
6.977 Ultrafast Optics

Franz X. Kaertner

Spring Term 2005



2



Contents

1 Introduction 1
1.1 Course Mission . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Pulse Characteristics . . . . . . . . . . . . . . . . . . . . . . . 1
1.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Review of Laser Essentials 7
1.5 History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.6 Laser Materials . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Maxwell-Bloch Equations 21
2.1 Maxwell’s Equations . . . . . . . . . . . . . . . . . . . . . . . 21
2.2 Linear Pulse Propagation in Isotropic Media . . . . . . . . . . 22

2.2.1 Plane-Wave Solutions (TEM-Waves) . . . . . . . . . . 23
2.2.2 Complex Notations . . . . . . . . . . . . . . . . . . . . 24
2.2.3 Poynting Vectors, Energy Density and Intensity for

Plane Wave Fields . . . . . . . . . . . . . . . . . . . . 25
2.2.4 Dielectric Susceptibility . . . . . . . . . . . . . . . . . 25

2.3 Bloch Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3.1 The Two-Level Model . . . . . . . . . . . . . . . . . . 27
2.3.2 The Atom-Field Interaction In Dipole Approximation . 30
2.3.3 Rabi-Oscillations . . . . . . . . . . . . . . . . . . . . . 32
2.3.4 The Density Operator . . . . . . . . . . . . . . . . . . 35
2.3.5 Energy- and Phase-Relaxation . . . . . . . . . . . . . . 37
2.3.6 The Two-Level Atom with a Coherent Classical Exter-

nal Field . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.4 Dielectric Susceptibility . . . . . . . . . . . . . . . . . . . . . . 41
2.5 Rate Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.6 Pulse Propagation with Dispersion and Gain . . . . . . . . . . 45

3

. . . . . . . . . . . . . . . . .



4 CONTENTS

2.6.1 Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.6.2 Loss and Gain . . . . . . . . . . . . . . . . . . . . . . . 52

2.7 Kramers-Kroenig Relations . . . . . . . . . . . . . . . . . . . . 55
2.8 Pulse Shapes and Time-Bandwidth Products . . . . . . . . . . 57

3 Nonlinear Pulse Propagation 63
3.1 The Optical Kerr-effect . . . . . . . . . . . . . . . . . . . . . . 63
3.2 Self-Phase Modulation (SPM) . . . . . . . . . . . . . . . . . . 64
3.3 The Nonlinear Schrödinger Equation . . . . . . . . . . . . . . 67

3.3.1 The Solitons of the NSE . . . . . . . . . . . . . . . . . 67
3.3.2 The Fundamental Soliton . . . . . . . . . . . . . . . . 68
3.3.3 Higher Order Solitons . . . . . . . . . . . . . . . . . . 70
3.3.4 Inverse Scattering Theory . . . . . . . . . . . . . . . . 73

3.4 Universality of the NSE . . . . . . . . . . . . . . . . . . . . . 77
3.5 Soliton Perturbation Theory . . . . . . . . . . . . . . . . . . . 77
3.6 Soliton Instabilities by Periodic Perturbations . . . . . . . . . 84
3.7 Pulse Compression . . . . . . . . . . . . . . . . . . . . . . . . 89

3.7.1 General Pulse Compression Scheme . . . . . . . . . . . 89
3.7.2 Spectral Broadening with Guided Modes . . . . . . . . 91
3.7.3 Dispersion Compensation Techniques . . . . . . . . . . 92
3.7.4 Dispersion Compensating Mirrors . . . . . . . . . . . . 97
3.7.5 Hollow Fiber Compression Technique . . . . . . . . . . 112

3.8 Appendix: Sech-Algebra . . . . . . . . . . . . . . . . . . . . . 113
3.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4 Laser Dynamics (single-mode) 127
4.1 Rate Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 127
4.2 Built-up of Laser Oscillation and Continuous Wave Operation 132
4.3 Stability and Relaxation Oscillations . . . . . . . . . . . . . . 133
4.4 Q-Switching . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

4.4.1 Active Q-Switching . . . . . . . . . . . . . . . . . . . . 137
4.4.2 Single-Frequency Q-Switched Pulses . . . . . . . . . . . 140
4.4.3 Theory of Active Q-Switching . . . . . . . . . . . . . . 142
4.4.4 Passive Q-Switching . . . . . . . . . . . . . . . . . . . 146

