similar lengths. For
simplicity of presentation, the job lengths are assumed to be in [l, r] or p is assumed to be 1.
In this section the LS algorithm is studied. For m = 2, it gives an upper bound for the
performance ratio and shows that 2 is an upper bound when " = 7-"5. For m = 1, it shows
that the worst case performance ratio is 1 + 17 and in addition it gives a lower bound for
the performance ratio of any algorithm.

2. Definitions and algorithm LS

Definition 1. Let L = {3, ]»...., ]} be any list of jobs, where job [i(j =1, 2, ..., n) arrives at its
release time 7; and has a processing time of p;. There are m identical machines available.
Algorithm A is a heuristic algorithm. Cr":':_”___‘_( L) and C,?,f rT( L) denote the makespans of
algorithm A and an optimal off-line algorithm respectively. The worst case performance
ratio of Algorithm A is defined as
. C,;E‘“(L )
R(m, A) = E-slip COPT(L)"

“max

Definition 2. Suppose that J; is the current job with release time r; and processing time p;.
Machine M,; is said to have an idle time interval for job J;, if there exists a time interval [Ty, T5]
satisfying the following conditions:

1. Machine M; is idle in interval [T1,T>] and a job has been assigned on M; to start processing at time
To.

2. To - max{Ty, rj} = p;.

It is obvious that if machine M; has an idle time interval [T1,T>] for job J;, then job J; can be

assigned to machine M; in the idle interval.

Algorithm LS

Step 1. Assume that L; is the scheduled completion time of machine M; (i = 1, 2, ... ,m).
Reorder machines such that L1 < L, < ... < L,, and let ], be a new job given to the
algorithm with release time r, and running time p,.

Step 2. If there exist some machines which have idle intervals for job ], then select a
machine M; which has an idle interval [T, T,] for job ], with minimal T; and assign
job J. to machine M; to be processed starting at time max{Ty, r,} in the idle interval.
Otherwise go to Step 3.

Step 3. Let s = max{r,, L1}. Job ], is assigned to machine M; at time s to start the processing.
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We say that a job sequence J;,, J;,. -+, J;, is assigned on machine M; if .J; starts at its
release time and .J; (k = 2, - , g) starts at its release time or the completion time of .J;, _,
depending on which one is bigger.

In the following we let M f S = (Ji Jigs e ,) denote the job list assigned on machine
M; in the LS schedule and MOFT = (J; . J;, .-+, J;,) denote the job list assigned on

machine M; in an optimal off-line schedule, where J; & {.Jy,Jo,--+ ,J,}(s=1,2 .., 9).

3. Worst case performance of algorithm LS
For any job list L = {J1, J2, ..., Ju}, f n= =< .. <1, it is shown that R(m, LS) = 2 in Hall and

Shmoys(1989). In the next theorem we provide the exact performance ratio.
Theorem 1 For any job list L = {J3, Jo, ..., Ju}, if n= = ... <r,, then we have
R(m,LS) =2 ! 1
R m’ )
Proof: We will prove this theorem by argument of contradiction. Suppose that there exists
an instance L, called a counterexample, satisfying:

CLS (L) 1

‘max v

(W)P’I‘(L) -

“max

m’

Let L = {J1, o, ... , Ju} be a minimal counterexample, i.e., a counterexample consisting of a
minimum number of jobs. It is easy to show that, for a minimal counterexample L,
CLES (L) = Ly + ppholds.

Without loss of generality we can standardize L such that r; = 0. Because if this does not
hold, we can alter the problem instance by decreasing the releasing times of all jobs by r1.
After the altering, the makespans of both the LS schedule and the optimal schedule will
decrease by r, and correspondingly the ratio of the makespans will increase. Hence the
altered instance provides a minimal counterexample with r, = 0.

Next we show that, at any time point from 0 to _l‘,{'lf’;_!.(L), at least one machine is not idle in
the LS schedule. If this is not true, then there is a common idle period within time interval
[0, (_l‘:{'lf’;_!.(L)] in the LS schedule. Note that, according to the LS rules and the assumption
that 1 <, < ... <1, jobs assigned after the common idle period must be released after this
period. If we remove all the jobs that finish before this idle period, then the makespan of the
LS schedule remains the same as before, whereas the corresponding optimal makespan does
not increase. Hence the new instance is a smaller counterexample, contradicting the
minimality. Therefore we may assume that at any time point from 0 to C'%5 (L) at least one
machine is busy in the LS schedule.

As < n=<..<r, itis also not difficult to see that no job is scheduled in Step 2 in the LS
schedule.

Now we consider the performance ratio according to the following two cases:

Case 1. The LS schedule of L contains no idle time.

In this case we have
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C‘P{‘;E{(L) L’l + Pn < z;ll (‘r" + p‘ﬂ)

‘OPT(L) — COPT(L) = mCOPT(L)

“rraa T axr
T 4
S0 b+ (m = 1),
mCET(L)

“mar

- mCOPT(L) + (m —1)COPT (L)

L Trar

- mCOPT (L)

‘max
1

m’

Case 2. There exists at least a time interval during which a machine is idle in the LS
schedule. In this case, let [a, b] be such an idle time interval with a < b and b being the
biggest end point among all of the idle time intervals. Set

A = {Jj|]j finishes after time b in the LS schedule}.

Let B be the subset of A consisting of jobs that start at or before time a. Let S([;)(j =1, 2, ... ,n)
denote the start time of job J; in the LS schedule. Then set B can be expressed as follows:

B ={Ji|b — pi < S(J) = a}.

By the definitions of A and B we have S(J;) > a for any job J; € A\ B. If both 7; < b and ; < 5(J))
hold for some J; € A \ B, we will deduce a contradiction as follows. Let
L.E" ) (i=1,2,-- ,m)be the completion times of M; just before job J; is assigned in the LS
schedule. First observe that during the period [a, b], at least one machine must be free in the
LS schedule. Denote such a free machine by M;, and let M;, be the machine to which J; is

assigned. Then a < 5(])) =L_Ejj because rj < 5(J;) and J; is assigned by Step 3. On the other hand

we have that LE“:) < a because r; < b and M; must be free in (4, 0) in the LS schedule before
Jj is assigned as all jobs assigned on machine M;, to start at or after b must have higher
indices than job Ji. This implies Lf-“:) < L.E;J and job J; should be assigned to machine A, ,
contradicting the assumption that job J; is assigned to machine M;, instead. Hence, for any
job J; € A\ B, either r; Z b or r; = 5(J}). As a consequence, for any job J; € A \ B, the
processing that is executed after time b in the LS schedule cannot be scheduled earlier than b
in any optimal schedule. Let A = 0 if B is empty and A = max{S(.J;) —r;|J; € B}if Bis
not empty. It is easy to see that the amount of processing currently executed after b in the LS
schedule that could be executed before b in any other schedule is at most A |B|. Therefore,
taking into account that all machines are busy during [b,L1] and that |B| <m — 1, we obtain
the following lower bound based on the amount of processing that has to be executed after
time b in any schedule:

m(Ly —b) +p, — |B|A

m
N m(Ly —b) + p, — (m—1)A
m '

On the other hand let us consider all the jobs. Note that, if A > 0, then in the LS schedule,
there exists a job J; with S(J;) < a and S(Jj) - r; = A. It can be seen that interval [r;, S(J)] is a

COPT(L) > b+

T

>b
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period of time before a with length of A, during which all machines are busy just before J; is
assigned. This is because no job has a release time bigger than r; before J; is assigned and, by
the facts that S(J;) - rj= A> 0, and S(.J;) = min{LE") [i =1,2,-- ,m}. Combining with the
observations that during the time interval [b, L1] all machines are occupied and at any other
time point at least one machine is busy, we get another lower bound based on the total
amount of processing:

mA +m(L; —b) + (b— A) + p,

(r.()PT ( L) >
m

“rnar

Adding up the two lower bounds above, we get

- 2mLy — (m —1)b+ 2p,
- m

QCOPT(L)

Tnar
Because 1, = b, we also have

COPT(L) > b+ p,.

“max

Hence we derive

C‘i‘a‘?z‘:r: (L) ’r"l + Pn

CORr(L) — COFI(L)

T

- 2mCOPT (L) 4+ 2(m — 1)(b+ pn)

CTrar

- 2mCOPT (L)

“max
1

92—

m

I

Hence we have R(m, LS) < 2 — -1 This creates a contradiction as L is a counterexample

m
Crriaz(L)

satisfying W >2- J—, It is also well-known in Graham (1969) that, when =1 =

.= 1, =0, the bound is tight. Hence (1) holds.

However, for jobs with arbitrary release times, (1) does not hold any more, which is stated in
the next theorem.

Theorem 2. For the problem of scheduling jobs with arbitrary release times,

1
R(m,LS)=3—- —.

m
Proof: Let L = { J1, ]2, ..., Ju} be an arbitrary sequence of jobs. Job J; has release time r; and
running time p; (j = 1, 2, ... ,n). Without loss of generality, we suppose that the scheduled
completion time of job J, is the largest job completion time for all the machines, i.e. the

n—1

makespan. Let P be > ;_1 DPj, u; (i=1,2, ..., m) be the total idle time of machine M;, and s be
the starting time of job J,.. Let u =s — L;, then we have

(T:‘;,iJ(L) = Ll + Pn + U, U< Ty, u+ pn <r,+ Pr-
It is obvious that

o +pn < COPT(L), P +p, <mCOPT(L).

mar mar
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Because COFT

Trear

(L) Z max {ri, 1, ..., ra} we have u; < COPT(L) (i=1,2, ...,m). So

Trar

CLS.(L)  Li+p,+u - St (Li 4+ pa) + mu

Cowd (L) CREE(L) —  mCRUT(L)
P Hp+ 30 ui+ (m— 1) (u+ pn)
- mCRT (L)
P s S ui+ (m—1)(ry +pa)
- mCOL (L)
o mCpgi (L) + mCRT (L) + (m = 1R (L)
- mCOPT(L)
L1
=3
By the arbitrariness of L we have R(m,LS) < 3 — = The following example shows that

the bound of 3 — = is tight.

T

Let E(] = {Jla J21 Tt Jerez—m+1 } with

ri=1i—¢ pj=¢, (i—Dm+1<j<im, i=12--,m;
rp=0, pj=1, m? +1<j < 2m” —m;
r;y =0, p;=m, j=2m*—m+1.

It is easy to see that the LS schedule is
ﬂ'{rLS = (Ji:' J‘é+m.1 Ty L;'r:i.+(1'n.—'l yms L)ﬂ(;a'.+-r|w.2 yT T Jz'—i—[‘Zm.—‘Z}m.)-. i= 21 3-. cer M,
LS
1"‘1(1 = (Jl ; Jl+m.a ity Jl+(m—l)m s ']1 +m2s" " ']1+(2m.—2)m-. '}27113—?::.—:—1)'

Thus CL5 (Lo) = L1 = m +m — 1+ m = 3m — 1. One optimal off-line schedule is

“max
A'IJOPT = (J1r12+(.5.—1)'m.+] E] ‘}m.?+('i—] Y422 """ Jm.‘2+['i—l Yrr4res J?'.a J?'.—f'nr.a Tt J-:'.+(vu.—1]m )-.
for i=1,2,--- . m-1,
AI}(;‘UJT = (J2m!—m+l 1 Jm-v Jm.+m-. Tt Jm.+(m,— L)m}-
Thus COPT(Ly) = m + me. Hence
LS (T D
R(Tn LS} > Cnum:(Ln) —_92_ 1 + 3me
' T COPT(Ly) m+me

Let £ tend to zero, we have R(m., LS) > 3 — ﬁ That means R(m, LS) = 3 — ?TL;

The following theorem says that no on-line algorithm can have a worst case performance
ratio better than 2 when jobs' release times are arbitrary.

Theorem 3. For scheduling jobs with arbitrary release times, there is no on-line algorithm
with worst case ratio less then 2.

Proof. Suppose that algorithm A has worst case ratio less than 2. Let L = { 1, J», ..., Ju+1}, with

n=Lp=¢1=0p=S+ec (=273, ..,m+1), where S =1 is the starting processing time of
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job J1. Let LK) = {J; ..., ij(k=1,2, .., m+1). Because R(m, A) <2, any two jobs from the job
set L") cannot be assigned to the same machine and also CA (LMY > 2(S + ). But
COPT(LImT) = § 4 2¢, 50

‘max

“rnar

C()P'!'(L{m—f—i)) = 8§42 1

mar

(\91 (L{m+l)) - Q(S—}—S)

Let € tend to zero, we get R(m, A) = 2, which leads to a contradiction.
From the conclusions of Theorem 2 and Theorem 3, we know that algorithm LS is optimal
form=1.

