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(A50217) CONTROL SYSTEMS ENGINEERING

Objective:
In this course it is aimed to introduce  to the students the principles and applications of control systems in everyday life. The basic concepts of block diagram reduction, time domain analysis solutions to time invariant systems and also deals with the different aspects of stability analysis of systems in frequency domain and time domain.

UNIT-I:

Introduction: Concepts of Control Systems- Open loop and closed loop control systems and their differences- Different examples of control systems-Classification of control systems, Feed-Back Characteristics, Effects of feedback, Mathematical models- Differential equations, Impulse Response and Transfer Functions.

Transfer Function Representation: Block diagram representation of systems considering electrical systems as examples- Block diagram representation of systems considering  electrical  systems as examples- Block diagram algebra- Representation by Signal flow graph- Reduction using Mason’s gain formula.

UNIT-II:
TIME RESPONSE ANALYSIS: Standard test signals- Time response of first order systems- Characteristic Equation of Feedback control systems, Transient response of second order systems- Time domain specifications- Steady state response- Steady state errors and error constants- Effects of proportional derivative, proportional integral systems.
UNIT-III: 

Stability Analysis in S-Domain: The concept of stability- Routh’s stability criterion- qualitative stability and conditional stability- limitations of Routh’s stability.

Root Locus Technique: The root locus concept- construction of root loci- effects of adding poles and zeros to G(s)H(s) on the root loci.
UNIT-IV:

Frequency Response Analysis: Introduction, Frequency domain specifications- Bode diagram- Determination of Frequency domain specifications and Phase margin and Gain margin- Stability Analysis from Bode Plots. Polar Plots- Nyquist Plots- Stability Analysis. Compensation techniques- Lag, Lead and Lead- Lag Controllers design in frequency Domain, PID Controllers.

UNIT-V:

State Space Analysis of Continuous Systems: Concepts of state, state variables and state model, derivation of state model from block diagrams, Diagonalization- Solving the Time invariant state Equations- State Transition Matrix and It’s Properties- Concepts of Controllabililty and Observability.

TEXT BOOKS:
1. Control Systems Theory and Applications – S.K Bhattacharya, pearson.

2. Control Systems – N.C.Jagan, BS Publications.

REFERENCE BOOKS:
1. Control Systems – A.Anand Kumar, PHI.

2. Control Systems Engineering – S. Palani, Tata-McGraw-Hill.

3. Control Systems – Dhanesh N.Manik, Cengage Learning.

4. Control Systems Engineering – I. J. Nagarath and M.Gopal, New Age International (P) Limited, Publishers.

5. Control Systems – N. K. Sinha, New Age International (P) Limited Publishers.

OUTCOME:
After going through this course the student gets a thorough knowledge on open loop and closed loop control systems, concept of feedback in control systems, mathematical modeling and transfer function derivations of Synchros, AC and DC servomotors, Transfer Function representation through block diagram algebra and signal flow graph, time response analysis of different ordered systems through their characteristic equation and time domain specifications, stability analysis of control systems in S-domain through R-H criteria and root-locus techniques, frequency response analysis through bode diagrams, Nyquist, Polar Plots and the basics of state space analysis, design of PID controllers, lag, lead, lag-lead compensators, with which he/she can able to apply the above conceptual things to real-world electrical and electronics problems and applications.

CONTROL SYSTEM ENGINEERING
In this course it is aimed to introduce to the students about the principles and applications of control systems in day to day  life. The basic concepts of block diagram reduction, time domain analysis solutions to time invariant systems and also deals with the different aspects of stability analysis of systems in frequency domain and time domain.

A control system is a system of devices or set of devices, that manages, commands, directs or regulates the behavior of other device(s) or system(s) to achieve desire results.

[image: image912.png]


Automatic control system dominates the way of life and can be considered as a catalyst in ensuring the peace or destruction of the world. In the near feature, technological development will make it possible to travel to outer space and other planets.

                      Control system is represented as shown                                          r(t)                                                        y(t)                 

                                                                                                                                              fig. 1.1 System representation

where r(t) is input, h(t) is impulse response, y(t) is out response  in time domain.

Their relationship is y(t) = r(t) * h(t) 

Converting  into frequency domain  is represented as Y(S) = R(S) . H(S) or H(S) = Y(S)/R(S) under Zero initial conditions H(S)  is called Transfer Function.

If H(S) = N(S)/D(S) 

Where N(S) is called Numerator polynomial in S, the roots N(S) are represented by Zeros as ‘O’ and

 D(S) is called denominator polynomial in S, the roots D(S) are represented by Poles as ‘X’.

For a stable system all the poles should be in the left half of the S- Plane.

Zeros can be anywhere in the s-plane. If zeros lie in the right side of the plane is called Non-minimum phase function.

Example:   F(S) = (S-a)/(S+b) is a minimum phase function. F(S) = (S+a)/(S+b) is a minimum phase function.

Advantages and Properties of a Transfer Function is tabulated as shown below:
	Properties of Transfer Function
	Advantages of Transfer Function

	The ratio of Laplace Transform output to input Laplacae Transform  with initial conditions are zero
	Transfer Function is a mathematical model and it gives the gain of the system.

	The poles and zeros of a system can be determined 
	Laplace transform terms are simple algebraic expressions and differential terms are not present

	Stability can be found from characteristic equation
	If Transfer Function of a system is known then response of the system to any input can be determined.

	Transfer function cannot be defined for Non-Linear system. It is defined for only Linear systems
	From Transfer Function poles & zeros can be determined. The poles position can be studied their stability.


Disadvantages: Transfer Function can be defined only for linear systems.

                            Transfer Function does not take initial condition into account.
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Problems on Transfer Function:
1. Determine the Transfer Function of a given figure                 

Vi(t) = r i(t) + 1/c [image: image2.png]Ji(t)dt



, Vo(t) = 1/c [image: image4.png]Ji(t)dt



,

        Taking Laplace Transform VI(S) =  R I(S) +1/CS  I(S),                     Vi(t)                                           Vo(t)     fig. 1.2 RC Network
        Vo(S) = 1/CS I(S) i.e., I(S)= Vo(S)CS                                                              i(t)

        [image: image6.png]v



 = [image: image8.png]1+RCS



 If Vi is impulse, Vo(S) = [image: image10.png]1+RCS



 = [image: image12.png]1/RC
S+1/RC



 

                                                        Vo(t) = [image: image14.png]RC



  e-t/RC  is the impulse response
2. For a given differential equation Find the Transfer Function and find its impulse response.
d2y/dt2 +5dy/dt +6y =x(t), initial conditions are zero

Taking Laplace Transforms with zero initial conditions   S2Y(S)+5SY(S)+6Y(S)=X(S)




From the above equation  [image: image16.png]=)
X(5)



   = 1/(S2+5S+6) = [image: image18.png]R
(5+2)(5+6)



 = [image: image20.png]5+
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If x(t) is impulse X(S) = 1 Then Y(S)= [image: image24.png]5+
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 Then y(t) = (e-2t – e-6t)u(t)

3. Determine the Transfer Function of a system represented by d3y/dt3+3d2y/dt2+2dy/dt+y = d2x/dt2+2dx/dt+3x

To find the Transfer Function Assume initial conditions are zero take Laplace Transform of a given differential function
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S3Y+3S2Y+2SY+Y = S2X+2SX+3X  then [image: image28.png])
X(5)



 = (S2+2S+3)/(S3+3S2+2S+1)                                                                jw

4. The pole zero plot of a Transfer Function is given below  Find its Transfer Function         o         X                  1         

   G(S) = [image: image30.png]KIS+3))(5+370)
S+ D+ 2450 (5+21)



 =       Where K is system gain                                                   -3           -2       X-1               σ
                                                                                                                                                                            O        X                 -1

                                                                                                                                                           Fig. 1.3 pole zero representation

5. Determine the Transfer Function of the networks given below:

i) [image: image915.wmf]2
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                                                                    ii)    
                       vi (t)                                                vo (t)                                             vi (t)                                                        vo (t)
                                                                                      fig. 1.4 i) & ii) R, L, C Networks

Classification of control systems:
1) Natural control systems: The biological systems inside human being are of natural type. Example: The secretion glands, secreting sweat and regulates the temperature of human body. 

2) Manmade control systems: Many systems are manufactured by human beings. Example: An automobile system with gears, accelerator, braking system etc. are manmade control systems.

3) Combinational control systems: It is the combination of natural and manmade control systems. 
Example: Controlling the temperature of the human body is possible with internal process and with the help of medicines taken by a doctor.

4) Time variant and time invariant systems:  

Time-variant system: Time varying control systems are those in which parameters of the systems are varying with time. 

Example: Space vehicle whose mass decreases with time.

                Rocket, aerodynamic damping can change with time as the air density changes with the altitude.

Time-in-variant system: Output of a system is independent of time. Systems are those in which parameters of the systems are constant with time. 

Example: Fan, tube light, Passive components like R, L, C, TV, washing machine etc.

5) Linear and Non-linear systems: The system is said to be linear if it satisfies the following two properties.

     i) Additive property that is for any x, y belonging to the domain of the function f   then f(x + y) = f(x) + f(y)

    ii) Homogenous property for any x belonging to the domain of the function f and 

          for any scalar constant α we have f(α x) = α .f(x) and f(x) = f(x2) is non linear because (x1+x2)2 ≠ x12 + x22
6) Continuous and Discrete time control system:

In continuous time control system variables are the functions of continuous time variable ‘t’.  The speed control of a D.C. motor using a tacho generator feedback is an example of continuous data system. At any time ‘t’  they are dependent on time.

The discrete time systems are one or more system variables are known only at certain discrete intervals of time. They are not continuously dependent on the time.

7) Deterministic and stochastic control system: A control system is said to be deterministic 

      when its response to input as well as behavior to external disturbances is predictable and  

      repeatable. If such response is unpredictable, system is said to be stochastic in nature.

8) Lumped parameter and distributed parameter control system: Control system that can be described by ordinary differential equations is called lumped parameter control system. 

Example: Electrical networks with parameters as Resistance, Inductance etc.

Control system that can be described by partial differential equations are called distributed parameter control system.

Example: Transmission line having its parameters resistance and inductance totally distributed along it.

9) Single Input Single Output (SISO) and Multiple Input Multiple Output (MIMO) Systems:

A system having only one input and one output is called SISO system.

Example: Positional control system. One input and one output.

Some inputs are multiple and outputs are multiple such systems are MIMO Systems.

10) Open-loop and closed-loop systems:

Without feed- back is called open-loop system.

 With feed-back is called closed-loop system.

Open Loop Control System

Practical Examples of Open Loop Control System

1. Electric Hand Drier – Hot air (output) comes out as long as you keep your hand under the machine, irrespective of how much your hand is dried.