4.5 Example: Single Mode CW-Q-Switched Microchip Lasers . . . 155
4.5.1 Set-up of the Passively Q-Switched Microchip Laser . . 155
4.5.2 Dynamics of a Q-Switched Microchip Laser . . . . . . . 157

4.6 Q-Switched Mode Locking . . . . . . . . . . . . . . . . . . . . 163



CONTENTS 5

4.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

5 Active Mode Locking 173
5.1 The Master Equation of Mode Locking . . . . . . . . . . . . . 174
5.2 Active Mode Locking by Loss Modulation . . . . . . . . . . . 177
5.3 Active Mode-Locking by Phase Modulation . . . . . . . . . . . 182
5.4 Active Mode Locking with Additional SPM . . . . . . . . . . 183
5.5 Active Mode Locking with Soliton Formation . . . . . . . . . 186

5.5.1 Stability Condition . . . . . . . . . . . . . . . . . . . . 188
5.5.2 Numerical simulations . . . . . . . . . . . . . . . . . . 196
5.5.3 Experimental Verification . . . . . . . . . . . . . . . . 201

5.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
5.7 Active Modelocking with Detuning . . . . . . . . . . . . . . . 207

5.7.1 Dynamics of the Detuned Actively Mode-locked Laser . 212
5.7.2 Nonnormal Systems and Transient Gain . . . . . . . . 215
5.7.3 The Nonormal Behavior of the Detuned Laser . . . . . 217

6 Passive Modelocking 225
6.1 Slow Saturable Absorber Mode Locking . . . . . . . . . . . . . 227
6.2 Fast Saturable Absorber Mode Locking . . . . . . . . . . . . . 232

6.2.1 Without GDD and SPM . . . . . . . . . . . . . . . . . 233
6.2.2 With GDD and SPM . . . . . . . . . . . . . . . . . . . 237

6.3 Soliton Mode Locking . . . . . . . . . . . . . . . . . . . . . . . 241
6.4 Dispersion Managed Soliton Formation . . . . . . . . . . . . . 246

7 Kerr-Lens and Additive Pulse Mode Locking 257
7.1 Kerr-Lens Mode Locking (KLM) . . . . . . . . . . . . . . . . . 257

7.1.1 Review of Paraxial Optics and Laser Resonator Design 258
7.1.2 Two-Mirror Resonators . . . . . . . . . . . . . . . . . . 261
7.1.3 Four-Mirror Resonators . . . . . . . . . . . . . . . . . . 270
7.1.4 The Kerr Lensing Effects . . . . . . . . . . . . . . . . . 275

7.2 Additive Pulse Mode Locking . . . . . . . . . . . . . . . . . . 280

8 Semiconductor Saturable Absorbers 289
8.1 Carrier Dynamics and Saturation Properties . . . . . . . . . . 291
8.2 High Fluence Effects . . . . . . . . . . . . . . . . . . . . . . . 295
8.3 Break-up into Multiple Pulses . . . . . . . . . . . . . . . . . . 299
8.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 306



6 CONTENTS

9 Noise and Frequency Control 309
9.1 The Mode Comb . . . . . . . . . . . . . . . . . . . . . . . . . 310
9.2 Noise in Mode-locked Lasers . . . . . . . . . . . . . . . . . . . 314

9.2.1 The Optical Spectrum . . . . . . . . . . . . . . . . . . 317
9.2.2 The Microwave Spectrum . . . . . . . . . . . . . . . . 320
9.2.3 Example: Yb-fiber laser: . . . . . . . . . . . . . . . . . 321

9.3 Group- and Phase Velocity of Solitons . . . . . . . . . . . . . 324
9.4 Femtosecond Laser Frequency Combs . . . . . . . . . . . . . . 326

10 Pulse Characterization 333
10.1 Intensity Autocorrelation . . . . . . . . . . . . . . . . . . . . . 333
10.2 Interferometric Autocorrelation (IAC) . . . . . . . . . . . . . . 336

10.2.1 Interferometric Autocorrelation of an Unchirped Sech-
Pulse . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341

10.2.2 Interferometric Autocorrelation of a Chirped Gaussian
Pulse . . . . . . . . . . . . . . . . . . . . . . . . . . . . 342

10.2.3 Second Order Dispersion . . . . . . . . . . . . . . . . . 342
10.2.4 Third Order Dispersion . . . . . . . . . . . . . . . . . . 343
10.2.5 Self-Phase Modulation . . . . . . . . . . . . . . . . . . 345