4. Improved Algorithms for m =2

For m = 2, to bring down the performance ratio, Li & Huang (2004) introduced a modified
LS algorithm, MLS, which satisfies R(m, MLS) < 3 — &= — &, with €m = € > 0, To
describe the algorithm, we let

- 3m—-1  |%]

mo

m m
m

N = 7507
%)

where |z | denotes the largest integer not bigger than .
dm—1
m

In MLS, two real numbers p,, and 7,, will be used. They satisfy 2 + T, < pm <
1

and T,,, > 0, where Tm = —land pm 18 a root of the following equation

N (Pm —’im)
2[3? -1+ ?fm.(ﬂ,‘ - 6-“; )] 2m—1 —
27?;2;4 ("I-‘ - f)_m.)z + [T?m "I-‘(-'I-‘ - 6nr) - 1][1' =1+ (.’I? - 5:::)] m

Algorithm MLS

Step 1. Assume that L; is the scheduled completion time of machine M; (i =1, 2, ... , m).
Reorder machines such that L1 < [, < ... < L, and let ], be a new job given to the
algorithm. Set L,+1 = +o0.

Step 2. Suppose that there exist some machines which have idle intervals for job J,. Select a
machine M; which has an idle interval [Ty, T3] for job ], with minimal T;. Then we
assign job ], to machine M; to be processed starting at time max{Ti, ,} in the idle
interval. If no such M; exists, go to step 3.

Step 3. If , = L1, we assign ], on machine M; to start at time L;.

Step 4. If Li < 7 = Li+1 for some 1 = k < m and p, = Tuts then we assign J, on machine M; to
start at time 7.

Step 5. If Ly < 74 < Lis1 for some 1 < k < m and py < Tutw and Lisy + pu < Pmi (1, + py), then we
assign |, on machine M+ to start at time Ly+1.

Step 6. If Li < 1, = Li+1 for some 1 = k < m and p, < tury and Lgst + p > Pm (r, + py), then we
assign |, on machine M to start at time 7.

The following theorem was proved in Li & Huang (2004).

Theorem 4. For any m = 2, we have

R(m, MLS) < pp,.
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Furthermore, there exists a fixed positive number £ independent of m such that

1
Pm <3 — — —e < 29392,
m
Another better algorithm, NLMS, was further proposed by Li & Huang (2007). In the
following we will describe it in detail and reproduce the proofs from Li & Huang (2007). In
the description, three real numbers «,, (3, and &, will be used, where

1< B <2, Enag < % and they are the roots of the next three equations.

2y _ 2
2+(”:_y]n¥ 1 m ( )
ew = 4l 4+ P 4 2l ©)

21!2. _
24y+(zz—2)y* 1. 4)

The next lemma establishes the existence of the three numbers and relate them to figures.
Lemma 5. There exist = q,,, y = 35, and z = §,,, satisfying equations (2), (3) and (4) with
1< B <2, By < Qs i, < 2212 < 32 < 3, + 2.and 2 < &0, < 2.78436 for
any m = 2.

Proof. By equation (3) and (4), we have
2 1 Z 2 1
m moomy oy Y ©)
Let f(y) = LE_J + ,17 - % - y% - é + 1. It is easy to check that
@) >0, f)<0 and  f@) =24 Ly
" 2m  om

Hence there exists exactly one real number 1 < (3, < 2 satisfying equation (5).
By equation (2), we have

gy = 3.6?”. - > 3;‘31:;. —-2> .ﬁm.-,

3
.-‘jm

where the two inequalities result from [3,,,> 1.

By equation (3), we get &, = a%l( ,Er?ji + m_nLITJ + 2”:;1) and
(5] m—[%] 2m-1
Tr a'” - - + +
Emm mBm m m
5] m—=[1%] 2m-1
< =2= 4 +
m m m
) 1
=3-—.

_ 1 2 1 : Ag(y.q)
Let g(y,q) = Eqﬁ-'-m —(z—qu— oz — 3 T L Itis easy to show that =75 = < 0 and

% < 0. Because g(f2441,q) = 0, we haveﬂj'{'f—' > (). Because of equation (5), we get

‘ : { 2« H ' A =
d(ql{glx Bag41) J‘Ilﬁlm Bagy1 —4=0.
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Hence lim,_.4o 2441 = 1.75831. In addition, by equation (5), we have 35 = 1.56619.
d-";zq_‘_]

Noticing that (33441 is an increasing function on q as aq

> (), we have
c 22 - A2 .
2<p35< .*32q__ 1

a2 p r . y 2 . e
_012{;_:_]_ — ,'32(!4_1 —2< (ql{l_}_lx _132‘;__]_) — ql{hl_lx ;j'gt:+1 —2<0.

That means 2 < __:'_'1’3(', +1 < B2q41 + 2 holds. In the same way as above, we can show that
2<f3, < (324 + 2 holds. Thus 2 < 32, < B, + 2 holds for any m > 2.

. ) 4 2 1 d(Ezqgr102q41)
By equation (4), we have Sogr1agrr = 4 — Bl Pagn and hence — o dq ' =
4 \ 1 dBag41
B, PE o ) =5~ > 0. Thus we get {og+102941 = E3003 > 2and

é (8% < lim f ey
2q+102q4+1 = q o 2q+1%2qg+1
2 1

- (lil“r,i—»—_—'x_' ."32q——l)2 - lilllq—\+fx, -"32q+1
= 2.78436,

ie 2 < &agp1000941 < 2.78436. Similarly we can get 2 < {24004 < 2.78436. That means

2< & Oty = 2.78436 holds for any m= 2.

For simplicity of presentation, in the following we drop the indices and write the three

numbers as a. 3 and £ if no confusion arises. The algorithm NMLS can be described as

follows:

Algorithm NMLS

Step 0. R_E“) =0,L;:=0,i=1,2,..., m. Ly := +0C.

Step 1. Assume that L; is the scheduled completion time of machine M; after job J.1 is
assigned. Reorder machines such that L1 <[, < .. < L,. R" Y (s) (s=1,2, .., m)
represents the sth smallest number of R?”'il), i=1,2, .., mLet J, be a new job
given to the algorithm.

Step 2. Suppose that there exist some machines which have idle intervals for job J,. Select a
machine M; which has an idle interval [Ty, T>] for job ], with minimal T1. Then we

assign job ], on machine M; to start at time max{T3, r,} in the idle interval. REH) =

Rf”_l), i=1,2,..,m.If nosuch M;exists, go to Step 3.
(n—1)

Step 3. If r, < L1, we assign J, on machine M to start at time L. RE ") =R ; g

Step 4. If Ly = , < Li+1 and all of the following conditions hold:
(n—1)
@ R" V(%] +1) > max{ Ly, R;i(ml},
RV (m
(®) rn > ﬁ/
© p, < (B— Drw
D) Liyr +pn < alrn +pa)

i=1,2,..,m.

then we assign ], on machine M+ to start at time L+1 and set RE”) = RE”_I), i=1,
2, ..., m. Otherwise go to Step 5.

Step 5. Assign job ], on machine M to start at time 7. Set Ri_”) =, R = RV #¢.

(3 (3 4
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5. Performance ratio analysis of algorithm NMLS

In the rest of this section, the following notation will be used: Forany 1 <j<n, 1<i<m, we
use LU to denote the job list {J1, J2, ..., Jj} and LEJ) to denote the completion time of machine
M; before job J; is assigned. For a given job list L , we set

m

U(L) =Y u(L).

i=1

where u; (L) (i =1, 2, ..., m) is the total idle time of machine M; when job list L is scheduled
by algorithm NMLS. We first observe the next two simple inequalities which will be used in
the ratio analysis.

COPT(L) > rj+pj, for any j=1,2,--+ ,n, )
COPT(L) > wi(L), i=1,2,--+,m. )
Also if there exists a subset {Jj,,- - ,.Jj, } in job list L satisfying 7, = 7(s = 1,2,--+ ,q),

then the next inequality holds.

q .
(yOP'f'(L) 2 7+ @ (8)

“rrar m
In addition, if j; > j,, then
L9 > L0 RUY > RUD 1 <i<m.

In order to estimate U(L), we need to consider how the idle time is created. For a new job J,

given to algorithm NMLS, if it is assigned in Step 5, then a new idle interval [Lj, r,] is

created. If it is assigned in Step 3 or Step 4, no new idle time is created. If it is assigned in

Step 2, new idle intervals may appear, but no new idle time appears. Hence only when a job

is assigned in Step 5 can it make the total sum of idle time increase. Because of this fact, we

will say idle time is created only by jobs which are assigned in Step 5. We further define the

following terminologies

e Ajob Jis referred to as an idle job on machine M;, 1 <i < m, if it is assigned on machine
M; in Step 5. An idle job ] is referred to as a last idle job on machine M;, 1 <i < m, if ] is
assigned on machine M; and there is no idle job on machine M; after job J.

In the following, for any machine M; we will use J; to represent the last idle job on

machine M if there exist idle jobs on machine M;, otherwise J.“ to represent the first job

(which starts at time 0) assigned on machine M;.

Next we set

R
R=max{r; +p; [1<i<m}; A={ilr; > ?}

By the definitions of our notation, it is easy to see that the following facts are true:
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R(" i=1,2,-,m

R>R n)(-m);
R < COPT(L).

Trar

For the total idle time U(L), the next lemma provides an upper bound.
Lemma 6. For any job list L = {J1, [, ..., J.}, we have
v _lzl, m-13)
mCOPT(L) = mp m

maxr

Proof. By the definition of R, no machine has idle time later than time point R. We will
prove this lemma according to two cases.
Case 1. At most ;. — | %" | machines in A are idle simultaneously in any interval [a, b] with

L<a<n.
+
Let v; be the sum of the idle time on machine M; before time point % and v} be the sum of

the idle time on machine M; after time point %, i=1,2, .., m The following facts are
obvious:

R
wi(L) = v; + v, v; < 3 1<i<m
v =0, VigA

In addition, we have

3wl < (m— [’”J)u - —)R
ieA

T

because at most m — |5

%§a<b§R.Thuswehave

| machines in A are idle simultaneously in any interval [a, b] with

L

uiL) Z u; (L)

HCOPT(L) = 2= mCOPT (I
=Y v +Z_f££’,‘( D
n o p o (mel2D- DR

<
- z; mpBCOPT (L) * mCORT (L)

1=

moeorTry  (m= 5 ])(1 - 5000 (L)

T

« mBCOET (L) mCOPT(L)

mar maxr

l’”J m- 1%

md m
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Case 2. At least m — L%J + 1 machines in A are idle simultaneously in an interval [a, b]
with & <a<b.

In this case, we select « and b such that at most m — L%J machines in A are idle
simultaneously in any interval [, '] witha <b<a' <V Let

is idle in [a,b]}.

That means |ﬁ|> m — | % | by our assumption. Let M;,, i € A, be such a machine that its

UVl

idle interval [a, b] is created last among all machines M;,i € A. Let
A = A\ {ip}.
Suppose the idle interval [a, b] on machine M;, is created by job /7. That means that the idle
interval [a, b] on machme M; for any i € A' has been created before job /5, is assigned. Hence
we have R.,-“' Z b>a> L.,-“ for any i € A'. In the following, let
rg, = min{r; .min{r; |i € A'}}.

We have 7%, 2 bbecause 75, = band 77, =2b, Vi €A

in —

What we do in estlmatmg cor T( L) 1s to fmd a ]ob index set S such that each job J; (j € S)

mmar

satisfies r; = —L and Z;Cb Pj ;- And hence by (8) we have
2 T |A | 0 — 5
(-Of T L) > 3*
mar ( ) —_ I‘j ???
To do so, we first show that
(?1) .
L +p;, > a(r;, +p;,), i€ A’ )

holds. Note that job -/, must be assigned in Step 5 because it is an idle job. We can conclude
that (9) holds if we can prove that job /5, is assigned in Step 5 because the condition (d) of
Step 4 is violated. That means we can estabhsh (9) by proving that the following three
inequalities hold by the rules of algorithm NMLS:

- . = R(En Dim
() RUo L}(L%J +1)> IIli—lX{Li]“). %}

RGo=1) ()

® >
(C) );n - {d - 1)]rﬂn
The reasoning for the three inequalities is:

().

(m—1[%])+1= %]+ 1wehave
R(En (L?HJ + ) 2 R(?(. L}(TH. . |‘;11!| + ]) Z _1_112}{]2?5“_1}}

R (m) (i0=1) (1)

2b>a2 —p—2>—070
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Next we have @ > L.Ei") because idle interval [a, b] on machine M;, is created by job /5.
Hence we have

R(E”_”([%J +1)>a> nmx{LE“). j’?(“‘—;)(m)}
i.e. the first inequality is proved. i
(b). This follows because 75, = b>a> L;J(m)-
(c). As @ < ;—j <a <b<r; wehave Pj, <(B—1)r;,
For any i € A', by (9) and noticing that 77, < R < fa < b < Bry, and a > 3 > 1, we
have

L_E:”} —r;, >alr;, +p;) —p;

i in io

=1y, >ar; =1 2ar; — prg 2 arg = prg, > 0.