2. Automatic Washing Machine – This machine runs according to the pre-set time irrespective of washing is completed or not.

3. Bread Toaster - This machine runs as per adjusted time irrespective of toasting is completed or not.

4. Automatic Tea/Coffee Maker – These machines also function for pre adjusted time only.

5. Timer Based Clothes Drier – This machine dries wet clothes for pre – adjusted time, it does not matter how much the clothes are dried.

6. Light Switch – lamps glow whenever light switch is on irrespective of light is required or not.

7. Volume on Stereo System – Volume is adjusted manually irrespective of output volume level.

Advantages of Open Loop Control System

1. Simple in construction and design.
4. Generally stable.

2. Economical.



5. Convenient to use as output is difficult to measure.

3. Easy to maintain.

Disadvantages of Open Loop Control System

1. They are inaccurate.

3. Any change in output cannot be corrected automatically.

2. They are unreliable.

Closed Loop Control System

[image: image917.png]


Control system in which the output has an effect on the input quantity in such a manner that the input quantity will adjust itself based on the output generated is called closed loop control system. Open loop control system can be converted in to closed loop control system by providing a feedback. This feedback automatically makes the suitable changes in the output due to external disturbance. In this way closed loop control system is called automatic control system. Figure below shows the block diagram of closed loop control system in which feedback is taken from output and fed in to input. 
 Input                                                                                        Output

                                                                                                      Fig. 1.5 Closed Loop control system
Practical Examples of Closed Loop Control System

1. Servo Voltage Stabilizer – Voltage controller operates depending upon output voltage of the system.

2. Automatic Electric Iron – Heating elements are controlled by output temperature of the iron.

3. Water Level Controller– Input water is controlled by water level of the reservoir.

4. Missile Launched & Auto Tracked by Radar – The direction of missile is controlled by comparing the target and position of the missile.

5. An Air Conditioner – An air conditioner functions depending upon the temperature of the room.

6. Cooling System in Car – It operates depending upon the temperature which it controls.

Advantages of Closed Loop Control System

1. Closed loop control systems are more accurate even in the presence of non-linearity.

2. Highly accurate as any error arising is corrected due to presence of feedback signal.

3. Bandwidth range is large.

4. Facilitates automation.

5. The sensitivity of system may be made small to make system more stable.

6. This system is less affected by noise.

Disadvantages of Closed Loop Control System

1. They are costlier.

2. They are complicated to design.

3. Required more maintenance.

4. Feedback leads to oscillatory response.

5. Overall gain is reduced due to presence of feedback.

6. Stability is the major problem and more care is needed to design a stable closed loop system.

Comparison of Closed Loop And Open Loop Control System

	Sr. No.
	Open loop control system
	Closed loop control system

	1
	The feedback element is absent.
	The feedback element is always present.

	2
	An error detector is not present.
	An error detector is always present.

	3
	It is stable one.
	It may become unstable.

	4
	Easy to construct.
	Complicated construction.

	5
	It is an economical.
	It is costly.

	6
	Having small bandwidth.
	Having large bandwidth.

	7
	It is inaccurate.
	It is accurate.

	8
	Less maintenance.
	More maintenance.

	9
	It is unreliable.
	It is reliable.


FEEDBACK CHARACTERISTICS: To find the sensitivity of a closed loop system with variation of forward path gain  G(S) and feedback path gain H(S)

The feedback effects on a system are: Stability, Bandwidth, impedance and Sensitivity                            

[image: image918.png]


M is overall gain of Closed Loop Transfer Function.

M = C(S)/R(S) = [image: image32.png]CL5)
1+GH(S)



 is overallgain, G(S) is forward path gain,                       R(S)       +         -                          C(S)

H(S) is feedback  path gain              





    


              Effect of feedback on overall gain:                                                        fig. 1.6 Feedback representation of a system                                                                                        

              If feedback is –ve   1+G(S)H(S) is greater than 1     i.e.,[image: image34.png]C5)
e



 < G(S) i.e., gain decreases but  stabilizes

If feedback is +ve   1-G(S)H(S) is less than 1  i.e.,  [image: image36.png]CL5)
1-G)H(S)



 > G(S) i.e.,
we get oscillations


  
EFFECT OF FEEDBACK ON SENSITIVITY:


M  is overall gain, G is gain, H is feedback


[image: image38.png]


  = The sensitivity is the ratio of variation of M to variation of G        = [image: image40.png]aM/M
ac/c



 = [image: image42.png]% change in M
% changsinG



 = [image: image44.png]
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 . [image: image54.png]1/((1 + GH)?



  = [image: image56.png]T+cH





For open loop H = 0 
i.e.,
 [image: image58.png]


= 1


For closed loop system  i.e.,  
[image: image60.png]


= [image: image62.png]T+cH



                                  (Note:  [image: image64.png]2



( [image: image66.png]


 ) = (v. du/dx  -  u. dv/dx ) / v2 
 /             [image: image68.png]


  = The sensitivity is the ratio of variation of M to variation of H     = [image: image70.png]aM/M
aH/H



 = [image: image72.png]% change in M
% change inH
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 . G .(-G)/(1+GH)2 = -GH/(!+GH)

Effect of FB on External Disturbance:                                                                  n                                      

[image: image920.png]KG+2)
S 1 PF +3542



                                                                                     r                                   e1            e2                                                                     

[image: image921.jpg]=
”

Lo
,‘madu—« o Jo4s] ot
e o o

Garn margz'n 4 ﬂkg = (0B b
phase margn, Y'= 112°

@Aﬁ'[{ :





                                                                                                                         H                                                            

                                                                                                                         Fig. 1.7 Feedback system with a noise signal
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H = 0  i.e., Without Feedback

                                                                                                                                 n    

  for  n = 0   C=eG1G2 , for r = 0    C = G2 n                          r      e                                                       C

  Total response at C = eG1G2 + G2 n                                                                  





fig. 1.8 Equivalent circuit without FB         

When e = r   The signal to noise ratio = [image: image80.png]outputdus to signal
output due to noise



  =  [image: image82.png]sCica

oo



 =  [image: image84.png]sC1



  to increase the signal to noise ratio increase G1
With Feed Back: Output response C = [image: image86.png]Giez
Trcic:



 r + [image: image88.png]Trcic:



 n 

The signal to noise ratio = [image: image90.png]outputdus to signal
output due to noise



 = [image: image92.png]


)/([image: image94.png]G2n
Trcicon



) = G1 r /n 

                                                                                 = There is no effect of Feed Back on signal to noise ratio

MECHANICAL SYSTEM
Mechanical system is classified into Translational and Rotational systems.
Translational Motion: Translational motion takes place along a straight line and the variables involved in describing a straight line motion are displacement, velocity and acceleration. Newton’s law of motion governs the linear motion according to this law the product of Mass and Acceleration is equal to the algebraic sum of forces acting on it.
 Mass: Md2x/dt2 = f(t)   where f(t) is force, M is mass, x(t) is displacement

Linear Spring: K.x(t) = f(x) where K is Stiffness or spring, x(t) is displacement

Friction: Friction can be categorized into i) viscous friction ii) Static Friction iii) Couloumb Friction

Viscous friction generally dominates in any system. This force represents a linear retarding force. The other two are generally neglected.

MECHANICAL TRANSLATIONAL SYMBOLS

	Symbol
	Quantity
	F – v  analogy
	Force-current  analogy
	FPS Units
	MKS Units

	F
	Force
	Voltage(v)
	Current i(t)
	Pounds
	Newtons

	X
	Displacement
	Charge(q)
	Flux  (ψ )
	Feet
	Meters

	V
	Velocity
	Current i(t)
	Voltage (dψ/dt) 
	Feet/Sec
	Meter/Sec

	a
	Acceleration
	di(t)/dt
	dv/dt
	Feet/Sec2
	Meter/Sec2

	M
	Mass
	Inductance (L)
	C
	Pound-Sec2/foot Or lugs(slug=32lb)
	kilograms

	K
	Stiffness
	1/C
	1/L
	Pound/feet
	Newtons/meter

	B
	Damping 

co-efficient
	Resistance (R) 
	1/R or G
	pounds/(foot/sec)
	Newtons/(meter/sec)
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Mechanical System using Force-Voltage analogy:

     f(t) = Md2X/dt2 + B dX + kX

    To find its Transfer Function take Laplacae Transforms     B               K
         fig. 1.9 Mechanical system

    F(S) = M S2 X(S) + B SX(S) + K  X(S)

           = (M S2 + B S + K ) X(S)                                                                          f(t)

  [image: image96.png]=
F(S)



  =   =1/ (M S2 + B S + K )

 Where X(S) is response, F(S) is Input. Depending upon the components M, B & K the pole locations depend.

Response varies depending upon pole locations.

Using Force voltage analogy obtain the Electrical equivalent circuit for the system given

F (t) = Md2X/dt2 + B dX + kX using force voltage analogy v(t) = Ld2q/dt2 + Rdq/dt + q/C = Ldi/dt + Ri(t) + 1/C [image: image98.png]Ji(®)



 dt

Electrical equivalent circuit corresponding to force voltage analogy is
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                                                                                     V(t)                       i(t)          C            vo(t)      

                                                                            fig. 1.10 Electrical equivalent circuit using force-voltage analogy      

       V(S) = (LS +R + 1/cs ) I(S) Then Transfer Function = [image: image100.png]—
V(s)



 = CS/(LCS2 + RCS + 1)                                                                                                     

      Using Force Current analogy obtain the Electrical equivalent circuit for the system given

      I(t) = Cdψ2/dt2 + G dψ/dt + ψ/L = C dv/dt + Gv + L [image: image102.png]J v(t)



 dt 
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                                                             iL         iR          iC     

                                                                                                fig. 1.11 Electrical equivalent circuit using force-current analogy   
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For a given mechanical system obtain the equations corresponding to it. Find its equivalent Electrical circuit using force-voltage analogy.                                                                              x1(t)                       x2(t)

                                                                                     K1                            B       
                                                                                                                                                     f(t)       fig. 1.12 Mechanical system

                                                                                       B1                           K                 B2                                                                
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f(t) = M2d2x/dt2 + B2dx/dt + Bdx/dt + Bd/dt(x-x1) + K(x-x1)            L2             R2               R1         L1
Bd/dt (x-x1) + K(x-x1) = M1d2x1/dt2 +K1x1 + B1dx1/dt

                                       Electrical equivalent circuit         v(t)                                C                           C1
                                                                                                                     R





 
Fig.1.13 Electrical equivalent circuit using force-voltage analogy
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      4.   For a given mechanical system obtain its Transfer Function and Draw the        K1     

             Equivalent Electrical circuit using force-voltage analogy.                                    M1                    X1                                                                                                                                                                                

                                                                                                                                                     K2                B
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                                        B d(X2-X1)/dt