10.3 Frequency Resolved Optical Gating (FROG) . . . . . . . . . . 347
10.3.1 Polarization Gate FROG . . . . . . . . . . . . . . . . . 349
10.3.2 FROG Inversion Algorithm . . . . . . . . . . . . . . . 351
10.3.3 Second Harmonic FROG . . . . . . . . . . . . . . . . . 354
10.3.4 FROG Geometries . . . . . . . . . . . . . . . . . . . . 355

10.4 Spectral Interferometry and SPIDER . . . . . . . . . . . . . . 357
10.4.1 Spectral Interferometry . . . . . . . . . . . . . . . . . . 357
10.4.2 SPIDER . . . . . . . . . . . . . . . . . . . . . . . . . . 359
10.4.3 Characterization of Sub-Two-Cycle Ti:sapphire Laser

Pulses . . . . . . . . . . . . . . . . . . . . . . . . . . . 365
10.4.4 Pros and Cons of SPIDER . . . . . . . . . . . . . . . . 367

11 Ultrafast Measurement Techniques 371
11.1 Pump Probe Measurements . . . . . . . . . . . . . . . . . . . 371

11.1.1 Non-Colinear Pump-Probe Measurement: . . . . . . . . 371
11.1.2 Colinear Pump-Probe Measurement: . . . . . . . . . . 372
11.1.3 Heterodyne Pump Probe . . . . . . . . . . . . . . . . . 374

11.2 Electro-Optic Sampling: . . . . . . . . . . . . . . . . . . . . . 376
11.3 THz Spectroscopy and Imaging . . . . . . . . . . . . . . . . . 378



CONTENTS i

11.4 Four-Wave Mixing . . . . . . . . . . . . . . . . . . . . . . . . 380

12 Pulse Amplification 385



Chapter 1

Introduction

1.1 Course Mission

• Generation of ultrashort pulses: Nano-, Pico-, Femto-, Attosecond
Pulses

• Propagation of ultrashort pulses

• Linear and nonlinear effects.

• Applications in high precision measurements, nonlinear optics, optical
signal processing, optical communications, x-ray generation,....

1.2 Pulse Characteristics

Most often, there is not an isolated pulse, but rather a pulse train.

Figure 1.1: Periodic pulse train

1



2 CHAPTER 1. INTRODUCTION

TR: pulse repetition time
W : pulse energy
Pave =W/TR : average power
τFWHM is the Full Width at Half Maximum of the intensity envelope of the
pulse in the time domain.
The peak power is given by

Pp =
W

τFWHM
= Pave

TR
τFWHM

, (1.1)

and the peak electric field is given by

Ep =

r
2ZF0

Pp

Aeff
. (1.2)

Aeff is the beam cross-section and ZF0 = 377Ω is the free space impedance.

Time scales:

1 ns ∼ 30 cm (high-speed electronics, GHz)
1 ps ∼ 300µm
1 fs ∼ 300 nm

1 as = 10−18 s ∼ 0.3 nm = 3 Å (typ-lattice constant in metal)

The shortest pulses generated to date are about 4 − 5 fs at 800 nm (λ/c =
2.7 fs), less than two optical cycles and 250 as at 25 nm. For few-cycle pulses,
the electric field becomes important, not only the intensity!

Figure 1.2: Electric field waveform of a 5 fs pulse at a center wavelength of
800 nm. The electric field depends on the carrier-envelope phase.
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average power:

Pave ∼ 1W, up to 100 W in progress.

kW possible, not yet pulsed

repetition rates:
T−1R = fR = mHz− 100GHz

pulse energy:
W = 1pJ− 1kJ

pulse width:

τFWHM =
5 fs− 50 ps, modelocked
30 ps− 100 ns, Q− switched

peak power:

Pp =
1kJ

1ps
∼ 1PW,

obtained with Nd:glass (LLNL - USA, [1][2][3]).
For a typical lab pulse, the peak power is

Pp =
10nJ

10 fs
∼ 1MW

peak field of typical lab pulse:

Ep =

s
2× 377× 10

6 × 1012
π × (1.5)2

V

m
≈ 1010 V

m
=
10V

nm

1.3 Applications

• High time resolution: Ultrafast Spectroscopy, tracing of ultrafast phys-
ical processes in condensed matter (see Fig. 1.3), chemical reactions,
physical and biological processes, influence chemical reactions with fem-
tosecond pulses: Femto-Chemistry (Noble Prize, 2000 to A. Zewail),
high speed electric circuit testing and sampling of electrical signals, see
Fig. 1.4.
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Figure 1.3: Pump-probe setup to extract time constants relevant for the
carrier dynamics in semiconductors.