That means job J5, appears before J;, i.e. io > i1. We set

S; :{!U j is processed in interval ['?',-l . LE"’“’] on machine M}, Vi€ A"

S =Uicar Si.

ia)

We have Z.;&S,- p; = L-Em
A'. Hence we have

Yopi=>. > pi= Z(LE?“} -r;) > > (arg, = Brg,) =

JES i€ A’ jES; ie A’ i€ A

— 77, because Jfl is the last idle job on machine M; for any i €

’.1!

(o — -"5)"% - (10)
Now we will show the following (11) holds:

s
Uz—%.wes, (11)
It is easy to check that i; € S;and 5, > % > ,T—i' forany i € A',i.e. (11) holds for any
jES (i€ AYandj=14, . Foranyj € S; (i €A')and j #i, , we want to establish (11) by
showing that J; is assigned in Step 4. It is clear that job J; is not assigned in Step 5 because it
is not an idle job. Also o> j because Lﬁ_'” < Lﬂ’”)_ Thus we have

LY >r >b> LY > LY,
where the first inequality results from j #i, and the last inequality results from in> j- That
means J; is not assigned in Step 3 because job J; is not assigned on the machine with the
smallest completion time. In addition, observing that job J7, is the last idle job on machine

M; and L-{-” > T, by the definition of S;, we can conclude that J; is assigned on machine M;

to start at time Lf—_” . That means j > 7; and J; cannot be assigned in Step 2. Hence J; must be
assigned in Step 4. Thus by the condition (b) in Step 4, we have

R(f —-1) (.?”) S -f"\_“—_l T

s
g’

IV
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where the second inequality results from j > 7; . Summing up the conclusions above, for any
j €S, (11) holds. By (8), (10) and (11) we have

2 jes Pi > "".r.l A’ (e = B)rg, _m+ | A (e — {3);‘.’5‘1‘_
m - _;3 m mf3 key !

mar

T
CYOP!(L) 2 %4_

Now we begin to estimate the total idle time U(L). Let T; be the sum of the idle time on
machine M; before time point 7%, and T} be the sum of the idle time on machine M; after
time point 7'x, ,i =1, 2, ..., m. The following facts are obvious by our definitions:

u; (L) =0; + 7, T ST 1<i<m
T=0, VidA

By our definition of b and ki, we have that b < 7, and hence at most ym — | %* | machines in

A are idle simultaneously in any interval [a', b'] with 7%, < 4' < b' < R. Noting that no
machine has idle time later than R, we have

_, m m,., ,
> T < (m- LS DR =15,) < (m = [FD(Brg, —r5,) < |A(Brg, —75,)-
e A
Thus we have
UL  ~~ w(l) & T; o
mCOPT(L) Z mCOPT(L) ; mCOPT(L) + ; mCOPT([)

Trar T axr mar

mry, |A"|(Brg, —rg,) - |A'|32 + (m — |A'))3
— mCOPT(L) mCOPT(L)y = m+ |A|(a—3)3
BB+1) 232 11

"2+ (a-08)3 2+ (a—-pB)3 [2*3 ]
B 115 m=[7F]
23 2 mp3 + m '

The last inequality follows by observing that the function A(x) = e — 4+ ™M=L s a

L
decreasing function of = for T € “_%J %] The second inequality follows because
— 3?2 —2)3 . . .
A=Al =1 2>2m—[%] > Zand g(z) = % is a decreasing function of x

on [, |A"|]. The fact that g(x) is a decreasing function follows because g'(x)<0 as

2
af -2 -p4+1=(36- 5)_{1‘ -3 -pB+1=(-1)(268+1)>0.

NMLS ([,
The next three lemmas prove that £q is an upper bound for m . Without loss of
generality from now on, we suppose that the completion time of job J, is the largest job

NMLS

completion time for all machines, i.e. the makespan C;} 7.

assumption, ], cannot be assigned in Step 2.

(L). Hence according to this
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Lemma 7. If ], is placed on My with Ly =< r, < L+1, then

Caz > (L)

('OPT( )

Tmar

= fa.

Proof. This results from CNMES(L) = ,4p, and COPT (L) Z 1,+p,.

mar mar

Lemma 8. If ], is placed on My+1 with L < 7, < Lis1, then

Tnar

'O PT(L)

‘”HI r

C!\- UL.S{ ) <£a

Proof. Because CNMLS (L) = Liy+p, and COFT (L) = 1, +p,, this lemma holds if Lis1+p, <

mar Trear
60: (pn + Tn)-
Suppose Li+1tpy > £l (pu + 7). For any 1 =i <m, let

Si = {j|J;is processed in interval [RE”}, L;] on machine M.
It is easy to see that

R R-S”)! i=1,2,---,m and

Z pj=L; — RE"') > Ly — R_,(-n), i=k+1,k+2,---,m
JES;

hold. Let

().
B ={i|R" > R{i_i(m)};

r = Inin{gr.mn.lin{REn.)H € B}).

By the rules of our algorithm, we have

m _ RV (m) B R(”)(m)‘

(n—1)1, (n)
> R (m) _R (m)
T g 3

RO (|5 +1) = RD(|

)
because J, is assigned in Step 4. Hence we have |B| > m — | 5| > % and ry; > R*—),(m)

By the same way used in the proof of Lemma 6, we can conclude that the following
inequalities hold for any i € B:

(:a)

',l —
>l vjeS;

"2 B
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Thus by (8) and (10) we have

CO‘PT(L) >

“max

A%

v

11 n Z Zje§,- by

m
ieB

11 Lpy1 — R(")('H'L)
3 * Z m
ieB

rir | |Bl(Lggr — Brin)
— +
3 m
2?‘]1 + (LJH_] - .JL'())T‘] 1 )13

203
2ry + (Lgsr — Bra)

23 '

The second last inequality results from that |B| > * and

Ly — Brin = &a(ry + pn) — pn — Brin > Earyy — fry;p >0

as 8 < 2 < £a. The last equality follows because 3* > 2 and r, = ri1. Also we have
—Tn > Lpecause J, is assigned in Step 4. Hence we have

ratpn — [

Cpaz 5(L) _ Li41 +pn

T

COPT ()

mar

- COPT(L)

mar

2-‘3(Lk+1 + p'n-)

B QTH + (Lk+l + Pn— Pn— .ﬁrn).ﬁ

288a(rn + pn)

- QTH + (gf-l'('f'u. + pu.) — Pn — .B'rn)ﬁ

2B

(2+3-32

ra (Ea—1)5

Tn+Pr
20
= 3— 32 P
% + (a—1)3
26%¢a

T 243+ (€a—2)2

={a.

The second inequality results from the fact that f (x) =

23x

St (r—pn—pdrn)3 is a decreasing

function of @ for > 2r,, — (p, + Br,)3 as 2 — 3?2 < 0. The last inequality results from
2 + 3 — 3% > 0 and the last equation results from equation (4).
Lemma 9. If job ], is placed on machine M;, then we have

CN M LS{L)

Tnar

corrny <

s

TIaE
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Proof. In this case we have Ly 2 r, and CNMLS (L) = L, + p, . Thus we have

CNMES(L) _ Litpn _ S, (Litpa)
(‘}(JI‘T'(L) ('(_).‘"!'(L) — ?H.(-'O‘”T(L)

“max “max “mar

Z;;l i+ wi(L) + (m—1)p,
N mCOPT (L)

S

- Z_i;zl i+ z:il wi(L)+ (m—1)(r, + pn)
- mCQPT (L)

“rmar

< mCoPT (L) + 30 ui(L) + (m = )CRPT (L)

< mCOPT(L)
B U(L) N 2m—1
= ”j(‘fﬁf;r (L) e
L e . N Y |
- |_2J + L_}J +
B m -

= {':ﬂ:.

The next theorem proves that NMLS has a better performance than MLS for m = 2.
Theorem 10. For any job list L and m = 2, we have

. 1
R(m,NMLS) < &pap, < 2.78436 and  &,a,, <3 — —.
m
Proof. By Lemma 5 and Lemma 7 — Lemma 9, Theorem 10 is proved.
The comparison for some m among the upper bounds of the three algorithms' performance

ratios is made in Table 1, where R(m, LS) = 3 — L

m’

m Ol Bin R(m, LS) R(m, MLS) R(m, NMLS)
2 2.943 1.443 2.50000 2.47066 2.3465

3 3.42159 1.56619 2.66667 2.63752 2.54616

9 3.88491 1.68955 2.88889 2.83957 2.7075

12 3.89888 1.69333 2.91668 2.86109 2.71194

00 413746 1.75831 3.00000 2.93920 2.78436

Table 1. A comparison of LS, MLS, and NMLS

6. LS scheduling for jobs with similar lengths

In this section, we extend the problem to be semi-online and assume that the processing
times of all the jobs are within [L,7], where r 2 1. We will analyze the performance of the LS
algorithm. First again let L be the job list with n jobs. In the LS schedule, let L; be the
completion time of machine M; and u, ..., ui; denote all the idle time intervals of machine
M; (i=1,2, ..., m)just before ], is assigned. The job which is assigned to start right after u;; is
denoted by J;; with release time r;; and processing time p;;. By the definitions of u;; and ry;, it is
easy to see that ;; is the end point of u;;. To simplify the presentation, we abuse the notation
and use u; to denote the length of the particular interval as well.
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The following simple inequalities will be referred later on.

i
<CorPr(L), mcofT(L) > Zp.,- + U, (12)

i=1

ki
CcOPT(L) > Z(HU +pij), =12, ,m, (13)
Jj=1

Li+pa - Yot (Li + pn)
COPT(Ly =  mCOPT(L)

mar Lar

n k1 ™
B ZJ’:I pj + Z,;‘:l uj+ o+ Z T Uy + (M= 1)py
B mCOPT(L) ’

maxr

(14)

where U is the total idle time in the optimal schedule.

The next theorem establishes an upper bound for LS when m = 2 and a tight bound when
m=1.

Theorem 11. For any m = 2, we have

I
[~
|
|
W

3 r
R[T??-.LS) E { " r (m—1)r ; o e
I+H’? +m(1}’?) l=r< 1 (15)

- m

and R(1,LS) =1+ -

We will prove this theorem by examining a minimal counter-example of (15). A job list L = {
Ji, J2, ... Ju} is called a minimal counter-example of (15) if (15) does not hold for L, but (15)
holds for any job list L' with |L'| < |L|. In the following discussion, let L be a minimal
counter-example of (15). It is obvious that, for a minimal counter-example L, the makespan
is the completion time of the last job J,, i.e. L1 + p,. Hence we have

Cr;:thu(L) Ll + Pn
/‘O.”T(L) (‘O!’T(L) :

Tar rar

We first establish the following Observation and Lemma 12 for such a minimal counter-
example.

Observation. In the LS schedule, if one of the machines has an idle interval [0, T] with T > r,
then we can assume that at least one of the machines is scheduled to start processing at time
Zero.

Proof. If there exists no machine to start processing at time zero, let & be the earliest starting
time of all the machines and o = min{d,T —r}. It is not difficult to see that any job's
release time is at least ¢y because, if there exists a job with release time less than fo, it would
be assigned to the machine with idle interval [0, T] to start at its release time by the rules of
LS. Now let L' be the job list which comes from list L by pushing forward the release time of
each job to be t; earlier. Then L' has the same schedule as L for the algorithm LS. But the
makespan of L' is tg less than the makespan of L not only for the LS schedule but also for the
optimal schedule. Hence we can use L' as a minimal counter example and the observation
holds for L'.
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Lemma 12. There exists no idle time with length greater than 2r when m = 2 and there is no
idle time with length greater than r when m = 1 in the LS schedule.

Proof. For m = 2 if the conclusion is not true, let [Ty, T2] be such an interval with T,—T; > 2r.
Let L0 be the job set which consists of all the jobs that are scheduled to start at or before time
T;. By Observation , L9 is not empty. Let L = L \ L0. Then L is a counter-example too
because L has the same makespan as L for the algorithm LS and the optimal makespan of
L is not larger than that of L. This is a contradiction to the minimality of L. For m = 1, we
can get the conclusion by employing the same argument.

Now we are ready to prove Theorem 11.