                                                                                                                                f(t)            M2                    X2

   K1 X1                                             K (X2-X1)                                                                                                           

                                  Freebody diagram                                                                                       f(t)           fig. 1.14

For a given mechanical system obtain the equations corresponding to it. Find its equivalent Electrical circuit using force-voltage analogy.                                                                                                                                                         
  Mechanical system  f(t) = M2d2x2/dt2 + B d(x2-x1) /dt + K2(x2-x1 )

 B d(x2-x1) /dt + K2(x2-x1 ) = M1d2x1/dt2 +K1x1  

 Electrical equivalent circuits   corresponding to above mechanical equation using force-voltage analogy are
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V(t) =L2 d2q2/dt2 +R d(q2-q1) /dt + 1/C2 (q2- q1 )                                L2                     L1       
        = L2 d I2/dt +R (I2-I1) +     1/C2  [image: image104.png]


(I2-I1 )dt                                       C2                      C1  
 R d(q2-q1) /dt + 1/C2 (q2- q1 ) = L1 d2q1/dt2  +1/c1 ( q1​)   V(t)                      I2                               I1
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 R(I2-I1) +   1/C2[image: image106.png]


(I2-I1)dt = L1d I1/dt +1/c1[image: image108.png]
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                                                          Fig. 1.15  Electrical equivalent circuit using force-voltage analogy
Rotational Motion:

MECHANICAL Rotational SYMBOLS

	Symbol
	Quantity
	F – v  analogy
	F-i analogy
	FPS Units
	MKS Units

	T
	Torque
	Voltage(v)
	Current i(t)
	Pounds-ft
	Newton-meter

	θ
	Angular displacement
	Charge(q)
	Flux  (ψ )
	Radians
	Radian

	W
	Angular velocity
	Current i(t)
	Voltage (dψ/dt) 
	Radians/Sec
	Radians/Sec

	a
	Angular acceleration
	di(t)/dt
	dv/dt
	Radians/Sec2
	Radians/Sec2

	J
	Moment of Inertia
	Inductance (L)
	C
	Sllug-ft2
	Kilograms/m2

	K
	Stiffness co-efficient
	1/C
	1/L
	Pound-feet/radian
	Newtons-meter/radian

	B
	Damping (Torsional friction)(co-efficient
	Resistance (R) 
	1/R or G
	pounds-feet/(radian/sec)
	Newtons-meter/(rad/sec)


\

 Obtain the Transfer Function of a Rotational system for a given Mechanical system
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                              T      θ1                   K                        θ          B     T is Torque,  
                                                                                                       Fig. 1.16 Rotational system
System equations are

J1[image: image110.png]


+K(θ- θ1)=T(t)  and J2 [image: image112.png]


+B[image: image114.png]


=K(θ - θ1) corresponding Transformed equations are  

(J1S2 + K ) θ(S) =  T(S), (J2S2+BS + K) θ(S) = K θ1(S)

Corresponding Transfer function is [image: image116.png]==
T(S)



 = K/(J1S2 + K ) (J2S2+BS + K)-K2
Blockdiagram representation  
In this technique, each sub-system in a control system is represented by a block. All such blocks are connected with each other to descsribe the functionality of a control system. The entire diagram is called a block diagram. Block diagram is defined as a pictorial representation of the functions performed by each sub-system and  flow of signals. The individual blocks in a block diagram are defined by their functions. 

[image: image936.jpg]Fff‘;i:ﬁ pesponce. e O

“The fmgumca FesPose «a/a SM?M i M”‘J MM

ghete rusporse @ e 9uilinn o o Simuarddd i ;,;ﬁwj.
pSnwt o/g A'Sm@*—<~¢)

A h’\M)
M

it Elﬁ'/f Sur

)kr" /ACX’i’——T,;,) |
¢: "TJ{W) R4

-_é‘—_‘ -
Awand cohen \L\} 4}) -Vas\/{l,! Frowm
m

Frequem Susp o G
e WPD(,,MJ fWéf/l

D oo Lokveon
;

Fx c:(/uem(/-a Dowiarn SW‘PM
T '/L\/Mc@mw\%/‘n, Qe%ﬂ‘ﬂwg'tf"”‘ﬂ')ww $reput )
Gt DG

ol i Th G,ersmta
Gk ot fugpemey, © /
D Goin masgin (6] (ko)
S NI
o MaHhgin k?/ M %’wd
haised  fefde e Aphes Skl 0Cars

& 9%@7@&0&@5& Vot éc{rmmwy{m

4 ’
SR ey R BT

’b.(s) H ) ‘ka v

n dp ; ]
CJ'\M’ &0.‘} /@1@5%) H(I"Jf’c)








        R(S)                                                    C(S)       R(S) is input, C(s) is output

                Fig. 1.17    Block diagram representation of a single element

                                            E(S)

  
        R(S)                                                        C(S)

                                         -

                                  B(S)


Fig. 1.18 Representation of a Closed loop system with negative feed-back.

From the above figure  E(S) = R(S)-B(S), C(S) = E(S). G(S), B(S) = C(S) .H(S)

From the above equations  C(S) = (R(S)-B(S))G(S)= (R(S)- C(S) .H(S))G(S) = R(S) G(S) - C(S) .H(S) . G(S)




    C(S) + C(S) .H(S) . G(S) = R(S) G(S)




   [image: image118.png]==
R(S)



 = [image: image120.png]CL5)
1+GH(S)



 is the closed loop transfer function with negative feed back

                                           [image: image122.png]==
R(S)



 = [image: image124.png]CL5)
1-G)H(S)



 is the closed loop transfer function with positive feed bac

 If individual blocks are cascaded the overall gain is the product of individuals

Proof:  

                                         R1             R2                        Rn-1    
                    R                                         …                                             Rn
  
The Transfer function = Rn/R = [image: image126.png]o




  . [image: image128.png]


 ..   [image: image130.png]


  = Gn Gn-1 ..G2 . G1  i.e. overall gain of the blockdiagram when  they are cascaded is equal to product of individual block gains.

If individual blocks are connected in parallel the overall gain is the sum of individual  blocks.

Proof:             R1
                      R2                                                       Y = R1 G1+ R2 G2  + --+ Rn Gn    

                                                                       If  R = R1  = R2  = Rn then Y = R  (G1  + G2 + - - + Gn) i.e., 

                      Rn                                                                                       Y/R = G1  + G2 + - - + Gn)

To find the overall transfer function consisting of various blocks in canonical, cascaded form or in parallel form are connected it is necessary to reduce the  blocks in convenient form. Few examples of  reduction methods are given below  

For few block diagrams equivalent block diagrams are given below:

                                                    A-B           A-B+c                     A                A+C         A-B+C

                              A           +             +                                                +                +     

                                           B     -            C  +                                       C      +         B      -

                                             B   +                                                                                 B

                                           +           A+B-C                                   A      +       A-C     +      +    A-C+B

                                  A                                                                                   -

·                                                        C

                                                C

                                                                                                A                                    AG

                                   A                                      AG






    AG                                                      AG

                                     A                               AG                          A                                     AG

                                                                                   A                                AG                        A        

Example: Find the Transfer Function for the following diagram


R            +                      +                                          +                                                C

           _                      -                                          -


R                                                                                                                                                            C                            
           _                                                              


R                                                                                                               C                                                      

      -                                                                       

C/R  =   (G1G2/(1+G1H1) (1+G2H2))/( 1 +( G1G2/(1+G1H1) (1+G2H2)) H3)

         =  G1G2 / ((1+G1H1) (1+G2H2) + G1 G2 H3)   = G1 G2 / (1+G1H1 + G2H2 +G1G2H1H2 + G1G2H3)

Various problems are given below using Block diagram reduction methods to find their Transfer Function.

1. For the BD shown Find the TF C(s)/R(s) 





 



                                                                           +

          R(s)        +                                                          C(s)

                                -                                     +
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2. For the given block diagram find  the TF C(s)/R(s) is








             R(s)                                +                                      +                   C(s)

                                                         +                                       +

Transfer function C(s)/R(s) is G1G2+G2+1     

3.   Find the TF C/R for the BD shown in fig below 




 


 R                                           +                                                                                   C    

    +                                  +                                       +                                                      

          _                                                                            _                                                    

             C(S)/R(S) = 
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     4.   Find the the TF C(s)/D(s)  for the given Block Diagram



 

                                                                                                D(s)

                            E(s)                            +  U(s)

R(s)           +                                     +                                     +    +                               C(s)

                        _

      a) 
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5. 
Find the output responses due to R1(s) and R2(s)













          R1(s)         +  _                                                   C1
                                 -          

                            _

       R2(s)       +                                                               C2

Signal Flow Graphs:

Signal flow graph definitions are given below:

1. Node: It is a point representing a variable or a signal.

2. Transmittance: It is the gain between two nodes. This gain may be a transfer function or a simple gain.

3. Branch: It is a directed line segment joining two nodes. The gain of a branch is called transmittance.

4. Input node: It is also called source node. It is the node that has only outgoing branches. It represents independent variable(s) of the control system.

5. Output node: It is also called sink node. It is the node that has only incoming branches. It represents the output of a control system. 

6. Mixed node or chain node: It has characteristics of both the input node and the output node. It is the node that has both incoming and outgoing branches.

7. Path: It is a transversal of connected branches in the direction of branch arrows. If no node is crossed more than once, the path is open. 
8. Loop: It is a closed path.

9. Loop gain: It is the product of branch transmittances of a loop.

10. Non-Touching loops: Loops are non-touching , if they do not possess any common node(s).

11. Forward path: It is the path from an input node to an output node without repeating any node.
12. Forward path gain: it is the product of branch transmittances of a forward path.

Mason’s gain formula for signal flow graphs: Using Mason’s gain formula we can find the Transfer Function with observation of the graph. 
Compare to Block diagram reduction method the Mason’s gain formula is very easy to find the overall transfer function by observation.

MASON’S GAIN FORMULA

Overall gain M =     [image: image135.png]


∑ Pk Δk  Where Pk = path gain  of kth forward path

 Δ = Determinant of the graph = 1-(sum of all  individual loop gains)+ (sum of gain products of all possible combinations of two non-touching loops)-( sum of gain products of all possible combinations of three non-touching loops)+…

To Find the Transfer Function using Mason’s gain formula Identify the following

i) Source node

ii) Sink node

iii) Chain nodes  or mixed nodes 


iv)        Feed back loop
           v)Self loop
            vi) Number of forward paths and their gains 


vii        Non-touching loops with their gains

 viii)Forwardpath

For a system corresponding equations are given below. Draw the signal flow graph corresponding to it and find its transfer function using Mason’s  gain formula.

V1 = 2Vi +3V2, V2 = 4V1 + 5V3 + 2V2, V3 = 5V2 +V0, V0 =6V3
Indicate all the nodes given in the equations in order then we get the signal  flow graph given below

                                                       2

                                             3                       5              1    

                 Vi             2               4             5               6         vo
                                          V1            V2           V3
By observing the graph note down the following:
Number of forward paths = 1, Forward path gain  = 2 x 4 x 5 x 6 = 240

Number of individual loops = 4, Loop gains are 12, 2, 25, 6

Number of non-touching loops taking two at a time are  12 x 6, 2 x 6 = 72, 12

Δ = 1-(12+2+25+6) + (72+12) = 40

Δ1 = 1 because no non-touching loops to the forward path.
Then [image: image137.png]


 = 240/40 = 6

1.  Fine the O/P of the following BD  






 


   R           +                   +                                                                      C

                      _                  _

Ans: 
[image: image138.wmf])

1

.

0

1

(

)

1

(

K

S

K

KR

+

+

+





2.Find the TF of the following BD 









                                                             -

      R
    +


   +




          +                C




-



             



  +


 -



                    +   

       Ans: 
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      3.  Find the Transfer Function of the following fig 





 




     G2





   R



      C




GGGg





H1

   Ans:  C  = 
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4.  C/R of the following fig is







      

                           

                                      G2

         R      1           1             G​1

1   
      C




                   H1

      Ans:  C/R =  
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5. In the following figure find the no. of forward paths, No. of  loops & No. of non-touching loops.
           




  H1

                     G4

                       1         1         G1
    P
       G3

       C





      
  G2          H2



                                                                -1

Number of forward paths are 2, Number of loops are 5

Number of Non-touching loops are zero

6. TF of the following BD is



R            +                   +                                          +                                                C

                    _                      +                                    +

Can’t be determined
 

7.  Find C/R3 of the following BD      R2
                   R3




                                                         +                                +

  R1       +                                       +              +               +                                 C

                   _

                                                                   +

                                                               +

  R4

Ans: 
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8. Find the TF of the  following BD  







          R                                 +                                       C

                                                 +

                                          +       -     

Ans:  
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  Using signal flow graph verify the result 
9.Find the  TF  C/R of the following fig is
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Using signal flow graph verify the result


10.Using blockdiagram reduction method find its Transfer Function and verify using signal flowgraph 






                                            +

      R(s)          +               +                                    C(s)

                             _

                                             +
                                        _

Short Answer Questions:

1. Define the following a) Actuating signal b)open loop Transfer Function c) CLTF d) Feedback singal d) Define  SMG 
2. Which of the following are linear or Non-linear

i) y=3x  ii) y=2x+3   iii) y= 2x2
       3.  Which of the following are open-loop & closed loop system


i) stepper motor

         

 ii) sprinkler used to water lawn 


iii) automatic toaster



iv)Automatic Door opening system 

v) DC motor speed control


vi)Home heating system 

vii) Temperature control system

 viii) Missile launching system 

4. Differentiate between feed-back control system & feed forward system

5. Closed loop system will be more stable when compared to open-loop system. State True or False

6. Using force voltage analogy displacement  is equal to__________

7. Using force current analogy velocity is equal to  ______________

8. Write the advantages of open loop system over closed loop system.

9. Write the advantages of Transfer Function.

10. What is non-minimum phase function.

11. Obtain the phase expression at w =1 of K(S+1)/S(S+4).

12. If x > 2x-3 what is x

13. If x2-5x-6 > 0 Find the range of x

Multiple questions:

1. Signal flow graph is used to obtain the 

     a) Stability of the system

b) Transfer function of the system 

     c) Controllability of the system
d) Observability of the system

2. The correct set of equations corresponding to the block diagram given below is

a) x1 = G1/R, C = x1G2 +  x1G3
b) G1 = R*x1, C = x1G2  - x1G3
c) G1= x1/R, C = RG1 G2 + x1G3                                                                                                     +

d) C = x1G1+ x1G3, R*x1 = G1                                        R                                               C

                                                                                                                           x1    
3. For the BD shown the TF C(s)/R(s) is









                                                                           +

          R(s)        +                                                          C(s)

                                -                                     +
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4. Consider the following statements






1. A closed loop control system is usually more  accurate than an open loop control system

2. Feedback is some times used to improve the sensitivity of a control system.

3. If an open loop system is unstable, applying feedback will always improve its stability. Out of these the true statements are

a) 1,2

b)1, 2, 3

c) 2, 3

d) 3,1

5. 
The TF of a system is K/S2(S+2) (S+3) the type and order of the system is


a) 3, 2
b) 2, 4
c) 4, 2
d) 2, 2

6. 
T.F of a system is 
[image: image150.wmf]S

S
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-

1

1

. It is called   a) Low pass system b) all pass system c) high pass system d) band pass system 

7. Pick out the linear system


i) y'' + y' + 7y = u(t)


ii) yy' + 2y = 3u(t)


iii) 3y'' + 2ty' + 2t2y = 2

a)  i
b) ii
c) iii
d) ii & iii

8.  Match the following

A. Principle of Super Position
1. A Multi variable FB control system

        B. Human Systems
2. A single FB control system

        C. An automatic iron
3. Linear Time-in variant system

 
4. Linear – time variant system

 a) A-3, B-1, C-2
b) A-3, B-2, C-1
c) A-1, B-3, C-2
d) None of them

Answers: 1 b)
2 c)
3  a)
4 a)
5 b)
6  b)
7 a) 8 a

[image: image151.png]
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   UNIT-2

TIME RESPONSE

Time response:-

Time response = transient  response + steady state response

 When transient response dies it reaches to steady state response.

                Steady state error = ess = Lt t-∞e(t) =Lt s-0 SE(S)

                                                                        E(S)

                                                       R                                            C

                                                                  -                                             

From the figure E(S).G(S) = C(S)

[image: image156.png]cis)
R(S)



=[image: image158.png]C(5)
1+G(S)H(S)




C(S) = R(S)[image: image160.png]C(5)
1+G(S)H(S)




E(S)G(S) = R(S)[image: image162.png]C(5)
1+G(S)H(S)



 then E(S) =[image: image164.png]RS)
THEOHE)




Steady state response = eSS =  [image: image166.png]Lt._e(t)



= [image: image168.png]Lt._osE(S)



=[image: image170.png]SRS
L0 mnm



 

With  unity feedback system  r(t) = u(t), R(S) = 1/S

ess=[image: image172.png]SRS

Ltso 1+G(S)





ess  depends upon input and type of the system

ess =  [image: image174.png]sx1/s

Ltso 1+G(S)




 =[image: image176.png]5 Jipo(s)



 = 1/(1+ Kp) where Kp  is positional error constant

 for Unit step input    

	Type-0
	K
	1/(1+K)

	Type-1
	∞
	0

	Type-2
	∞
	0

	Typle-3
	∞
	0


For unit ramp input :   r(t) = tu(t), R(S) = 1/S2
ess=[image: image178.png]SRS

Ltso 1+G(S)




 =  [image: image180.png]Lo 1+6(5)



  1/ S2 = [image: image182.png]=
s-0 e



  =[image: image184.png]-

-0 e ®)



  = [image: image186.png]o)



 = 1/Kv
Where Kv is velocity error constant.

for Unit  ramp input    

	Type-0
	0
	∞

	Type-1
	K
	1/(K)

	Type-2
	∞
	0

	Typle-3
	∞
	0


For parabolic input :   r(t) = t2/2  u(t), R(S) = 1/S3
ess=[image: image188.png]SRS

Ltso 1+G(S)




 =  [image: image190.png]Lo 1+6(5)



  1/ S3 = [image: image192.png]=5



     1/ S2 X [image: image194.png]-

160



  = [image: image196.png]t-0 G



 . 1/ S2 = 1/Ka
Where Ka is accaeleration error constant

for Unit parabolic input    

	Type-0
	0
	∞

	Type-1
	0
	∞

	Type-2
	K
	1/(K)

	Typle-3
	∞
	0


For unity Feed Back system having open loop Transfer Function G(S) =K(S+1)/S(S3+7S2+12S). 

Find i) Type of the system 

        ii)Error co-efficients  

       iii) Steady state error when input is r(t) = t2/2  u(t)

Solution:
i) Type of the system is 2

              ii) G(S)H(S) =  2K(1+0.5S)/S2(S+4)(S+3)


Kp = [image: image198.png]


 G(S)H(S) = [image: image200.png]


 2K(1+0.5S)/S2(S+4)(S+3) = ∞

Kv = [image: image202.png]


 S . G(S)H(S) = [image: image204.png]


 S . 2K(1+0.5S)/S2(S+4)(S+3) = ∞[image: image206.png]




Ka = [image: image208.png]


 S2G(S)H(S) = [image: image210.png]


  S2 2K(1+0.5S)/S2(S+4)(S+3) =k/6


iii) ess = [image: image212.png]


 S R(S)/(1+ G(S)H(S) )  = S x  [image: image214.png]


 x  [image: image216.png]1
(14 G(DH(E



    =  6/K

The Open loop Transfer function of Feed- back system is given by G(S)H(S) = 100/S2(S+4)(S+12). Determine the static error coefficients.  Also determine the steady state error for the input r(t) = 2t2+5t+10.

Kp= [image: image218.png]u



G(S)H(S) =  [image: image220.png]a2



100/S2(S+4)(S+12) = ∝

Kv= [image: image222.png]5o



 SG(S)H(S) =  [image: image224.png]LS.
=



100/S2(S+4)(S+12) =[image: image226.png]Lt
o



100/S (S+4)(S+2) = ∝
Ka= [image: image228.png]5o



 S2G(S)H(S) =  [image: image230.png]Lt
o



 S2 . 100/S2(S+4)(S+12)  =[image: image232.png]Lt
o



100/ (S+4)(S+12) =100/48

R(S) = [image: image234.png]


 + [image: image236.png]e



 +[image: image238.png]


 = 4+5S+10S2 =[image: image240.png]#155+1052
=



, G(S)H(S) = [image: image242.png]kel
52(5+4) (5+12)




ess= [image: image244.png]SRIS)
20 Trem)H®E




 =[image: image246.png]i e —
e



 =[image: image248.png]e e



 = [image: image250.png](4+55+1057) (5+4)(5+12)
SE(S+4)(5+12+100)



 = 4x 4x 12/100 = 1.92

For a system shown determine type of the system, error co-efficient and error for the following inputs.

i)r(t)=10 , ii)r(t)=5t, iii) r(t)=10+5t+6t2/2& G1=20/(S+4)(S+10), H1=10S.