Proof. Let cv7" be the largest length of all the idle intervals. If o < ";l, then by (12), (13) and

(14) we have

C#fﬁ:( ) <1+ Zfél i S Zfﬁil U, (m —1)py
COFT(L) ~ m Z:‘;l (u1; + p1i) m Z, " (U, + Piny) mCQET(L)
kl . k??l —
S 1 + %.,—_=| Ui 4 Z.’—l ”m, + (m 1)
my it (uy + 1) m Z " (U, +1) m
kior kmozr (m—1)
14— 1= L
* m(k, + krar) T m(ky + knar) m
_9 1 + ar 1 1
B m l4+ar =" m 7
Next by use of COPT ()21 + ar instead of C$FT ()= p, and observe that p, < r we have
cLsS (L) - kyar T kmor (m—1)r
coPr(ry — m(ky + kyar) m(ky + knpor)  m(1+ar)
—14T (m—1)r
B T4+ar m(l+ar)
SoifmZ2,rZ-"-and @ = ~ we have
cLs : 1 — 1)r 11
TN'(];{( ) S]."‘ ar (T” )? |:$='—___
Cﬁii?(L) 1+ar m(l+ar)*= = m r
because 1 + £ + ,f:(' ; +{3: yis a decreasmg function of «. Hence the conclusion for m = 2
andr = we have
m—1
CELL) L 2 (mr
COPT(L) = 1+2r  m(l+2r)

because @ = 2 by Lemma 12 and 1 + T +m + ,f:(nl +{3:) is an increasing function of .

Hence the conclusion for m = 2 is proved. For m = 1 we have
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CLS (L) ar (m—1)r

Trear

i
coPT(L) — l+ar m(l+ar) 1+r

rear

because @' <1 by Lemma 12. Consider L = {J;, b} withri=r — gp1=1,1=0,p2=rand let £
tend to zero. Then we can show that this bound is tight for m = 1.
From Theorem 11, for m = 2 and 1 = r < ™5 we have R(m, LS) < 2 because

1+ l+h + rE:E!l_._lz}: is an increasing function of r and 1 + 1+J: + }E:;a]—+ “}|:___ = 2. This

is significant because no online algorithm can have a performance ratio less than 2 as stated
in Theorem 3. An interesting question for the future research is then how to design a better
algorithm than LS for this semi-online scheduling problem. The next theorem provides a
lower bound of any on-line algorithm for jobs with similar lengths when m = 1.

Theorem 13. For m = 1 and any algorithm A for jobs with lengths in [1, 7], we have

1+r

where «v satisfies the following conditions:

l+r4+a 148 14r+3
a) = = :

L+r 1+« 1+3

by a<r<f.
Proof. Let job J; be the first job in the job list with p1 =1 and r; = @. Assume that if J; is
assigned by algorithm A to start at any time in [, r), then the second job ]> comes with po=r
and r, = 0. Thus for these two jobs, C/t =1+ 7+ o and COPT =1 + r. Hence we get

mar maxr

l1+7r+a
R(1,A) > ———.
(1,4) 2 L+7r
On the other hand, if J; is assigned by algorithm A to start at any time k, k € [r, ,3) then the
second job ], comes with p, = rand r, =k — r + £. Thus for these two jobs, C/} =1 +r+k
and CQPT =1 +k +c. Hence we get
1+r+k
R(1,A) > Tohaz
(1,4) +k+e

Let £ tend to zero, we have
l1+r+ k& - l+r+ 0

(1. A) > .
R, A) 2 =253

where the second inequality results from the fact that 3= T =

is a decreasing function of =
for x = 0. Lastly assume that if J1 is ass1gned by algorlthm A to start at any time after (3, then

no other job comes. Thus for this case, C;} =1+ gand COPT' =1+ . Hence we get

- l+r1

For r =1, we get @ = 0.7963 and hence R(l, A) =1.39815. Recall from Theorem 11, R(l, LS) =
1.5 when r = 1. Therefore LS provides a schedule which is very close to the lower bound.

R(1.A) >
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1. Abstract

This chapter presents a NeuroGenetic approach for solving a family of multiprocessor
scheduling problems. We address primarily the Job-Shop scheduling problem, one of the
hardest of the various scheduling problems. We propose a new approach, the NeuroGenetic
approach, which is a hybrid metaheuristic that combines augmented-neural-networks
(AugNN) and genetic algorithms-based search methods. The AugNN approach is a non-
deterministic iterative local-search method which combines the benefits of a heuristic search
and iterative neural-network search. Genetic algorithms based search is particularly good at
global search. An interleaved approach between AugNN and GA combines the advantages
of local search and global search, thus providing improved solutions compared to AugNN
or GA search alone. We discuss the encoding and decoding schemes for switching between
GA and AugNN approaches to allow interleaving. The purpose of this study is to
empirically test the extent of improvement obtained by using the interleaved hybrid
approach instead of applied using a single approach on the job-shop scheduling problem.
We also describe the AugNN formulation and a Genetic Algorithm approach for the Job-
Shop problem. We present the results of AugNN, GA and the NeuroGentic approach on
some benchmark job-shop scheduling problems.

2. Introduction

Multiprocessor scheduling problems occur whenever manufacturing or computing
operations are to be scheduled on multiple machines, processors or resources. A variety of
such scheduling problems are discussed in the literature. The most general scheduling
problem is the resource-constrained project-scheduling problem; this problem has received
a lot of attention in the literature Herroelen et al. (1998), Kolisch (1996). The open-shop,
flow-shop, job-shop and task scheduling problems can be considered special cases of the
resource-constrained project-scheduling problem. While smaller instances of the various
types of scheduling problems can be solved to optimality in reasonable computing time
using exact solution methods such as branch and bound, most real-world problems are
unsolvable in reasonable time using exact methods due to the combinatorial explosion of the
feasible solution space. For this reason, heuristics and metaheuristics are frequently
employed to obtain satisfactory solutions to these problems in reasonable time. In this
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paper, we propose a new hybrid metaheuristic approach called the NeuroGenetic approach
for solving one family of multiprocessor scheduling problems - the job-shop scheduling
problem. The NeuroGenetic approach is a hybrid of the Augmented Neural Networks
(AugNN) approach and the Genetic Algorithms (GA) approach. The AugNN approach
provides a mechanism for local search, while the GA approach provides a mechanism for
global search. An interleaving of the two approaches helps guide the search to better
solutions.

In this chapter, we focus on the job-shop scheduling problem (JSSP). In JSSP, there are n
jobs, each having m operations and each operation requires a different machine, so there are
m machines. For each job, the order in which operations require machines is fixed and is
independent of the order of machine requirement on other jobs. So in a 2x3 job shop-
problem, for example, say job 1 requires machines in the order 2, 3 and 1, job 2 may require
the machines in a different order, say 1, 3 and 2 or 1, 2 and 3 or 3, 1 and 2 or it could be the
same i.e., 2,3 and 1. In a flow-shop problem (FSP), which is special case of the job-shop
problem, the order in which machines are needed for each operation is assumed to be the
same for each job. An FSP is therefore, a special case of the J[SSP. In both JSSP and the FSP,
there is only one machine of each type, and a machine can only process one operation at a
time. The problem is to find a precedence and resource feasible schedule for each operation
for each job with the shorted possible makespan. In general, preemption is not allowed, i.e.
operations must proceed to completion once started.

A job-shop scheduling problem can be considered a special case of the resource-constrained
project scheduling problem (RCPSP). In the RCPSP, a PERT chart of activities can be drawn
just like for a JSSP. The RCPSP is more general because it allows multiple successors for an
operation, whereas a JSSP allows only one successor. Also, while in RCPSP an activity may
require multiple units of multiple resource types, in JSSP activities require only one unit of
one resource type. Task scheduling problem is also a special case of RCPSP, in that only one
type of resource is required for all activities. In task scheduling there can be multiple
successors for an operation, like in an RCPSP.

In the next section, we review the literature primarily on JSSP. In the following section, the
AugNN formulation for a JSSP is described. Section 4 outlines the GA approach for solving
the JSSP. Section 5 describes the Neurogenetic approach and discusses how the AugNN and
GA approaches can be interleaved. Section 6 provides the computational results of several
benchmark problems in the literature. Section 7 summarizes the paper and offers
suggestions for future research. This study contributes to the literature of job-shop
scheduling by proposing for the first time an AugNN architecture and formulation for the
JSSP and also proposing a hybrid of AugNN and GA approach.

3 Literature Review

The JSSP has been recognized as an academic problem for over four decades now. Giffler
and Thompson (1960) and Fisher and Thompson (1963) were amongst the first to address
this problem. Exact solution methods have been proposed by Carlier and Pinson (1989),
Applegate and Cook (1991) and Brucker et al. (1994). A number of heuristic search methods
have also been proposed, for example, Adams et al. (1988) and Applegate and Cook (1991).
A variety of metaheuristic approaches have also been applied to the JSSP, such as Neural
Networks (Sabuncuoglu and Gurgun, 1996), Beam Search (Sabuncuoglu and Bayiz, 1999),
Simulated Annealing (Steinhofel et al. 1999), Tabu Search (Barnes and Chambers, 1995;
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Nowicki and Smutnicki, 1996; Pezzella and Merelli, 2000; Zhang et al. 2008), Genetic
Algorithms (Falkenauer and Bouffoix, 1991; Storer et al, 1995; Aarts et al., 1994; Bean, 1994;
Croce et al., 1995), Evolutionary Algorithms (Mesghouni and Hammadi, 2004), Variable
Neighborhood Search (Sevkli and Aydin, 2007), Global Equilibrium Search technique
(Pardalos and Shylo, 2006). Jain and Meeran (1999) provide a good survey of techniques
used for the JSSP. For the RCPSP, a number of heuristic and metaheuristic approaches have
been proposed in the literature. For a good review of the heuristics, see Herroelen et al.,
1998.

4. Augmented Neural Network Formulation

The AugNN approach was first introduced by Agarwal et al. (2003). They applied the
AugNN approach to the task scheduling problem and offered an improved approach for
using AugNN approach in Agarwal et al. (2006). In this approach, a given scheduling
problem is converted into a neural network, with input layer, hidden layers and output
layer of neurons or processing elements (PEs). The connections between the PEs of these
layers are assigned weights. Input, activation and output functions are then designed for
each node in such a way that a single-pass or iteration from the input to the output layer
produces a feasible solution using a heuristic. An iteration, or a pass, consists of calculating
all the functions of the network from the input up to the output layer. A search strategy is
then applied to modify the weights on the connections such that subsequent iterations
produce neighboring solutions in the search space.

We now describe, with the help of an example, how to convert a given JSSP problem into a
neural network. We will assume a simple 3x2 JSSP instance of Figure 1 for this purpose.

Job=> | 1 2 3

Machine (Proc Time) ; g; i Ei; ; EZ’;

Figure 1. An Example 3x2 Job Shop Scheduling Problem

In this 3x2 problem, there are 3 jobs, each with 2 operations, for a total of 6 operations (O1,
O12, O21, O, O31 and O3p). Job 1 requires 4 units of time (ut) on machine 1 (O11) followed by
3 ut on machine 2 (O12). Job 2 requires 5 ut on machine 2 (O21) followed by 4 ut on machine
1 (O2). Job 3 requires 3 ut on machine 1 (O3;) followed by 6 ut on machine 2 (O3;). The
problem is how to schedule these six operations such that the makespan is minimized.
Figure 2 shows a neural network for this problem.

There are two operation layers, corresponding to the two operations for each job. Each
operation layer has three nodes corresponding to each job. Note that for a more general nxm
case, there will be m operation layers, each with 7 nodes. Following each operation layer is a
machine layer with 3 nodes each. Each of the three operation nodes is connected to a machine
which is determined by the given problem. So, for example, given our 3x2 problem of Figure
1, Oq1is connected to machine 1 and O1»is connected to machine 2; Oy; is connected to machine
2 and Oy is connected to machine 1, and so on. For a more general n x m case, there will be n
machine nodes in each of the m machine layers. An input layer is designed to provide a signal
to the first operation layer to start the scheduling process. There is also an output layer with
one PE labeled Or for “final operation”, which is a dummy operation with zero processing
time and no resource requirement. The operation and the machine layers can be regarded as
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hidden layers of a neural network. Connections between operation nodes and machine nodes
are characterized by weights. These weights are all the same for the first iteration, but are
modified for subsequent iterations. There are also connections between machine nodes and
subsequent operation nodes, which are not characterized by any weights. These connections
serve to pass signals from one layer to the next to trigger some functions.

Output Layer
OMPF:,12r

Machine Layer

Operation Layer

OMF1,11

Machine Layer

Operation Layer

Input Layer

Figure 2: AugNN Architecture to solve a 3x2 Job Shop Scheduling Problem

The output of the operation nodes (OO) becomes input to the machine nodes. There are
three types of outputs from each machine node. One output (OMF) goes to the next
operation node (or to the final node). This signals the end of an operation on that machine.
The second type of output (OMM) goes to the machine node of its own type. For example,
machine 1 sends an output to all other machine 1 nodes. Similarly, machine 2 sends an



A NeuroGenetic Approach for Multiprocessor Scheduling 125

output to all other machine 2 nodes. These signals are used to enforce the constraint that the
same machine cannot process more than one operation at the same time. The third output
(OMR) is in the reverse direction, back to the operation node. Whenever an operation is
assigned to a machine, the machine node sends a signal back to the operation node,
indicating that it has been assigned. This signal changes the state of the operation node and
triggers other functions.