   R(S)                                                                                                                                                          C(S)

·                                                 -


   R(S)          +                                                                                                                                                    C(S)

                           -

After substituting G1, H1 values we get the figure as shown below


   R(S)                         +          -                                                                    C(S)

G(S)=      250/(S2+214S+40)  and H(S) =1

Kp= [image: image252.png]u



G(S)H(S) =  [image: image254.png]


250/(S2+214S+40)=25/4

Kv= [image: image256.png]u



 SG(S)H(S) =  [image: image258.png]


250/(S2+214S+40) =0
Ka= [image: image260.png]u



 S2G(S)H(S) =  [image: image262.png]


 S2 . 250/(S2+214S+40)=0

i)  r(t) = 10, R(S)= 10/s,  ess= [image: image264.png]SRIS)
20 Trem)H®E




=    [image: image266.png]S0 T+250/(s7+2125+20)



  = 40/29= 1.38

ii)   r(t) =5t, R(S)=5/S2, ess= [image: image268.png]< R(5)
20 Trem)H®




=    [image: image270.png]S.5/57
900 T+250/(52+2145+40)




 = ∝

iii) )  r(t) =10+5t+3t2, R(S)=10/s +5/S2+6/S3 = [image: image272.png]1057+55+8




 , ess=[image: image274.png]< R(5)
20 Trem)H®




 =[image: image276.png]u



S . [image: image278.png]io57+55+s
5

19250/ (5*+2145+20)



 = ∝

Generalized error constants or Dynamic error constants

F(S)= [image: image280.png]-
1+G(S)H(S



 , K0= [image: image282.png]u



F(S), , K1=[image: image284.png]


F(S) … Kn=[image: image286.png]lim(d)" /(ds)"



F(S)

ess= K0 R(t) + K1R’(t) +K2/2! R’’(t) + . . . 

ANALYSI S OF SECOND ORDER SYSTEM 

General 2nd order system is given below:


R(S)                                                                   C(S)    
                    -  

G(S)=  [image: image288.png]S(5+ 20w



 ,  G(S)H(S) =  [image: image290.png]S(+ 20w



,
[image: image292.png]e
R(S)



 = [image: image294.png]-
SSeav

1+



 =[image: image296.png]T




Pole locations are shown on a unit circle,

[image: image298.png]S+

2lwys

+
Wi



 =0, S1 ,S2 = (-[image: image300.png]20wy,



± [image: image302.png]V(4



 ζ2[image: image304.png]


-[image: image306.png]4wy



))/2 = [image: image308.png]—wy



±[image: image310.png]


( ζ2 -1)

  where ζ is damping factor.
i) [image: image312.png]


( ζ2 -1)>0 [image: image314.png]


 ζ>1   for ζ>1   roots are real and unequal
ii) [image: image316.png]


( ζ2 -1)=0[image: image318.png]


 ζ=1    for ζ=1   roots are real and equal 

iii) [image: image320.png]


( ζ2 -1)<0[image: image322.png]


 ζ<1     for <1   roots are complex
Effect of ζ on pole locations on a Unit circle:

1. Case 1    0 < ζ< 1
S2+S+1=0, ζ=0.5, S= -0.5[image: image324.png]


 [image: image326.png]jV3/2



, under damped, poles on LHS plane
2. Case 1     ζ =1

S2+2S+1=0, ζ=1, S= 1,1 , critically damped, poles on LHS plane
3. Case 1     ζ >1

S2+2S+3/4=0, ζ=2/[image: image328.png]


, [image: image330.png]


 = [image: image332.png]V3/



2, over damped, poles on LHS plane
4. Case 1     ζ =0

 S +1 = 0, S= ± j 1, undamped, poles on the imaginary axis

5. Case 1    0 >ζ>-1

S2-S+1=0, ζ=-0.5, S = 0.5[image: image334.png]


 [image: image336.png]jV3/2



, poles on RHS plane
6. Case 1     ζ = -1

S2-2S+1=0, ζ=-1, S = 1,1, poles on RHS plane
7. Case 1     ζ <-1

S2-2S+3/4=0, ζ=-2/[image: image338.png]V3/



, [image: image340.png]


 = [image: image342.png]V3/



2, poles on RHS plane


                                 4
                                           Unit circle
                                       

              3’    2,2’                                   6,6’                    Figure shows locations on a unit circle.
                                                                    7’

                         1’                                5’

                                                 4’

To find the output response for a unit step input.

R(t) = u(t), R(S) = 1/S

[image: image344.png]==
R(S)



  =  [image: image346.png]e I——



     r(t)= t U(t), R(S) = 1/S

C(S) = R(S) [image: image348.png]e I——



 = [image: image350.png]S5 2T iR )



 = [image: image352.png]


 - [image: image354.png]St2wn
S+ 2wmstwl



 = [image: image356.png]


 - [image: image358.png]SHown
S+ 2wrmstwl



 - [image: image360.png]SWn
S+ 2wrmstwl




      = [image: image362.png]


 - [image: image364.png]


     - [image: image366.png]Swn

(5+20wn) >




 where [image: image368.png]


= [image: image370.png]wi(1-



), [image: image372.png](Whs



 = [image: image374.png]wd
a—C)





         = [image: image376.png]


 - [image: image378.png]STOn
(5420w >




     - [image: image380.png]


 [image: image382.png](5420w >



 

Time response is the Inverse Laplace Transform of C(S) = C(t)

  C(t) =  1 -[image: image384.png]


 ( Cos[image: image386.png]W



t ) - [image: image388.png]


  [image: image390.png]


 ( Sin [image: image392.png]W



t )     [image: image394.png]


     

          =  1 -[image: image396.png]


     ( Cos[image: image398.png]W



t  + [image: image400.png]


  Sin [image: image402.png]W



t )

          =  1 - [image: image404.png]


 (([image: image406.png]


) Cos[image: image408.png]W



t + ζ Sin [image: image410.png]W



t )

        = 1- -[image: image412.png]


 (Sin [image: image414.png](wq



t +α )) Where cos α = ζ , Sin α = [image: image416.png]


( 1- ζ2 ) and [image: image418.png]tan’



(√( 1- ζ2  ) )/(ζ )
Specifications of 2nd order system for unit step input are

1. Delay time (Td) = Time required to reach 50% of output 

                    C(t) = ½ at t =  Td


          ½ = 1- [image: image420.png]e~ nTd



 (Sin ([image: image422.png]waT s



 + [image: image424.png]tan’



(√( 1- ζ2  ) )/(ζ ) )  ≈[image: image426.png]1+0.7¢




2. Rise Time(Tr) = Time taken to reach the final value for under damped system

C(t) = 1 at  t = Tr
1 = 1 - [image: image428.png]


 (Sin ([image: image430.png]waT,



 + [image: image432.png]tan’



(√( 1- ζ2  ) )/(ζ ) )

 [image: image434.png]


 (Sin ([image: image436.png]waT,



 + [image: image438.png]tan’



(√( 1- ζ2  ) )/(ζ ) ) = 0

 [image: image440.png]


Sin ([image: image442.png]waT,



 + [image: image444.png]tan’



(√( 1- ζ2  ) )/(ζ )  = 0

   [image: image446.png]waT,



 + [image: image448.png]tan’



(√( 1- ζ2  ) )/(ζ )  = 0

   [image: image450.png]


= -  [image: image452.png]


 [image: image454.png]tan’



  [image: image456.png]V(a-2)



 = -  [image: image458.png]


 C = (∏ - α)/[image: image460.png]


   where α  = [image: image462.png]tan’



  [image: image464.png]V(a-2)



, (∏ - α) = - [image: image466.png]tan’



  [image: image468.png]V(a-2)




3. Peak time (Tp)

d/dt C(t)  = 0 at t = Tp
              dc/dt = 0 - [image: image470.png]


(-[image: image472.png]Wy



) Sin ([image: image474.png]wat +a)



    /  [image: image476.png]V1 -7)



 + [image: image478.png]


 [image: image480.png]W



 Cos ([image: image482.png]W



t+ α) /[image: image484.png]V1 -7)




put dc/dt = 0 & t = Tp         [image: image486.png]Wy



Sin ([image: image488.png]weTp +a)



 - [image: image490.png]W



 Cos([image: image492.png]weTp +a)



 = 0




OR   tan([image: image494.png]wat +a)



    =  (1- ζ2  ) /ζ   = tan α OR  [image: image496.png]waTp



 + α = n ∏ + [image: image498.png]






TP  = n∏/ [image: image500.png]W



 for n =1   1st over shoot

4. Peak over shoot (MP) = C(t) at t=tp= -1  
= 1- [image: image502.png]


 (Sin [image: image504.png](wq



 Tp +α )) -1
(where [image: image506.png]W



Tp = [image: image508.png]


)

             

=  1- [image: image510.png]


 Sin [image: image512.png]


+α )   -1


= [image: image514.png]


 Sin α

(where sin α = [image: image516.png]


)



= [image: image518.png]e MnTp









=  [image: image520.png]g0 T/



 = [image: image522.png]e~ V1T



        





%Mp       =  [image: image524.png]e~ V1T



  X 100

5. Settling time (Ts)
=
4T 
= [image: image526.png]4/({w_n)



    (where T=[image: image528.png]{wy, is time constant)



     for ±2% criterion
SPECIFICATIONS OF 2ND ORDER TIME RESPONSE
	S.N0
	Td (Delay Time)
	[image: image529.png]1+0.7¢






	
	Tr (Rise Time)
	(∏ - α) /[image: image531.png]Wa



= - [image: image533.png]tan’



  [image: image535.png]V(a-2)



    (tan α =[image: image537.png]V(a-2)



 OR ∏ - α = - [image: image539.png]tan’



α

	
	Tp (Peak Time)
	                                 [image: image541.png]T



  for 1st overshoot

	
	% MP(Maximum Peak)
	=  [image: image543.png]e~ V1T



  X 100

	
	Ts (Settling Time)
	[image: image545.png]


    for 2% criterion


Example: For a system having G(S) = [image: image547.png]25
S(5+10)



 and unity feed back. Find [image: image549.png]


 [image: image551.png]


 [image: image553.png]¢ wy, Tp, MP




[image: image555.png]==
R(S)



  =[image: image557.png]£ __ _
TeAE)



 [image: image559.png]25
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  [image: image561.png]Comparing with 2nd order General Transfer Function -




We Get [image: image563.png]


 = 25,[image: image565.png]


 rad/sec

[image: image567.png]20wy,



 = 10, [image: image569.png]



[image: image571.png]W



 = 0,

[image: image573.png]


 = ∝,

[image: image575.png]MP



 = 0

Problem1: A system has G(s) = 10/(s2 + 2s + 2), H(s) = 1. Find wn, ζ, wd, Tr and Ts.

Problem2: Find the Transfer Function of a 2nd order system with Tp =   [image: image577.png]


/12 Sec, Mp = 0.095, 

Solution: Tp = ∏/[image: image579.png]W



 = [image: image581.png]


/12 i.e.,  [image: image583.png]wa = wuV (1-0°) = 12





 Mp = 0.095 = [image: image585.png]e~ V1T



  then we get  ζ = 0.6, [image: image587.png]


=15 then Transfer Function  =  [image: image589.png]==
R(S)



  =[image: image591.png]


 [image: image593.png]225

1854225



  [image: image595.png]



Introduction to PID Controllers :

Introduction 

This introduction will show you the characteristics of the each of proportional (P), the integral (I), and the derivative (D) controls, and how to use them to obtain a desired response. In this 

tutorial, we will consider the following unity feedback system:

                                    e                           u

             R(S)                                                                                     C(S)         

Plant: A system to be controlled,  

Controller: Provides the excitation for the plant; Designed to control the overall system behavior 

The three-term controller

 The transfer function of the PID controller looks like the following: 

Kp  + KI/S +  Kd S  = (Kp S 2 + KdS  +KI )S  

Kp = Proportional gain, KI = Integral gain,  Kd = Derivative gain 
First, let's take a look at how the PID controller works in a closed-loop system using the schematic shown above. The variable (e) represents the tracking error, the difference between the required input value (R) and the actual output (Y). This error signal (e) will be sent to the PID controller, and  the controller computes both the derivative and the integral of this error signal. The signal (u) just past the controller is now equal to the proportional gain (Kp) times the magnitude of the error plus the integral gain (Ki) times the integral ofthe error plus the derivative gain (Kd)times the derivative of the error. 

U = Kpe +  KI [image: image597.png][edt +



Kd [image: image599.png]



This signal (u) will be sent to the plant, and the new output (Y) will be obtained. This new output (Y) will be sent back to the sensor again to find the new err or signal (e). The controller takes this new error signal and computes its derivative and its integral again. This process goes on and on. 

The characteristics of P, I and D controllers 

A proportional controller (Kp) will have the effect of reducing the rise time and will reduce ,but never eliminate, the steady-state error. An integral control (Ki) will have the effect of eliminating the steady-state error, but it may make the transient  response worse. A derivative control (Kd) will have the effect of increasing the stability of  the  system, reducing the overshoot, and improving the transient response. Effects of each of controllers Kp, Kd, and Ki on a closed-loop system are summarized in the table shown below. 

	Closed Loop Response
	RISE TIME
	OVERSHOOT
	SETTLINGTIME
	Steady state ERROR

	Kp  
	Decrease
	Increase
	Small change
	Decrease

	KI
	Decrease
	Increase
	Increase
	Eliminate

	Kd
	Small change
	Decrease
	Decrease
	Small change


Note that these correlations may notbe exactly accurate, because Kp, Ki, and Kd are dependent of

each other.In fact, changing one of these variables can change the effect of the other two. For this reason, the table should only be used as a reference when you are determining the values for Ki, Kp and Kd. 

Proportional control :
From the table shown above, we see that the proportional controller (Kp) reduces the rise time, increases the overshoot, and reduces the steady-state error. The closed-loop transfer function of the above system with a proportional controller is: 

[image: image601.png]5
R(S)



 =  [image: image603.png]Xp
% +105+(20+Kp)



    

Let the proportional gain Kp. If  Kp equals 1 and 300 Calculate  wn and  ζ  then calculate  and compare rise time and settling  time with and without positional control.

From the calculations proportional controller reduces both the rise time and the steady-state error, increases  the overshoot, and decreases  the settling time by small amount.

Proportional –Derivative control :
Now, let's take a look at a PD control. From the table shown above,we 

see that the derivative controller(Kd) reduces both the overshoot and 

the settling time. The closed-loop transfer function of the given 

system with a PD controller is: 

[image: image605.png]==
R(S)



 =  [image: image607.png]HasTXp
52 +(10+ K1)S+(20+Kp)



    

Let Kp equals to 300 as before and let Kd equals 10. Calculate  wn and  ζ  then calculate  and compare rise time and settling  time with and without Proportional-Derivative control. 

Proportional-Integral Control:

Before going into a PID control, let’s take a look at a PI control. From the table, we see that an integral controller ([image: image609.png]


 decreases the rise time, increases both the overshoot and the settling time, and eliminates the steady-state error. For the given system, the closed loop transfer function with a PI Control is:

[image: image611.png]==
R(S)



 =  [image: image613.png]KpSt R
S +1057+(20+Kp)S+K]



    

For [image: image615.png]


=30, [image: image617.png]


=70 Calculate wn and  ζ for a given system and  then  compare rise time and settling  time with and without Proportional –Integral control.

Proportional-Integral-Derivative Control:

Now, let’s take a look at a PID controller. Jhe closed-loop transfer function of the given system with a PID controller is:

[image: image619.png]==
R(S)



 =  [image: image621.png]KpS TRyt K1
S H(10+KD)S+ (20+ KIS



    

After several trial and error runs, the gains [image: image623.png]


 and [image: image625.png]


=50 Calculate wn and  ζ for a given system and  then  calculate rise time, overshoot, steady state error.  Now we obtain the system with no overshoot, fast rise time, and  no steady-state error.

General tips for designing a PID Controller:

When you are designing a PID controller for a given system, follow the 

steps shown below to obtain a desired response. 

1.Obtain an open-loop response and determine what needs to be improved 

2.Add a proportional control to improve the rise time 

3.Add a derivative control to improve the overshoot 

4.Add an integral control to eliminate the steady-state error 

5.Adjust each of Kp,Ki,and Kd until you obtain a desired overall 

response. You can always refer to the table shown in this 

document to find out which controller controls what 

characteristics. 

Lastly, please keep in mind that you do not need to implement all three controllers (proportional, derivative, and integral) into a single system, if not necessary. For example, if a PI controller gives a good enough response (like the above example), then you don't need to implement derivative controller to the system. Keep the controller as simple as possible.
Multiple questions:

 1.The Transfer function of 1st order system is 10/(S+2) the output response = for a unit step   input at t = 5 seconds is  a)5(1+e10)               b) 5(1-e-10)                   c) 5(1-e10)                 d) 5(1+e-10) 

2.Which of the following system is generally preferred?

a) Critically damped        b) under damped    c) over damped      d) oscillatory 

3.  The optimum value of damping ratio is 

      a)​​​​​​​​​​​​​​ 0 to 1                           b) 0 to 0.5             c) 0.5 to 0.7        d)0.7 to 1

4. Match the Following List-1 with List-2 using the codes given below the Lists:

                                                           List-1                              List-2

                                          (A) (>1 (over damped)          (i ) Complex Conjugate 

                                    (B) (<1 (under damped)        (ii) Real and different   

                                    (C) (=1 (critically damped)  (iii) Purely Imaginary   

                                    (D)  (=0  (undamped)           (iv) real and equal  

a) A-1, B-2, C-3,  D-4                b) A-4, B-3, C-2, D-1 

c)   A-3, B-4, C-2, D-1                 d) None of the above

5.Impulse response of a first order system with its transfer function 
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6.The poles of 4th order system are 

a)  1 real, 3 complex                   b) 2 real, 2 imaginary         

      c) 3 real, 1 complex                     d) none of the above

7.  Match the following for a 2nd order system

 
     A. S = 0
1. Poles are on the negative real axis

          B. S = 0.2
2. Poles are complex


     C. S = 15
3. Poles are real



4. Poles on the imaginary axis

      a) A-4, B-1, C-2  b) A-4, B-2, C-1   c) A-4, B-3, C-1   d) None of the above

 8. The position and velocity error constants of a system with open loop gain G(S) =
[image: image631.wmf])
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9. Match the following for a 1st order system


A. Rise time
1. 0 to 50%


B. Delay time
2. 10 to 90%


C. Settling time
3. ±2 to 5%



4. 63.2%


a) a-2, b-1, c-3   b) a-2, b-3, c-1   c) a-1, b-2, c-3  d) none of these

10. The open loop gain for a units feed back system is G(S) = 
[image: image632.wmf])
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. The steady state velocity error 
constant of the system is


a) 0
b) 1
c) 12
d) 10

 Answers: 1 b
2 b
3  c
4  d
5  c
6   b
7  b
8  c
9  a
10  b
UNIT-III

Stability: 

1. For a bounded input bounded output (BIBO).  It is not easy to find the stability of the system. 

2. To make it easy convert time domain to frequency domain for a given system.

3. Obtain the characteristic equation for a given system.

4.  Obtain the pole locations of a system.

5. For a given system if all the pole locations are in the L H S-plane then system is stable.

6. It is very difficult to factorize the characteristic equation to know the pole locations.

7. Without actually solving the characteristic equation we can find out the pole locations using 

Routh’s criterion.

To find the stability using Routh’s criterion for a given nth order polynomial in ‘S’  procedure is given below:

nth order Characteristic equation is a0Sn+a1Sn-1+a2Sn-2+…+an =0

	Sn
	a0
	a2
	a4
	a6
	..

	Sn-1
	a1
	a3
	a5
	a7
	..

	Sn-2
	(a1 a2- a0 a3)/ a1  = b1
	a1 a4- a0 a5)/ a1  = b2
	a1 a6- a0 a7)/ a1  = b3
	
	

	Sn-3
	(b1 a3- a1 b2)/ c1  
	(b1 a5- a1 b3)/ c2 
	..
	
	

	 .

.
	.

.
	.

.
	
	
	

	So
	an
	
	
	
	


Complete Routh’s array  from Sn to So for a given nth order Characteristic equation of a system.
In the calculated array check the number of sign changes in the first column. Number of sign changes implies number of poles in Right Half of the S-plane. For a stable system number of sign changes should be zero. 

Example: If the order of a characteristic equation is five, number of sign changes are two implies two poles in RHS plane and three poles in LHS plane and such system is unstable.

Necessary and  Sufficient conditions for a stable systemare:

1. All the co-efficients of the polynomial of Characteristic equation must have the same sign .

2. All powers of S must present in descending order.

If the above conditions are satisfied then the given system may be stable.

To find the stability use the Routh’s criterion .

Examine the stability of the following Characteristic equations using Routh’s criterion. 

1. S3+5S2+10S+3=0                     
	S3
	1
	10

	S2
	5
	3

	S1
	(5 X 10 -1 X 3)/5 = 9.4
	

	S0
	3
	


Number of sign changes in first column of the calculated array is zero.

Therefore the given system is stable.

2. Examine the stability of S3+2S2+3S+10 = 0   
	S3
	1
	3

	S2
	2
	10

	S1
	(2X 3 -1 X 10)/2 = -2
	

	S0
	10
	


Number of sign changes in first column of the calculated array is two.

Therefore the given system is un-stable because of two poles in the R H S Plane.

3. Examine the stability of   S4 +6 S3+21S2+36S+20 = 0

	S4
	1
	21
	20

	S3
	6
	36
	

	S2
	(6 x 21 -1 x 36)/6

 = 15
	20
	

	S1
	(15 x 36 -6 x  20)/15

= 28


	
	

	S0
	20
	
	


Number of sign changes in first column of the calculated array is zero.