We now describe the input, activation and output functions for each node and the search
strategy for the weights. We will need the following notation to describe our functions:

Number of jobs
Number of machines
Current iteration

Set of jobs = {1,..,n}

Jobi,ie ]

Set of machines = {1,..,m}

Machine k, k e M

Set of operations

ijt" operation node, i € |, je M

Node for machine k, connected from O;, i€ J,je M, ke M
Weight on the link from O;; to machine node, i€ |, je M
Large weight on the link between machine nodes.
Search coefficient

Error in iteration ¢

Final Dummy operation node

Start time of Ojjon My, i€ |, je M, ke M

Processing Time of jon M, ie J,je M

Winning status of Job J; on Machine M, i€ J,je M

Following are all functions of elapsed time ¢ :

t

II(t)
IO,-j(t)
1Ok(t)
IMyii(t)
OlI(t)
O0;(t)
OO«(t)
OMFyi(t)

OMFy i (1)
OMR(t)
OMM(t)
60;(t)
OMii(t)
assighiik(t)

S(t)

Elapsed time

Input function value of the Initial I node.

Input function value of Operation node O;,i € J,j e M

Input function value of Operation node Or

Input function value of Machine node k from operation O;;, i € |, j € M, ke M
Output function value of the Initial I node.

Output function value of Operationnode Oy, i€ J,j e M

Output function value of Operation node Of

Output of Mc. node My to the operation node in forward direction, i€ |, je
M, j#m, keM

Output of Machine node My, to Or in the forward direction, i € |, j=m, ke M
Output of Machine node My to Oj; in reverse direction, i € |, j € M, ke M
Output of Machine node M+ to My ke M

Activation function of Operation node Oy, i € J,j e M

Activation function of Machine node My, i € |, j € M, ke M

Operation Oj;; assigned to Machine My

Set of operations that can start at time t. S(t) = {O;; | OO;(t)=1}
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The neural network algorithm can be described with the help of the input, activation and
output functions for the various PEs (input node, operation nodes, machine nodes and the
final node) and the search strategy.

e AugNN Functions

Input Layer (Node I):

Input function: ~ 11(0) =1

Output function: OI(0) = II(0)

Operation Layer Nodes:
Input function:
104(0)=1I(0)=1, Vie] )
100)=0, Vie JjeM j>1 @)
I0r(0)=0 @)

These functions at time t = 0 provide initial signals to the operation layers. The first
operation nodes of all the jobs (i.e. for j = 1) get a starting signal of 1 at time 0 (equation 1).
The remaining operation layers get a signal of 0 (equation 2) and the final output layer also
gets a signal of 0 (equation 3).

For time t > 0, we have the following functions:

For all other operationsi.e. Vj>1At>0

10(t) = 10(t+1) + OMF, ;. (f) , Vie ], je M, j>1ke M @)

IOr(t) = IOf(t-1) + ZO}V[E (t) ,j=m, Yke M, ie] )

bF

10jj (equation 4) helps to enforce the constraint that a new operation of a job cannot start
unless the current operation is completed. At t =0, IO;;is 0. When an operation node gets a
signal from the machine node (OMF, described later), IO;; becomes 1, which indicates that it
is ready to start.

IOF (equation 5) is the input of the final node. It gets an input from all the machines nodes
of all the jobs. When IOr becomes 1, we know that all jobs are done.

Activation function:

Operation nodes’ initial activation state (i.e. at +=0) is 1.

Vie] jeM,

1 if  10,() = 0

2 if  (80,(:-1) = 1 v2) A 10,(1) = 1

3 if  (80,(t-1) = 2 v3) AOMR, ;(1)=-1

4 if  60,(t-1) = 4 v(80,(-1)=3 AOMR, ,(1)=0)

60, (1) =

State 1 above implies that operation O;; is not ready to be assigned because input to this
operation is still 0. State 2 implies that the operation is ready to be assigned to a machine
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because its input is 1. State 3 implies that the operation is in process because it is receiving a
negative signal from a machine k that it is currently being processed. State 4 implies that the
operation is complete and the negative signal from machine k is no longer there.

Output functions:

if 60,(N=2 YVied,jeM

1
00.(1)=
”() 0 otherwise

If an operation is ready to start (i.e. 80;i(t) = 2), then the operation node sends a unit signal
to the machine node that it can be assigned.

Machine Layer Nodes:
Input function:
IM,; (= 00,(* @ + ) OMM,(1)*@, VielJ,je M, ke M (6)

There are two components of IMy;(t). The first component (OO;(t) * @i )is the weighted
output from operation node O;. Whenever it is positive, it means that machine k is being
requested by operation O;; for assignment. Remember that OO;; becomes 1 whenever it is
ready to be assigned. The second component is either zero or large negative. The second
component becomes large negative whenever machine k is already busy with another

operation.
Activation function:
1 it IM, ,(¢)* HeuristicParameter > 0
assign,, (1) = VieJ,je M, ke M

0 otherwise

We have mentioned earlier that the AugNN functions, in addition to enforcing the
constraints of the problem, also help embed a chosen heuristic into the problem. We have
also seen how using the output of the operation node, The assignment takes place if the
product of input of the machine node and the heuristic dependent parameter, (such as
Processing Time or Earliest Finish Time) is positive and highest. The requirement for it
being positive is to honor the inhibitory signals. The requirement for highest is what
enforces the chosen heuristic.

If assign,, (t) =1, then ST, =t. Whenever an assignment takes place, we record the start

time of the operation O, on machine

If |S(t) | >1 then if assign(t) =1 then Wing =1

The Winy term will be used later during the search strategy. We want to modify the weights
of links based on whether a particular operation node won the competition in case there was
more than one node competing for assignment.

Machine nodes’ Initial Activation State (i.e. at t=0) is 1.



128 Multiprocessor Scheduling: Theory and Applications

Vield,jeM, ke M,

1 : machine available

2if (OM,,(:-1) = 1 v OM, ,(t)=1) A assign,(f) = 1 :machine busy (just assigned)

3if (OM, ;(t-1) = 2 v3) At <ST, +PT, : machine busy (processing)

4.if oM, ,(t-1) =3 At =ST, +PT, : machine just finished processing
OM, ,()=45if OM,  (1-1) =1 A ZOMM,C(t)*a)m <0 : assigned to another job

6 if oM, (t-1) = 4 : machine  is finished processing O,

Lif (M, (1) = 1v5) A ZOMM (O)*@, =0 :released by other job or not assigned

to any other job
Lif oM, (1) =1 A ZOMM (O*a, <0 : available but operation assigned

At t = 0, all machines are available (State 1). When an assignment occurs on a machine, that
machine enters state 2 (Busy, just assigned). State 2 turns into state 3 (Busy) the following
time unit and state 3 continues till the machine is processing an operation. As soon as a
machine is done processing it enters state 4 (Just finished). When a particular machine node
is assigned to an operation, all other machine nodes that represent the same machine enter
state 5. For example, if machine node My 11 is assigned to operation O1; then machine nodes
M 31, M1 also enter state 5. In state 5, they cannot be assigned to another operation. When
a machine is finished processing an operation, it reaches state 6 (Just released). A machine
node enters the state of 1 from a state of 5 if it stops receiving a negative signal from other
machine nodes.

Output functions:
1 if OM, ,(1)=4
OMF, (1) = ) ’ Vield,jkeM
B 0 if OM, ,(1)=1,2,3,5,6,

Whenever a machine node is done processing an operation, i.e. it reaches state 4, it sends a
signal to the operation ahead of it that it may start.

-1 it oM, ,(1)=2,3
OMR, (1) = . ' Vield,j,ke M
: if oM, ,(1)=1,4,5,6,
Whenever a machine node is busy processing an operation (i.e. in states 2 or 3), it sends a
negative signal to the operation node that it is processing. This helps switch the state of the

operation node from 2 to a 3.

1 if oM, (1)=2,3
OMM, (1) =

. Vied,j,ke M
0 it OM, ,(1)=1,4,5,6,
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Whenever a machine node is busy processing an operation (i.e. in states 2 or 3), it also sends
a signal to other machine nodes corresponding to the same machine in other machine layers.
This ensures that the same machine is not assigned to another job at the same time.

Output Layer (Node F)

The output of F represents the makespan and the assignii(t) gives the schedule. If a machine
is either assigned or released during a certain time unit, all functions need to be recalculated
without incrementing the time clock.

Input function:

IOF(t) = IOr(t-1) + OMFyjr(t)

Output function:

t if 10,(t)=n

00 (1) {O otherwise

The final node outputs the makespan (t), the moment it receives n signals (one from each
job) indicating that all jobs are complete.

Search Strategy:

A search strategy is required to modify the weights. The idea behind weight modification is
that if the error is too high, then the probability of a different machine being the winner
should be higher during subsequent iteration. Since the machine with the highest value of
IM, is the winner, an increase of weights will make the machine more likely to win and
conversely a decrease of weight will make it less likely. The magnitude of change should be
a function of the magnitude of the error and of some job parameter, such as processing time.
Keeping these points in mind, the following search strategy is used for the weights on the
links.

Winning tasks:  If Winy =1 then

(@) =(@)) —a*PT, *e, Viel keM
Non-winning Tasks: If Winj. = 0 then
(@) =(@) . +a*PT, *e, Viel keM

When the above functions and search strategies are employed, each pass or iteration

provides a feasible solution.

e End of iteration routines:

Calculate the gap (the difference between obtained makespan and the lower bound). Lower

bound is the time of the critical path on the PERT chart, assuming infinite resources. The

lower bound can be calculated once at the beginning.

1. Store the best solution so far.

2. If the lower bound is reached, or if the number of iterations is greater than a specified
number, stop the program.

3. If continuing with the next iteration, modify weights using the search strategy.



130 Multiprocessor Scheduling: Theory and Applications

5. Genetic Algorithm

Many different chromosome encodings have been suggested for the JSSP. For example,
Falkenauer and Bouffouix (1991) proposed a chromosome formed of several
subchromosomes, one for each machine; each subchromosome is a string of symbols, each
symbol identifying an operation that has to be processed on the relevant machine. Croce et
al. (1995) used the same encoding as Falkenauer and Bouffouix. Bean (1995) used a random
key alphabet U(0,1), a vector of random numbers. Each solution chromosome is made of 2n
genes where n is the number of operations. The first n genes are used as operation
priorities, whereas the genes between n+1 and 2n are used to determine the delay times
used when scheduling an operation. Dagli and Sittisathanchai (1995) use a chromosome
with n.m genes, where n is the number of jobs and m the number of machines, each gene
represents an operation. The order of genes represents the order in which the operations
will be scheduled.
In this work, we use the representation similar to the one used by Dagli and Sittisathanchai
(1995), i.e. there will be n.m number of genes, each gene represents an operation number,
and the order of the genes dictates the order in which the operations are scheduled. Care
has to be taken that the ordering of operations is feasible. Any order in which the
operations of each job are in the required order would be a feasible ordering. The GA
algorithm is described as:
{ Generate an initial population of feasible ordered chromosomes P;, where i = 1
Evaluate each chromosome in the initial population.
While stopping criteria is not met, repeat
{ Select best chromosomes of initial population to copy to the next population. Pi+1
Crossover best chromosomes of Pi and place into Pi+1
Mutate chromosomes in P; and place in Pi+1
Evaluate population Pi+1
/
1

Crossover

The crossover mechanism should be such that the resulting child chromosome must
produce a feasible schedule. In other words, the priority order represented by the child
chromosome must be precedence feasible. We use a two-point crossover scheme. In a two-
point crossover, two integer points ¢; and c; are randomly generated such that ¢; > ¢; and ¢z -
c1 > nmy/3 and both c; and c; are between 1 and n.m. Two parent chromosomes are used as
input. The child chromosome genes are produced as follows:

Genesl through c; from parent 1 go the child chromosome as is. Genes c; + 1 to ¢, genes of
the child come from parent 2 using the rule that any unused genes in parent 2 starting from
the first position are placed in the child till c; genes in the child are filled. The remaining
genes in the child come from parent 1 i.e. all unused genes appear in the child in the same
order as they appear in parent 1. This rule ensures the feasibility of the schedule generated
by the child chromosome.

Mutation

With a certain mutation probability, a certain number of genes are moved in such a way that
the schedule remains precedence feasible, i.e. the order of operations with respect to a
particular job is not disturbed, but the order of jobs with respect to other jobs may be
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disturbed. Since the order of jobs between jobs is independent of each other, such a move
maintains the precedence order of operations.

Evaluation

A given chromosome, which basically represents the ordering of the operations, is evaluated
by generating a schedule. We perform better of forward and backward scheduling and also
perform double justification to make sure the best possible schedule is obtained for the
given chromosome. A parallel schedule generation scheme was found to be better than a
serial schedule generation scheme for the job-shop problem. The Smallest Latest Finish
Time Operation First and the Highest Remaining Work Next heuristics gave the best results.

6. Neurogenetic Approach

In the NeuroGenetic approach, we interleave the search between AugNN and GA. For
example, we may run x number of generations of GA, take the best chromosome so far and
try to improve upon this solution in the local search space, using y number of iterations of
the AugNN search. However, in order to switch from GA search mode to AugNN search
mode, appropriate weight vector has to be determined. The weight vector should be such
that in conjunction with a chosen heuristic, AugNN would produce the same schedule as
the given GA schedule. Using this set of weights and the chosen heuristic, we run say y
iterations using the AugNN approach. If better solutions are found during the AugNN
search iterations, these solutions can replace the worst solutions in the most recent GA
population. GA search can then resume for another x number of generations, and so on till
some stopping criteria is met. The critical part of this interleaving mechanism is how to
determine the set of weights that would allow AugNN to replicate a given GA solution. We
next describe an algorithm to determine the weights using the heuristic Highest Remaining
Work (RWK) Next. We start with a unit weight vector for all activities. We will call the
chromosome that we want to achieve using the weights and the RWK Next heuristic the
target chromosome and the starting chromosome the source chromosome.
Algorithm for Switching from GA Encoding to AugNN Encoding
Create a source chromosome based on non-increasing order of RWK.
Repeat until each gene in the source chromosome is at the same as position as in the target chrom.
{ Let w, and wy represent the weights corresponding to the out of place gene and the target
position gene
If (wa"RWK,, > wy*RWK}, and position, > positiony) and
Set w, > wy * (RWKyRWK,) = 0.1 + wy, * (RWKyRWK,)

End If

Rearrange the source chromosome based on non-increasing order of w*RWK
/
Example: let us say we are scheduling activities in a PERT chart and we are using the
heuristic of “Max Remaining Work Next”. Suppose there are eight activities and the vector
F of their Remaining Work is (19, 12, 14, 10, 9, 6, 5, 0). Assume a vector of weights w =
(1,1,1,1,1,1,1,1). Assume that GA produces a string of (1, 2, 3, 5, 4, 6, 7, 8) which is our target
vector. The source vector S, based on the vector F would be (1, 3, 2, 4, 5, 6, 7, 8). We notice
that the gene at positions 2, 3, 4 and 5 in S are different from the target vector. To bring gene
in position 2 in S to position 3,
So, set w2 = w3 * (RWK3/RWK2) + 0.1
Orw2=1%(14/12) + 0.1 =1.267
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So the new w = (1.0, 1.267, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0) and the new w.F = (19, 15.2, 14, 10, 9, 6, 5,
0). The new ordering based on w.F = (1, 2, 3, 4, 5, 6, 7, 8). At this point, gene in position 4 is
not in the same position as the target.

So we set w5 = w4*(RWK4/RWKS5) + 0.1

Or w5 =1*%10/9) + 0.1 =1.211

So the new w = (1.0, 1.267, 1.0, 1.0, 1.211, 1.0, 1.0, 1.0) and the new w.F = (19, 15.2, 14, 10, 10.9,
6, 5, 0). The new ordering based on w.F = (1, 2, 3, 5, 4, 6, 7, 8) which is the target string.
Switching from AugNN Encoding to GA Encoding

Switching the encoding schemes from AugNN to GA is a relatively straightforward.
Whatever ordering of operations is obtained using the product of the weight vector and the
heuristic parameter becomes the ordering of genes in the GA chromosome.

Instance Size BKS! Heuristic AugNN GA NeuroGenetic I()(,Z‘;'
MTO06 6x6 55 55 55 55 55 0.00
MT10 10x10 930 1051 980 965 950 2.15
MT20 20x10 1165 1265 1182 1191 1178 1.12
ABZ5 10x10 1234 1287 1249 1252 1245 0.89
ABZ6 10x10 943 986 952 961 945 0.21
ABZ7 20x15 656 721 711 702 672 2.44
ABZ8 20x15 665 736 699 698 680 2.25
ABZ9 20x15 679 739 718 715 685 0.88

ORBO01 10x10 1059 1145 1072 1082 1063 0.38
ORBO02 10x10 888 919 902 905 893 0.56
ORBO03 10x10 1005 1110 1008 1110 1007 0.19
ORB04 10x10 1005 1071 1051 1060 1031 2.58
ORBO05 10x10 887 959 895 899 894 0.78
ORBO06 10x10 1010 1110 1053 1042 1036 2.57
ORB07 10x10 397 431 410 405 399 0.50
ORBO08 10x10 889 1034 925 930 910 2.36
ORB09 10x10 934 978 945 952 934 0.00
ORB10 10x10 944 1028 978 990 961 1.80
Average 1.20

1Best Known Solution

Table 1. Makespan using different algorithms on some well-known benchmark problems
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Instance  Size  BKS! Heuristic AugNN GA NeuroGenetic  Dev. (%)

LAO1 10x5 666 666 666 666 666 0.00
LAO2 10x5 655 677 655 670 655 0.00
LAO3 10x5 597 636 617 607 599 0.33
LAO4 10x5 590 619 607 609 592 0.34
LAO5 10x5 593 593 593 593 593 0.00
LAO6 15x5 926 926 926 926 926 0.00
LAOQ7 15x5 890 890 890 890 890 0.00
LAO8 15x5 863 863 863 863 863 0.00
LAQ9 15x5 951 951 951 951 951 0.00
LA10 15x5 958 958 958 958 958 0.00
LA11 20x5 1222 1222 1222 1222 1222 0.00
LA12 20x5 1039 1039 1039 1039 1039 0.00
LA13 20x5 1150 1150 1150 1150 1150 0.00
LA14 20x5 1292 1292 1292 1292 1292 0.00
LA15 20x5 1207 1207 1207 1207 1207 0.00
LA16 10x10 945 1010 981 965 950 0.53
LA17 10x10 784 817 793 788 784 0.00
LA18 10x10 848 909 869 852 848 0.00
LA19 10x10 842 899 875 844 842 0.00
LA20 10x10 902 951 927 922 910 0.88
LA21 15x10 1046 1162 1127 1085 1047 0.09
LA22 15x10 927 1034 982 950 936 0.97
LA23 15x10 1032 1072 1032 1032 1032 0.00
LA24 15x10 935 1025 979 982 957 2.35
LA25 15x10 977 1105 1031 1016 988 1.12
LA26 20x10 1218 1311 1236 1241 1222 0.32
LA27 20x10 1235 1345 1296 1265 1261 2.10
LA28 20x10 1216 1363 1281 1295 1236 1.64
LA29 20x10 1152 1228 1189 1178 1166 1.21
LA30 20x10 1355 1418 1382 1388 1368 0.96
LA31 30x10 1784 1784 1784 1784 1784 0.00
LA32 30x10 1850 1850 1850 1850 1850 0.00
LA33 30x10 1719 1719 1719 1719 1719 0.00
LA34 30x10 1721 1752 1735 1730 1721 0.00
LA35 30x10 1888 1898 1888 1890 1888 0.00
LA36 15x15 1268 1451 1368 1325 1305 2.92
LA37 15x15 1397 1550 1457 1498 1446 3.51
LA38 15x15 1196 1311 1247 1258 1223 2.26
LA39 15x15 1233 1335 1256 1272 1242 0.73
LA40 15x15 1222 1354 1285 1271 1251 2.37
Average 0.62%

1Best Known Solution

Table 2. Makespan using different algorithms on Lawrence benchmark problems
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7. Computational Results

We show results for several benchmark datasets including three problems from Fisher and
Thompson (1963), 40 problems from Lawrence et al. (1984), five problems from Adam:s et al.
(1988) and ten ORB problems. Tables 1 and 2 summarize the results. We run the AugNN,
the GA and the NeuroGenetic algorithm for 1000 unique solution iterations each. The
results are not the best as found in the literature, but we did not run our algorithm for long
periods of time. We were interested in seeing whether the interleaving of AugNN and GA
resulted in any improvements. In general, we found that the interleaved approach gave
some improvement. We provide the best known result in the BKS column, the result of
dispatch rule heuristic in the heuristic column, followed by the AugNN, the GA and the
NeuroGenetic results. The last column shows the percent deviation of the NeuroGenetic
makespan with respect to the best known solution. For the Lawrence problems (Table 2),
the average deviation across the 40 problems was 0.61%; for the other 18 benchmark
problems (Table 1), the average deviation was 1.2%. The heuristic gave the optimum
solution for 15 of the 40 Lawrence problems, AugNN provided the optimum solution for 17
problems and NeuroGenetic approach provided optimum solution for 21 problems.

8. Summary and Conclusions

In this study we combine two metaheuristic search techniques, the Augmented Neural
Networks and Genetic Algorithms approach to create a hybrid metaheuristic called the
NeuroGenetic approach. We apply this hybrid approach to a multiprocessor scheduling
problem, the job-shop scheduling problem to test if the hybridization helps improve the
solution. The hybridization of AugNN and GA is achieved by interleaving the two
approaches. Since the GA approach is better at diversification or global search whereas
AugNN is better at intensification or local search, the combination provides improved
solutions than either GA or AugNN search with the same number of iterations.
Computational results showed that such hybridization provided improvements in the
solutions, than if each technique was used alone. Given the encouraging results, more
research needs to be done in this area. Such hybrid techniques can be applied to other
scheduling problems and also on the job shop scheduling problem by applying other GA
approaches that have performed well in the literature. The AugNN technique can also be
hybridized with other non GA techniques such Tabu Search and Simulated Annealing
approaches, which tend to give good results for the job-shop scheduling problem.
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1. Introduction

This research deals with the problem of scheduling N jobs on M unrelated parallel
machines. Each job has a due date and requires a single operation. A setup that includes
detaching one die and attaching another from the appropriate die type is incurred if the type
of the job scheduled is different from the last job on that machine. Due to the mechanical
structure of machines and the fitness of dies to each, the processing time for a job depends
on the machine on which the job is processed, and some jobs are restricted to be processed
on certain machines. Furthermore, the required detaching and attaching times depend on
both the die type and the machine. This type of problems may be encountered, for example,
in plastics forming industry where unrelated parallel machines are used to process different
components and setups for auxiliary equipment (e.g., dies) are necessary. This type of
scheduling problems is also frequently encountered in injection molding departments where
many different parallel machines are also used to produce different components and for
which setups are required for attaching or detaching molds.

In general, the dies (or molds) are quite expensive (tens of thousands dollars each) and thus
the number of each type of dies available is limited. Therefore, dies should be considered as
secondary resources, the fact of which distinguishes this research from many past studies in
unrelated parallel-machine scheduling in which secondary resources are not restricted.

This type of problems is NP-hard (So, 1990). When dealing with a large instance
encountered in industry, in the worst case, it may not be able to obtain an optimal solution
in a reasonable time. In this research heuristics based on guided search, record-to-record
travel, and tabu lists from the tabu search (TS) are presented to minimize the maximum
completion time (i.e., makespan or Cyux) and maximum tardiness (i.e., Twa), respectively, to
promote schedule performance. Computational characteristics of the proposed heuristics are
evaluated through extensive experiments.

The rest of this research is organized in six sections. Previously related studies on parallel
machine scheduling are reviewed in Section 2. The record-to-record travel and tabu lists are
briefly described in Section 3. The proposed heuristic to minimize makespan and the
computational results are reported in Section 4. The proposed heuristic to minimize
maximum tardiness and the computational results are reported in Section 5. Conclusions
and suggestions for future research are discussed in Section 6.
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2. Previously related studies on parallel machine scheduling

Parallel machine scheduling problems have been widely studied in the literature. The
machines considered in parallel scheduling problems may be divided into three classes
(Allahverdi & Mittenthal, 1994): (1) identical machines, in which the processing time of a
specific job is the same on all machines; (2) uniform machines, in which the processing time
of a specific job on a given machine is determined by the speed factor of that machine; and
(3) unrelated machines, in which the processing time of a specific job among machines may
change arbitrarily.

Parker et al. (1977) formulated a parallel machine scheduling problem as a vehicle routing
problem and developed algorithms to minimize the total changeover cost. Geoffrion &
Graves (1976) developed a quadratic assignment heuristic to minimize the sum of
changeover costs. Hu et al. (1987) presented optimum algorithms to minimize the sum of
changeover costs. Sumichrast & Baker (1987) also presented an approach to minimize the
number of machine changeovers. A branch-and-bound procedure to minimize the number
of major setups was developed by Bitran & Gilbert (1990). Tang (1990) presented a heuristic
and two lower bounds for the makespan problem. An assignment algorithm to minimize
Cuax was developed by Bitran & Gilbert (1990). Monma & Potts (1993) proposed two
heuristics to minimize C,.x with preemption allowed. Lee & Guignard (1996) developed a
hybrid bounding procedure for the C,.. problem. Weng et al. (2001) proposed several
heuristics to minimize the total weighted completion time. Webster & Azizoglu (2001)
presented dynamic programming algorithms to minimize total weighted flowtime.