Therefore the given system is stable.

4. Examine the stability of   S5 +6S4 +3 S3+2S2+ S+1 = 0

	S5
	 1
	3
	1

	S4
	6
	2
	1

	S3
	(6 x 3  -1 x  2)/6

= 16/6 = 2.67


	(6 x 1  -1 x  1)/6

=5/6 = 0.83


	

	S2
	(2.67 x 2 -6 x 0.83)/2.67

= 0.135
	1
	

	S1
	(0.135 x0.83 -2.67 X 1)/0.135

= -2.558
	
	

	S0
	 1
	
	


Number of sign changes in first column of the calculated array is two.

Therefore the given system is un-stable because of two poles in the R H S Plane.

5. Examine the stability of   S5 +2S4 +4 S3+8S2+3S+1 = 0

	S5
	 1
	4
	3

	S4
	2
	8
	1

	S3
	(2 x 4  -1 x  8)/2

= 0  replace by ‘ε’
	(2x 3  -1 x  1)/2

=5/2 = 2.5
	

	S2
	 (8 ε -2 x 2.5)/ ε

=  (8 ε - 5)/ ε  = - ∞
	 1
	

	S1
	 (8 ε-5)/ ε  x 2.5 – ε)/(8ε -5)/ ε  

=  2.5
	
	

	S0
	  1
	
	


Due to zero in the first column replace ‘o’ by ‘ε’ where ε is positive and tending to zero.

Calculations are shown below:

[image: image634.png]0



 (8 ε - 5)/ ε  = [image: image636.png]0



 (8   – 5 / ε  ) = 8 - ∞ = - ∞

[image: image638.png]0



 (8 ε-5)/ ε  x 2.5 – ε)/(8ε -5)/ ε  =[image: image640.png]0



(20 ε -12.5 ε2)/ (8 ε-5) = 2.5

After substituting the limits the number of sign changes in first column of the calculated array is two. Therefore the given system is un-stable because of two poles in the R H S Plane.

6. Examine the stability of   S5 +2S4 +2 S3+4S2+4S+8 = 0
	S5
	 1
	2
	4

	S4
	2
	4
	8

	S3
	(2 x 2 – 1 x 4)/2 = 0
	(2X4 - 1X8)/2 = 0
	

	S3
	8
	8
	

	S2
	(8 x 4 – 2 x 8 )/8 = 2
	8
	

	S1
	(2 x 8 – 8 x 8 )/2 = -24
	
	

	S0
	8
	
	


In the zero values in complete row it is not possible to calculate the remaining co-efficients.

To complete the array replace the entire row  with the co-efficients obtained after differentiating the auxillary equation  with respect to ‘S’.

The auxillary equation is  2 S4 + 4 S2 + 8 = 0
d/dS (2 S4 + 4 S2 + 8  ) = 8 S3 + 8S
The given system is unstable because of two sign changes.

System stability depends upon its system gain for particular range using Routh’s criterion. We can find the range of a system gain.

For a given block diagram obtain its characteristic equation in terms of system gain K.

Example1: Determine the range of values of K so that the system having the following characteristic equation will be stable.

S(S2+2S+3)(S+2)+K=0


S(S3+4S2+7S+6)+K=0


S4+4S3+7S2+6S+K=0

For a given Characteristic equation Routh’s array is given below:

	S4
	1
	7
	K

	S3
	4
	6
	

	S2
	(4 x 7 -1 X 6)/4 = 5.5
	K
	

	S1
	(5.5 X 6 – 4 K) =33– 4K
	
	

	S0
	 K
	
	


For a stable system K > 0 and  33 – 4K > 0  implies 0 < K < 8.25

Example2: For a unity feed-back system having forward Transfer function G(S) =[image: image642.png]PR —
S(1+065) (170.55)



 determine the range of values of K for stable system and frequency of sustained oscillations.

Characteristic equation is  1 + [image: image644.png]K
S(1+0.65) (1+0.45)



 = 0

i.e.,
 [image: image646.png](1+0.65)(1+ 045)



 + K = 0


0.24S3 + S2 + S + K = 0

Routh’s criterion for above characteristic equation is given below:

	S3
	0.24
	1
	

	S2
	1
	K
	

	S1
	(1 X 1 - 0.24  X K)/1 =1-0.24K 
	
	

	S0
	 K
	
	


For a stable system K >0 and  1-0.24K > 0 i.e., 0.24K < 1 i.e., K < 1/0.24 i.e., K > 4.167

For the range 0 < K < 4.167 the system is stable.

For sustained oscillations  S2+ K = 0 for K = 4.167 i.e., W =  ±j √4.16

Example3: For a system shown in figure has the oscillation of 2.5 rad. /sec determine values of K & P


        R                                                                                     C      

                       -                                     
[image: image647.png]



Charahcteristic equation for given system is  1 + [image: image649.png]K542
Sipsiiasi:



 = 0
i.e., S3+PS2+(K+3)S+2(K+1) = 0

 Routh’s array is given below:

	S3
	1
	K+3
	

	S2
	P
	2(K+1)
	

	S1
	[image: image651.png]P(K+3)—2(K+1)
7



 =
	
	

	S0
	 2(K+1)
	
	


To find P and K the following equations are given below

i)  [image: image653.png]P(K+3)—2(K+1)
7



 = 0

ii) P S2 + 2(k+1) = 0 at w = 2.5 rad./sec
Solving equation i) & ii) we get K = 3.25 and P = 1.36

Example4: Find the stability of a unit Feed Back system having loop Transfer Function

G(S) = [image: image655.png]et

S(5+2)




 use the  Routh’s criterion

For the given system the Characteristic equation is S(S+2)+[image: image657.png]


= 0 

i.e., S2+2S+(1-ST) = 0  

( After neglecting the higher order elements in the expansion of [image: image659.png]


)

i.e., S2+(2-T)S+1 = 0

Routh’s array corresponding to above characteristic equation is given below

	S2
	1
	1

	S1
	2-T
	

	S0
	1
	


For a stable system 2-T > 0 i.e., T < 2

ROOT LOCUS
Locus of the roots of the characteristic equation for the variation of system gain K from o to ∞. 

If K varies from -∞ to  0 is called Inverse root locus.

If K varies from -∞  to ∞ is called complete root locus.

Example1: Find the root locus of the unity Feed Back system having G(S) = K/(S+1), H(S) = 1

Then corresponding characteristic equation is S+1+K = 0

For K = 0 
S+1 = 0 i.e., S = -1 implies the pole of the open loop transfer function for K = 0

For K = ∞ 
S = -∞ implies the final value  of the root locus means the root locus terminates at zero for K =∞

First order transfer function  root locus will have one pole and one zero. Zero may be finite or infinite.

It means for K = 0 root locus starts  at pole of OLTF and terminates at zero of the OLTF

Example2: Find the root locus of the unity Feed Back system having G(S) = [image: image661.png]K(5+1)
S(s+3)




Characteristic equation is  [image: image663.png]S(S+3)+ K(S+1)= 0




For K = 0
 S = 0, -3
implies poles of the OLTF 





Implies starting point of the root locus  

For K = ∞
S = -1, -∞
Implies zeros of OLTF 

implies terminating points of Root loci  


K=∞           K=0                K=∞       K=0

                 -3                -1        0

Root locus for a given system 


General Methods for construction of Root locus


Rule1:
Root locus is always symmetrical about the real axis (i.e., X-axis) of S-plane

Rule2:  Root locus starts from the poles of open loop transfer function for K=0

Rule3:  Root locus terminates the zeros of open loop transfer function for k = ∞


Rule4:
No of root locii is equal to  the order of Characteristic equation.

Rule5: Real axis loci: Some of the loci will lie on the real axis.

Rule6: 
Angle of asymptotes: Since the no of poles greater than the no of zeros i.e., n > m, n-m 

             branches move to infinity and these branches move along the asymptote. Asymptote


is defined as a line on which the root locus touches at infinity. 


If the no of asymptotes = n-m


The angle of asymptotes is given by
θK = [image: image665.png](2K+1)0



 for K=0,1,2 .. n-m-1

Rule7:
Center of asymptotes:
The point where the asymptotes touch the real axis is called 

             centroid (σ ) =  [image: image667.png]L real parts of poles of G(S)H(S) -T real parts of zeros of G(S)H(S)





Rule8: Breakaway or Break in points: 
dK/dS = 0 

Rule9 :  Root locus moves to left on the real axis from odd poles and moves to right on the real axis 

              from even poles.

Rule10: Intersection of the root locus with jw axis can be find using Roulth’s array

Rule11: Departure and arrival angles:

Departure angle: Departing the root locus from the complex pole with angle with respect to real axis. 

Arrival angle: arriving the root locus from the complex zero with angle with respect to real axis.

Various  problems on root locus for K = 0 to ∞ are explained below for unity feed-back system

With whose forward path transfer functions are given below :

1. G(S) = k/s

Characteristic equation is 

1+ k/s = 0 i.e.,  S+K=0 

for K = 0    S = 0 is the starting point of the root locus i.e., pole of the open loop transfer function  

for K = ∞   S = -∞ is the ending point of the root locus i.e., zero of the open loop transfer function  

 

Root locus            s = -∞                 s = 0 

                               For k=∞           for k=0

2. G(S) = [image: image669.png]K(S+2)
1



  open loop transfer function pole at S = -1 and Zero at S = -2

Characteristic equation is  1+ [image: image671.png]K(S+2)
1



 = 0 
i.e.,  S+1 +[image: image673.png]K(5+2)



 = 0

                                                                         Or      [image: image675.png]


 + S+2 =0

For K = 0  S = -1 is the starting point of the Root locus 

For K = 0  S = -2 is the terminating point of the Root locus 

Root locus for the given function is given below


       for     K=∞ K=0
                         -2      -1

3. 3. G(S) = [image: image677.png]K(5+1)
s(s+2)



  open loop transfer function pole at S = -2 and Zero at S = -1

Characteristic equation is  1+ [image: image679.png]R(S+1)
B



 = 0 
i.e.,  S+2 +[image: image681.png]K(S+1)



 = 0

                                                                         Or      [image: image683.png]


 + S+1 =0

For K = 0   S = -2 is the starting point of the Root locus 
For K =∞  S = -1 is the terminating point of the Root locus 

Root locus for the given function is given below


       for  K=0     K=∞
                         -2      -1

4. G(S) = [image: image685.png]K (S+1)
Sts+2)




  open loop transfer function poles at S = 0, -2 and Zeros at S = -1 

Characteristic equation is  1+ [image: image687.png]K(5+1)
s(s+2)



 = 0 
i.e., S (S + 2) +[image: image689.png]K(s+1)