Baker (1973) selected the unscheduled job based on earliest-due-date-first (EDD) and
assigned it to a machine according to certain rules. Dogramaci & Surkis (1979) presented a
list-scheduling heuristic that generates three schedules and selects the one with least total
tardiness. Elmaghraby & Park (1974) proposed a branch-and-bound algorithm to minimize
some penalty functions of tardiness. An improved algorithm for this case was proposed by
Barnes & Brennan (1977). Dogramaci (1984) developed a dynamic programming procedure
to minimize total weighted tardiness. Ho & Chang (1991) sorted jobs based on the “traffic
congestion ratio” and assigned jobs to machines by applying the list-scheduling procedure
of Dogramaci & Surkis (1979). Luh et al. (1990) presented a Lagrangian-relaxation based
approach to minimize total weighted tardiness. An “earliest-gamma-date” algorithm to
minimize total weighted tardiness was proposed by Arkin & Roundy (1991). Koulamas
(1994) sorted jobs based on shortest-processing time-first and generated m copies of this list
for the m machines. He then applied certain rules to select the next job to be scheduled to
minimize total tardiness. In the later study, Koulamas (1997) presented a decomposition
heuristic and a hybrid heuristic to minimize mean tardiness. Suresh & Chaudhuri (1994)
presented a GAP-EDD algorithm to minimize maximum tardiness. Guinet (1995) employed
a simulated annealing method to minimize mean tardiness. Randhawa & Kuo (1994)
examined the factors that may have influence on the scheduling performance and proposed
heuristics to minimize mean tardiness. Schutten & Leussink (1996) proposed a branch-and-
bound algorithm to minimize the maximum lateness. Alidaee & Rosa (1997) developed a
“modified-due-date” algorithm to minimize total weighted tardiness. Azizoglu & Kirca
(1998) developed a branch-and-bound algorithm to minimize total tardiness. Dessouky
(1998) considered that all jobs are identical and have unequal ready times. He proposed a
branch-and-bound procedure and six single-pass heuristics to minimize maximum lateness.
Balakrishnan et al. (1999) proposed a mixed integer formulation to minimize the sum of
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earliness and tardiness. Funda & Ulusoy (1999) developed two genetic algorithms to
minimize the sum of weighted earliness and tardiness.
Armentano & Yamashita (2000) presented a TS heuristic to minimize mean tardiness. Yalaoui
& Chu (2002) derived some dominance properties and proposed a branch-and-bound
procedure to minimize total tardiness. Park et al. (2000) applied neural networks to obtain
some look-ahead parameters which were used to calculate the priority index of each job to
minimize total weighted tardiness. Lee & Pinedo (1997) presented a three-phase heuristic to
minimize total weighted tardiness. In the first phase, factors or statistics which characterize an
instance are computed; in the second phase, a sequence is constructed by an ATCS rule; in the
third phase, a simulated annealing (SA) method is applied to improve the solution obtained in
the second phase. Eom et al. (2002) also proposed a three-phase heuristic to minimize total
weighted tardiness with both family and job setup times. In the first phase, jobs are listed by
EDD and are divided into job sets based on a decision parameter; in the second phase, each job
set is organized into several families by using the ATCS algorithm and then a TS method is
applied to improve the sequence of jobs in each family; in the third phase, jobs are allocated to
machines by using a threshold value and a look-ahead parameter. An SA heuristic was
presented by Kim et al. (2002) to minimize total tardiness.
Although parallel-machine scheduling has been studied extensively, not much research has
considered the case in which a setup for dies is incurred if there is a switch from processing
one type of job to another type, the number of dies of each type is limited, the processing
time for a job depends on the machine on which the job is processed, and some jobs are
restricted to be processed on certain machines. In this research, effective heuristics based on
guided search, record-to-record travel, and tabu lists are proposed to deal with this type of
scheduling problems so that maximum completion time and maximum tardiness can be
minimized, respectively, to promote schedule performance. Computational characteristics of
the proposed heuristic are evaluated through extensive experiments.
Underlying assumptions are considered in this research:
1. A setup that includes detaching one die and attaching another from the appropriate die
type is incurred if there is a switch from processing one type of job to another type;
2. The detaching (attaching) time depends on both the die type and the machine on which
the die is detached (attached);
3. The processing time for a job depends on both the job and the machine on which the job
is processed, and each job is restricted to processing on certain machines; and
4. The number of dies of a die type is limited.

3. Record-to-record travel and tabu lists

The concept of record-to-record travel and tabu lists from the tabu search are briefly
described in this section. First, the record-to-record travel is described.

3.1 Record-to-record travel

The record-to-record travel (RRT) was introduced by Dueck (1993). Basically, RRT is very
similar to SA. The main difference between RRT and SA is the mechanism to determine
whether a neighborhood solution (Y) is accepted or not. SA accepts a worse neighborhood
solution with a controlled probability. RRT accepts a neighborhood solution if its solution value
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(V(Y)) is not worse than the current best solution (i.e., RECORD) plus a controlled DEVIATION.
The algorithm of record-to-record travel to minimization may be generalized as follows:
RRT for minimization
generate an initial solution
choose an initial DEVIATION > 0
set RECORD=the current best solution value
Repeat: generate a neighborhood solution that is a perturbation of the current solution (ie., Y =
PERTURB (X))
IF (V(Y)) <RECORD + DEVIATION
THEN accept the move (i.e., X =7Y)
IF (V(Y)) <RECORD
THEN set RECORD = (V(Y))
IF no improvement on the solution quality after a number of iterations
THEN lower DEVIATION
IF the stop criterion is reached
THEN stop
GOTO Repeat

3.2 Tabu lists

Since neighborhood solutions not leading to improvement are accepted in RRT, it is possible
to return to previously visited solutions and cause cycling solutions. Hence, tabu lists from
the tabu search (Glover, 1989) are applied to overcome this problem. The tabu lists store
attributes that identify certain moves are forbidden in the later search. By using tabu lists,
the solutions previously searched may be avoided and new regions of the search space may
be explored.

Theoretically the tabu lists need to store all previously visited solutions. However, this
would require too much memory and computational efforts. An practical way is to store
only the moves occurring in the last s iterations, in which s is known as the tabu size. By
using an appropriate tabu size, the likelihood of cycling solutions may be avoided.

An aspiration criterion is used to free a tabu solution if it is of sufficient quality and possibly
would not cause cycling solutions. Hence, a solution is not forbidden if its attributes are not
tabu or it passes the aspiration criterion test.

4. Heuristic procedure to minimize C,,,, and computational results

The proposed heuristic to minimize Cpu, Heu_Cmax, and computational results are
presented in this section. The development of Heu_Cmax is based on observing secondary
resource constraints and process restrictions, and applying a guide search to improve the
solutions. In order to avoid being trapped in local optimum, the record-to-record travel
mechanism is applied. In addition, tabu lists are used to prevent obtaining cycling solutions.
Heuristic Heu_Cmax consists of a procedure to generate an initial solution, a group
scheduling procedure to improve makespans of machines, and several procedures to generate
neighborhood solutions. Before proceeding to the details of Heu_Cmax, the following
notations are defined:

group: a set of jobs that are allocated to the same machine and require the same type

of die
sub_group:  asubset of a group
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I index for jobs (j=1, 2, ..., N)

m: index for machines (m =1, 2, ..., M)

d: index for die types (d=1, 2, ..., D)

4.1 Generation of initial solutions

A rule based on process efficiency is applied to assign jobs and allocates dies to machines.

The jobs in each machine are then scheduled according to a group scheduling procedure. The

initial solution is generated as follows:

Step 1. Assign each job j €] to its most efficient machine. If that machine is not allocated with
arequired die type, allocate a required die type to that machine.

Step 2. (group scheduling procedure) Form groups on each machine and schedule the groups
with the longest detaching time last on each machine.

4.2 Generating neighborhood solutions

In order to minimize makespan, it is necessary to reassign jobs from the machine associated
with maximum completion time to another machine. However, there are situations in which
reassigning jobs from the latest completion machine to an earlier completion machine is not
allowed or makespan cannot be reduced. Hence, it is sometimes necessary to reassign jobs
from the latest completion machine to an intermediate machine and simultaneously reassign
jobs from this intermediate machine to another machine. Moreover, sometimes it is more
appropriate to reassign a group or several jobs than just a single job. Therefore, the
neighborhood solutions are generated according to the following procedures (Chen, 2005).

4.2.1 Group reassignment

This procedure reassigns one group along with its required die from the machine with the
latest completion time to another machine. The group and machine resulting in the least
makespan are selected.

4.2.2 Job reassignment
This procedure reassigns one job from the machine with the latest completion time to
another machine. The job and machine resulting in the least makespan are selected.

4.2.3 Sub_group reassignment

This procedure reassigns one sub_group from the machine with the latest completion time to
another machine. First, each group in the machine with the latest completion time is divided
into several equal sub_groups based on total processing time for the group. One sub_group is
then reassigned to another machine. The sub_group and machine resulting in the least
makespan are selected. The number of sub_groups in one group is randomly determined so
that a different number of jobs are reassigned in each iteration.

4.2.4 Group and group chain reassignment

In this procedure, one group along with its required die from the machine with the latest
completion time are reassigned to an intermediate machine and another group along with its
required die from this intermediate machine are reassigned to another machine. The groups
and machine resulting in the least makespan are selected.
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4.2.5 Group and sub_group chain reassignment

In this procedure, one group along with its required die from the machine with the latest
completion time are reassigned to an intermediate machine and one sub_group from this
intermediate machine is reassigned to another machine. The group, sub_group, and machine
resulting in the least makespan are selected.

4.2.6 Sub_group and sub_group chain reassignment

This procedure reassigns one sub_group from the machine with the latest completion time to
an intermediate machine and simultaneously reassigns one sub_group from this intermediate
machine to another machine. The sub_groups and machine resulting in the least makespan
are selected.

4.2.7 Sub_group and job chain reassignment

This procedure reassigns one sub_group from the machine with the latest completion time to
an intermediate machine and simultaneously reassigns one job from this intermediate
machine to another machine. The sub_group, job, and machine resulting in the least
makespan are selected.

4.2.8 Job and job chain reassignment

In this procedure one job from the machine with the latest completion time is reassigned to
an intermediate machine and another job from this intermediate machine is reassigned to
another machine. The jobs and machine resulting in the least makespan are selected. It is
noted that in the above procedures a sub_group or job can be reassigned to a machine only if
that machine is allocated with a required die or there is a required die not yet allocated to
any machine.

4.2.9 Reattachment

The above reassignment procedures do not apply any reattachments of dies. It is possible
that the maximum completion time can be reduced by reattaching dies to other machines. In
this reattachment procedure one job from the machine with the latest completion time is
reassigned to another machine that may not be allocated with a required die. The die to be
reattached is taken from other machines allocated with the required die. This job may be
processed very early or very late depending on the availability of the required die. If these
arrangements are accepted, they are performed. This procedure is applied repeatedly to
reduce the maximum completion time.

When performing the above procedures to generate neighborhood solutions, discard moves
that are tabu (unless a tabu move results in an overall best solution). If the makespan
obtained is accepted (i.e., (V(Y)) < RECORD + DEVIATION), perform the reassignment and
update the current solution. If the makespan is improved, update the best solution.

4.3 Heuristic Heu_Cmax

Heuristic Heu_Cmax is now outlined as follows.

Step 0. Initialization
Initialize Total_counter and set Inner_max, Outer_max, and initial DEVIATION RATE
(DR). Note that Total_counter is used to update DR.
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Step 1.
Step 2.
Step 3.
Step 4.

Step 5.

Step 6.

Step 7.

Step 8.

Step 9.

Step 10.

Step 11.
Step 12.

Generate an initial solution and set RECORD = initial solution value and
DEVIATION = RECORD x DR.

Apply the group reassignment procedure until an Inner_max number of moves are
performed without any improvement to the best known solution.

Apply the job reassignment procedure until an Inner_ max number of moves are
performed without any improvement to the best known solution.

Apply the sub_ group reassignment procedure until an Inner__max number of
moves are performed without any improvement to the best known solution.

Apply the group and group chain reassignment procedure until an Inner__max
number of moves are performed without any improvement to the best known
solution.

Apply the group and sub_ group chain reassignment procedure until an Inner _max
number of moves are performed without any improvement to the best known
solution.

Apply the sub_ group and subgroup chain reassignment procedure until an Inner_
max number of moves are performed without any improvement to the best known
solution.

Apply the sub_ group and job chain reassignment procedure until an Inner_ max
number of moves are performed without any improvement to the best known
solution.

Apply the job and job chain reassignment procedure until an Inner_ max number of
moves are performed without any improvement to the best known solution.

If an Outer__max number of moves are performed without any improvement to the
best known solution, reinitialize Total_counter, update DR, and go to Step 11.
Otherwise, set Total_ counter = Total_counter + 1, update DR, and return to Step 2.
Apply the reattachment procedure.