= 0

                                                                         Or      [image: image691.png]S(5+2)



 + (S+1) = 0

For K = 0   S = 0, -2 are the starting points of the Root locus 

For K =∞  S = -1, ∞  are the terminating points of the Root locus 

No of asymptots = n – m = 2 – 1 = 1

No of asymptotic angles are only one and its angle is 1800
Root locus for the given function is                    -∞             -2         -1        0 

G(S) =  [image: image693.png]K
S(s+9)




 

No of poles are 2, No of zeros are zero

Characteristic equation is  1+ [image: image695.png]K
S(s+9)




 = 0  i.e., [image: image697.png]S(S+4)



 + K =0

No of asymptots are = n – m = 2 – 0 = 2

No of asymptotic angles are two

Using  θK = [image: image699.png](2K+1)0



 for K = 0 and K = 1 then θ1 = 90 and θ2 =270

Centroid = (0-4)/2 = -2 , breakaway point =-2  (using dK/ds = d/ds(-S2-4S) =0



Root locus for the given function is   


                                                                                                             -4          -2         0

For any value of K the system is stable because root locus follows 900 and 2700 never turns towards left or right.
[image: image701.png]S
6= e



 

No of poles are 3, No finite zeros

Centroid = (0-2-4)/3 = -2

No of asymptots are = n – m =3 – 0 = 3

No of asymptotic angles are three

Using  θK = [image: image703.png](2K+1)0



 for K = 0, K = 1  and K = 2 then 

            θ1 = 60, θ2 =180 and θ3 =300

Characteristic equation is  1+ [image: image705.png]N S—
S5+ (5+8)



 = 0  i.e. [image: image707.png]S(S+2)(5+4)



 + K = S3+6S2+8S + K = 0

To calculate the breakaway point dK/ds = d/ds(-S3+6S2+8S) = -3S2-12S - 8 = 0 i.e., 3S2+12S + 8 = 0

Breakaway points are -2.86 and -1.14 but -1.14 is relevant breakaway point

To calculate the imaginary intercept use Routh’s criterion as given below
	S3
	1
	8
	

	S2
	6
	K
	

	S1
	(48-K)/6 
	
	

	S0
	 K
	
	


 (48-K)/6 = 0 i.e K = 48

The auxillary equation is 6S2 + K = 0 for K =48   S = +j2[image: image709.png]V2




For morethan k=48  the root locus moves towards right hand side of the s-plane. Then the system becomes unstable.

                                                K=48, s= j2[image: image711.png]V2





        -4                -2  -1.14     0

                                                  K=48, s= j2[image: image713.png]V2




[image: image715.png]K
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UNIT-V

STATE SPACE ANALYSIS

Concept of State and State variables:

State: The State of a system is a mathematical structure consisting of a set of a n time- dependent variables x1(t), x2(t). . . xn(t) referred as state variables.

The system inputs Uj(t) to-gether with the initial conditions of the state variables x1(0), x2(0), ..xn(0) are sufficient to uniquely define the system’s future response.

Input          U1(t)                                                                  y1(t)
Variables   U2(t)                                                                  y2(t)      Output variables

                   Um(t)                                                                 yp(t)
                                                               x1(t)  x2(t)      xn(t)

                                           State variables

x1(t), x2(t). . . xn(t)   State variables

U1(t), U2(t)… Un(t)  Inputs

 y1(t), y2(t)… yn(t)    Outputs U1(t)                                                                  [image: image716.png]



U(t) = [image: image718.png]:



 , y(t) = [image: image720.png]Y1
vz



 , x(t) = [image: image722.png]



[image: image724.png]


 = A X  +  Bu  is a state equation,   y(t) = C X  +D u is output equation

Where A is n x n matrix, B is n x p matrix, C is m x n matrix and D is m x n matrix

                                              STATE TRANSISITION MATRIX

[image: image726.png]


 = A X   Is a linear homogenous state equation

Let φ(t) be n x n matrix which satisfies [image: image728.png]at



 φ(t) = A φ(t), the φ(t) is called state transition matrix

Then solution to state homogenous equation is X(t) = φ(t) X(0) where X(0) is initial state at t = 0

Taking the Laplace transforms to  State homogenous equation then


[image: image730.png]


 = A X   

S X(S) – x(0)  =  A X(S)

X(S) [image: image732.png][ST— AX(S)]



 = X(0)

X(S)  = [image: image734.png][S1— A]



-1  X(0) then x(t) = L-1[image: image736.png][S1— A]



-1  X(0)

Alternative solution is x(t) = eAtx(0), eAt = I + At + [image: image738.png]


  A2 t2  +  [image: image740.png]


  A3 t3 +  . . . 

Solution of state equation is    [image: image742.png]at



  eAt = A eAt  then 

State transition matrix is  φ(t) = eAt = I + At + [image: image744.png]


  A2 t2  +  [image: image746.png]


  A3 t3 +  . . .

Properties of State transition matrix:

1. φ(0) = I   

Proof: φ(t) = eAt = I + At + [image: image748.png]


  A2 t2  +  [image: image750.png]


  A3 t3 +  . . .    at t = 0   φ(0) = I   

2. φ-1(t)  =  φ(-t) 

Proof: φ(t) = eAt  , φ-1(t)  = e-At   and   φ(-t) = e-At     therefore φ-1(t)  =  φ(-t) 

3. φ(t2 – t1) φ(t1 – t0)  = φ(t2 – t0) for any t0, t1, t2
Proof: φ(t2 – t1) φ(t1 – t0)  =  eA(t2 – t1)  eA(t1 – t0) =   eA(t2 – t0) = φ(t2 – t0)

Solution to State transition equation:

State  transition equation is   [image: image752.png]at



 X(t) = A X(t)  +  Br(t) 

Taking Laplace transform       S X(S) – x(0)  =  A X(S) + BR(S)
                                                                   S X(S) – A X(S)  =  x(0) +  B R(S)

                                                                   X(S) (SI  -  A) =  x(0) +  B R(S)

                                                                  X(S) =   (SI  -  A)-1 x(0) + (SI  -  A)-1 B R(S)

                                                                  (using the convolution integral c(t) = [image: image754.png]Jy r(©)g (t—)dx



   )
                                                                  X(t) = φ(t) x(0) +  [image: image756.png]J; o(t—D)Br (dr



   for t [image: image757.png]


 0
Problem: Obtain the solution to a given state equation

[image: image759.png]


 = [image: image761.png][ 4



 [image: image763.png]]



 + [image: image765.png]HEC



    Where A  = [image: image767.png][ 4



,  B =   [image: image769.png]1]



 are co-efficient matrix

S I – A = [image: image771.png][b o



 -  [image: image773.png][ 4



  =  [image: image775.png]s -1
2 S5+3.




[image: image777.png][sT-A]



-1 =  [image: image779.png]Ty
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  =  [image: image783.png]S+3 1
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 = 

State transition matrix φ(t) =  L-1 [image: image785.png][sT-A]



-1 = L-1 [image: image787.png]S+3 1

ez ¥ rwe
2 s

Frasez P saser,





                                                                                =  L-1 [image: image789.png]


  

                                                                                 = [image: image791.png]2ef—e™H® g7 ]
2e Tt + 27—t 4207





We know X(t) = φ(t) x(0) +  [image: image793.png]J; o(t—D)Br (dr



   for t [image: image794.png]


 0

 X(t)  =[image: image796.png]2ef—e™H® g7 ]
2e Tt + 27—t 4207




X(0+) +[image: image798.png]e[ 2 Tl _gm2lemn) glemE) g 2emT)
2em(0) 4 26720 _=(6-0) 4 2=2e-7)



 [image: image800.png]2]



d[image: image802.png]



 X(t)  =  [image: image804.png]2ef—e™H® g7 ]
2e Tt + 27—t 4207




X(0+) + [image: image806.png]


 for t [image: image807.png]


 0 is the solution

Derive The Expression for the Transfer Function from the State Model :

[image: image809.png]


 = A X  +  Bu  is a state equation,   y(t) = C X  +D u is output equation

[image: image811.png]


 = A X  +  Bu  

S X(S) – X(0)   =  A X(S)  +  B U(S)

(S I – A) X(S)  =  X(0)  + B U(S)  

X(S)  =  [image: image813.png][sT-A]



-1 X(0) + [image: image815.png][sT-A]



-1 B U(S)

Y  = CX + D U

Y(S) = C X(S) + D U(S) = C [image: image817.png][sT-A]



-1 B U(S) + D U(S)  Assuming zero initial conditions

Y(S) = C [image: image819.png][sT-A]



-1 B U(S)  + D U(S)

[image: image821.png]£
U(s)



 = Transfer Function = C [image: image823.png][sT-A]



-1 B  + D

Determine the State Controllability and Observability of the system described by

[image: image825.png]


 = [image: image827.png]


 X  + [image: image829.png]I

0 o
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]



 U ,  Y =  [image: image831.png]L1 o
0.



X 

Controllability   Qc  = [image: image833.png]% B]
[B: AB: A’



   The determinant  should be non-zer0 then it is controllable 

Observability  T = [image: image835.png][CcT:
s AT
cT.
s AT
(a'ct
)]



  For observability the Determinant Should be Non-Zero then it is observable.

To check the controllability Calculate B, AB and [image: image837.png]A’B



  

B = [image: image839.png]I

0 o
2 1

]



,    AB = [image: image841.png]1 100 1
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=  [image: image843.png]


 ,  [image: image845.png]


 = [image: image847.png]


  
Qc = [image: image849.png]S
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0
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0020
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    Rank of Qc  is 3. Therefore it is controllable

To check the observability Calculate  [image: image851.png]cT,



 [image: image853.png]ATCcT



and [image: image855.png]17
AT(ATCT)




A = [image: image857.png]


 C = [image: image859.png]L1 o
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=  [image: image863.png]|
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 , [image: image867.png]ATCT



= [image: image869.png]
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  = [image: image873.png]
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 = [image: image877.png]



T = [image: image879.png][CcT:
s AT
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 = [image: image881.png]—4 0 —-11
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Rank of T is three. Therefore the system is observable.

Problem: For a given differential equation 5 [image: image883.png]
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Let X1 = X, X2 = [image: image887.png]


X3 = [image: image889.png]



X1 = X,   [image: image891.png]


 = X2, [image: image893.png]


 = X3
[image: image895.png]


 = -1/5 X1 -2/5 X2 – 3/5 X3 + 3 then [image: image897.png]X1
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= [image: image899.png]0 1 0 %y
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 = [image: image901.png]


 u(t) is the state model

And coefficient matrix are A = [image: image903.png]1
o o 1
1/5 —2/5 —-3/5




 , B = [image: image905.png]



Block diagram representation is given below:


                                         U(t)                           +           [image: image907.png]
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