If an Outer_ max number of moves are performed without any improvement to the
best known solution, terminate Heu_Cmax. Otherwise, set Total_counter =
Total_counter + 1, update DR, and return to Step 11.

It is noted that the reattachment procedure may complicate the allocation of dies to
machines; hence it is not performed until all the other procedures cannot improve makespan
any further.

4.4 Computational results

A set of test problems are used to evaluate the computational characteristics of Heu_Cmax.
The runtime and solution quality of Heu_Cmax are compared with a basic simulated
annealing (BSA) method (Tamaki et al., 1993). Both Heu_Cmax and the SA method were
coded in C and all of the experiments were performed on a Pentium 4 1.6 GHz PC with
256M SDRAM

4.4.1 Data sets
The test problems were generated “randomly” according to the following factors:

number of jobs (N),

number of machines (M),

number of die types (D), and
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number of dies of a die type (ba).

It is known that all of these factors have impacts on the size and complexity of this
scheduling problem. The parameters for this data set are listed in Table 1, in which r; is the
number of jobs requiring die type d.

N 25, 30, 35,40, 45| 50, 55, 60, 65, 70
M 3,4,5 6,7,8
D IN/61+1,IN/7]+1
ba Lry /30141, Lry /4141
Speed factor for jobs of type d on machine m, fi 1/U[5,15]
Processing time for job j on machine m, pj» 1/ fam *UJ[10, 40]

Attaching time for a die of type d on machine m, s14,, [U[10, 30]
Detaching time for a die of type d on machine m, s24, |U[10, 30]
Probability that a die type can be attached to a 05

machine )

Table 1. Parameters of the test data

4.4.1 Parameter settings
For the BSA (Tamaki et al., 1993), the solution is represented by a binary string

X =(X, Xy oo Xppy Yor Vit o Vow - Zo1 Z1y - Zyy Wor Wiy - Wy ). The neighborhood of a string X is

the set of strings with Hamming distance 1 from X . A procedure is used to transform a
binary string to a feasible schedule of

mj

{ 1 if job jis assigned to machine m
-

0 otherwise ,

1 if jobs jand j'are assigned to the same machine and job j'immediately

succeeds job j
Y
0 otherwise ,
1 if jobs jand j'require the same type of die and job j'immediately succeeds
job j directly (if jobs j and j'are processsed on the same machine) or job ;'
- immediately succeeds job jindirectly (if jobs jand j'are processed on
u different machines)
0 otherwise ,
_ |1 if job j uses the same die that job j'does
Wi = 0 otherwise ,

The temperature of the kth stage was set at T(k) = 0.9x x 100, the number of iterations in each
stage was set at 1000, and the termination criterion was T(k) < 0.01

For heuristic Heu_Cmax, each improvement procedure utilized one tabu list with a size of 5,
Inner_max was set at 5, Outer_max was set at 5, and DR was updated by 0.9+ Total_counter)/57,
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4.4.2 Results

According to the computational results, the performance of Heu_Cmax was very impressive.
The BSA method did not obtain any better solution value than Heu_Cmax in all of the 120
test problems. Heu_Cmax was better than the BSA method not only on the solution value but
also on the runtime. Table 2 shows the mean value comparisons of Heu_Cmax and BSA.
According to Table 2, on an overall average the solution value and runtime were improved
10.98% and 97.77%, respectively.

The improvement of Heu_Cmax is more significant when N or M is large. The magnitude of
N and M affects the size and complexity of this scheduling problem. Hence, this
computational experience may indicate that Heu_Cmax may perform much better than the
BSA method when this type of scheduling problems involves more jobs or more parallel
machines. The improvement of Heu_Cmax is also more significant when b, is small. The
number of dies of each type affects the availability of the secondary resource. Hence, this
computational experience may indicate that Heu_Cmax may perform much better than the
BSA method when secondary resources are tightly constrained.

5. Heuristic procedure to minimize T,,,, and computational results

The heuristic proposed in section 4 can be modified to minimize T;..x. The modified heuristic
is named Heu_Tmax and is described in the followings.

(BSA-Heu_Cmax)/BSA*100%
Cuar | CPU sec. Cuaxr | CPUsec.| Chuax CPU sec.
25 1355.52 | 32.70 1235.66 1.17 8.84% 96.42%
30 1635.08 | 49.95 1520.44 1.46 7.01% 97.09%
35 204858 | 113.80 | 1897.71 1.69 7.36% 98.52%
40 2401.92 | 214.60 | 2142.68 2.30 10.79% 98.93%
N 45 2630.00 | 246.65 | 2411.11 2.86 8.32% 98.84%
50 174420 | 289.80 | 1538.96 5.06 11.77% 98.25%
55 1900.24 | 299.70 | 1681.33 7.88 11.52% 97.37%
60 2075.28 | 365.50 | 1797.81 8.06 13.37% 97.79%
65 2250.09 | 39520 | 1941.77 12.62 13.70% 96.81%
70 2415.63 | 44220 | 2019.26 11.58 16.41% 97.38%
3 277222 | 133.65 | 2480.65 1.61 10.52% 98.80%
4 1801.42 | 119.85 1722.22 1.64 4.40% 98.64%
5 1469.02 | 141.15 | 1327.37 2.45 9.64% 98.27 %
M 6 2590.42 | 343.85 | 2238.58 9.34 13.58% 97.28%
7 2024.74 | 364.60 | 1753.44 9.65 13.40% 97.35%
8 1616.10 | 366.95 | 1398.96 8.13 13.44% 97.78%
D LN/6/+1 | 2048.40 | 244.25 | 1832.60 5.77 10.54% 97.64%
IN/71+1 | 204291 | 245.75 | 1823.12 5.17 10.76% 97.90%
by Lrs/31+1 | 2008.85 | 245.30 | 1825.82 6.07 9.11% 97.53%
Lrg/41+1 | 2082.46 | 244.70 | 1829.90 4.87 12.13% 98.01%
Overall average | 2045.65 | 245.00 | 1820.97 5.47 10.98% 97.77%

Table 2. Mean value comparisons of Heu_Cmax and BSA
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5.1 Generation of initial solutions

For the initial solution, each job is first assigned to its most efficient machine. If that machine

is not allocated with a required die, allocate a required die to that machine. The job sequence

in each machine is then improved by a rescheduling procedure. The rescheduling procedure is to

improve job sequence within a machine. It is applied whenever group, sub_group, and jobs

are reassigned from one machine to another. The rescheduling procedure includes the

following steps:

Step1. Form groups in each machine and sequence jobs in the same group according to
EDD.

Step 2. Schedule the group last of the entire groups unscheduled if it would incur the least
maximum tardiness. Repeat this process until all groups are scheduled.

Step 3. Starting from the first job of the second group in the sequence, move the job along
with all its predecessors in the same family forward to the best position to improve
maximum tardiness.

5.2 Generating neighborhood solutions

The neighbourhood generation procedures are similar to those described in subsection 4.2
except that the group, subgroup, or job reassigned is selected from the machine associated
with maximum tardiness and that the group, subgroup, or job and machine resulting in the
least maximum tardiness are selected (Chen, 2006).

5.2.1 Group reassignment

This procedure reassigns one group along with its required die from the machine associated
with the maximum tardiness to another machine. The group and machine resulting in the
least maximum tardiness are selected.

5.2.2 Job reassignment

This procedure reassigns one job from the machine associated with the maximum tardiness
to another machine. The job and machine resulting in the least maximum tardiness are
selected.

5.2.3 Sub_group reassignment

This procedure reassigns one sub_group from the machine associated with the maximum
tardiness to another machine. First, each group in the machine associated with maximum
tardiness is divided into several equal sub_group based on the total processing time for the
group and the due date of every job in the first sub_group’s being earlier than that of any job
in the second sub_group, and the due date of every job in the second sub_group’s being earlier
than that of any job in the third sub_group and so on. One sub_group is then reassigned to
another machine. The sub_group and machine resulting in the least maximum tardiness are
selected.

5.2.4 Group and group chain reassignment

In this procedure, one group along with its required die from the machine associated with
the maximum tardiness are reassigned to an intermediate machine and another group along
with its required die from this intermediate machine are simultaneously reassigned to
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another machine. The groups and machine resulting in the least maximum tardiness are
selected.

5.2.5 Group and sub_group chain reassignment

In this procedure, one group along with its required die from the machine associated with
the maximum tardiness are reassigned to an intermediate machine and one sub_group from
this intermediate machine is simultaneously reassigned to another machine. The group,
sub_group, and machine resulting in the least maximum tardiness are selected.

5.2.6 Sub_group (job) and sub_group (job) chain reassignment

This procedure reassigns one sub_group (job) from the machine associated with the
maximum tardiness to an intermediate machine and simultaneously reassigns one sub_group
(job) from this intermediate machine to another machine. The sub_group(s), job(s), and
machine resulting in the least maximum tardiness are selected.

5.2.7 Reattachment

In this procedure, one job from the machine associated with the maximum tardiness is
reassigned to another machine that may not be allocated with a die. This job may be
processed very early or very late depending on the availability of the required die. The job
and machine resulting in the least maximum tardiness are selected.

5.3 Heuristic Heu_Tmax
The structure of heuristic Heu_Tmax is very similar to that of heuristic Heu_Cmax. Readers
may refer to subsection 4.3.

5.4 Computational experiments

A set of test problems is used to evaluate the computational characteristics of Heu_Tmax.
The runtime and solution quality of Heu_Tmax are compared with an EDD-based procedure
and a basic SA method (BSA) (Tamaki et al., 1993).

5.4.1 Data Sets

The test problems were “randomly” generated based on the following factors:

number of jobs (N);

number of machines (M);

number of die types (D);

number of dies of a die type (ba);

. due date range factor (R); and

10. due date priority factor (7).

The level settings for each factor are: 4 levels for N, 3 levels for M, and 2 levels each for the
other factors. This results in a total of 192 test problems. The parameters for the test
problems are given in Table 3. Note that in Table 3 the due dates of jobs were generated as
suggested by Potts & Van Wassenhove (1982), where

© N oW

Cone=(Z( X Pjm+51;,+52;,)/|M';])/ M and M'jis set of machines that can process job j.
j meM‘j
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N 30, 50, 70, 90

M 4,6,8

D IN/51+1,IN/71+1
ba Lra/4l+1,Lra/61+1
Speed factor for jobs of type d on machine m, fin 1/U0[5, 15]
Processing time for job j on machine m, pj, 1/ fa*U[10, 40]

Attaching time for a die of type d on machine m, s14, |U[10, 100]
Detaching time for a die of type d on machine m, s24, |U[10, 100]

R 04,1

T 04,08

Due date U[Cax(1 - = R/2), Couax(1 - 7+ R/2)]
Probability that a die type can be attached to a 05

machine '

Table 3. Parameters for the test data

The EDD-based procedure selects jobs on the basis of EDD and assigns jobs to the machine
where it can be completed as early as possible. However, if a required die is not available,
the next job is selected. For heuristic Heu_Tmax, each neighborhood generation procedure

use a tabu list of size 5, Inner_max and Outer_max were both set at 5, and DR was updated by
0'9L(1+T0talfcounter) / SJ'

5.4.2 Results

According to the computational results, Heu_Tmax outperformed EDD and BSA in terms of
solution quality. EDD and BSA did not obtain better solutions than Heu_Tmax in all of the
192 tested instances. EDD and Heu_Tmax obtained the same solutions in 12 tested problems;
BSA and Heu_Tmax obtained the same solutions in 24 tested problems. As for the runtime
consumed, the EDD-based procedure required less than 1 second to solve each of the tested
instances. Depending upon the problem sizes, the runtime of Heu_Tmax ranged from less
than 1 second to near 6 minutes, which was much less than that of BSA.

Table 4 shows the corresponding mean values of EDD, BSA, and Heu_Tmax. According to
Table 4, maximum tardiness increases as the number of jobs (i.e., N) increases or the number
of machines (i.e., M) decreases. Maximum tardiness also increases when secondary
resources are more restricted (i.e., by = Lra/6] + 1) or the due dates of job are tight (i.e., 7=
0.8). On an overall average, the solution value of EDD was improved 42.88%; the solution
value and the runtime of BSA were reduced 27.92% and 90.48%, respectively. Heu_Tmax is
significantly better than EDD and SA when M is large. The sizes of M affect the size and
complexity of this scheduling problem. Hence, this computational experiment may indicate
that the performance of Heu_Tmax may be much better than EDD and BSA when this type
of scheduling problems involves more parallel machines.

Heu_Tmax is significantly better than EDD and SA when R is small (i.e., R = 0.4). The value
of R affects the dispersion of job due dates. Hence, this computational experience may
indicate that the performance of Heu_Tmax may be much better than EDD and BSA when
the due dates of jobs are more dispersive. Heu_Tmax is also si