Figure 1.4: High speed A/D conversion with a high repetition rate pico- or
femtosecond laser.
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• High spatial resolution: cτFWHM; optical imaging, e.g. optical coher-
ence tomography, see Figs. 1.5-1.8).

Figure 1.5: Setup for optical coherence tomography.

Figure 1.6: Cross section through the human eye.

Courtesy of James Fujimoto. Used with permission.

Courtesy of James Fujimoto. Used with permission.
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Figure 1.7: Comparison of retinal images taken with a superluminescence
diode (top) versus a broadband Ti:sapphire laser (below).

• Imagaing through strongly scattering media:

Figure 1.8: Imaging of the directly transmitted photons results in an un-
blurred picture. Substitution for x-ray imaging; however, transmission is
very low.

• High bandwidth: massive WDM - optical communications, many chan-
nels from one source or massive TDM, high bit-rate stream of short
pulses.

Courtesy of James Fujimoto. Used with permission.

Figure by MIT OCW.
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• High intensities: Large intensities at low average power ⇒ Nonlinear
frequency conversion, laser material processing, surgery, high intensity
physics: x-ray generation, particle acceleration, ...

1.4 Review of Laser Essentials

Linear and ring cavities:

Figure 1.9: Possible cavity configurations. (a) Schematic of a linear cavity
laser. (b) Schematic of a ring laser. [1]

Steady-state operation: Electric field must repeat itself after one roundtrip.
Consider a monochromatic, linearly polarized field

E(z, t) = <©E0ej(ωt−kz)ª , (1.3)

Figure by MIT OCW.
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where

k =
ω

c
n (1.4)

is the propagation constant in a medium with refractive index n.
Consider linear resonator in Fig. 1.9a. Propagation from (1) to (2) is

determined by n = n0+jn00 (complex refractive index), with the electric field
given by

E = <
n
E0e

ω
c
n00g cgejωte−j

ω
c
(n0gcg+ca)

o
, (1.5)

where ng is the complex refractive index of the gain medium (outside the
gain medium n = 1 is assumed), cg is the length of the gain medium, ca is
the outside gain medium, and c = ngcg + ca is the optical path length in the
resonator.
Propagation back to (1), i.e. one full roundtrip results in

E = <
n
r1r2e

2ω
c
n00g cgE0e

jωt−j2ω
c
c
o
⇒ r1r2e

2ω
c
n00g cg = 1, (1.6)

i.e. the gain equals the loss, and furthermore, we obtain the phase condition

2ωc

c
= 2mπ. (1.7)

The phase condition determines the resonance frequencies, i.e.

ωm =
mπc

c
(1.8)

and

fm =
mc

2c
. (1.9)

The mode spacing of the longitudinal modes is

∆f = fm − fm−1 =
c

2c
(1.10)

(only true if there is no dispersion, i.e. n 6= n(ω)). Assume frequency
independent cavity loss and bell shaped gain (see Fig. 1.10).
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Figure 1.10: Laser gain and cavity loss spectra, longitudinal mode location,
and laser output for multimode laser operation.

Figure 1.11: Gain and loss spectra, longitudinal mode locations, and laser
output for single mode laser operation.

To assure single frequency operation use filter (etalon); distinguish be-
tween homogeneously and inhomogeneously broadened gain media, effects of
spectral hole burning! Distinguish between small signal gain g0 per roundtrip,

Figure by MIT OCW.

Figure by MIT OCW.
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i.e. gain for laser intensity I → 0, and large signal gain, most often given by

g =
g0

1 + I
Isat

, (1.11)

where Isat is the saturation intensity. Gain saturation is responsible for the
steady state gain (see Fig. 1.11), and homogeneously broadened gain is
assumed.
To generate short pulses, i.e. shorter than the cavity roundtrip time,

we wish to have many longitudinal modes runing in steady state. For a
multimode laser the laser field is given by

E(z, t) = <
"X

m

Ême
j(ωmt−kmz+φm)

#
, (1.12a)

ωm = ω0 +m∆ω = ω0 +
mπc

c
, (1.12b)

km =
ωm

c
, (1.12c)

where the symbol ˆdenotesa frequency domain quantity. Equation (1.12a)
can be rewritten as

E(z, t) = <
(
ejω0(t−z/c)

X
m

Ême
j(m∆ω(t−z/c)+φm)

)
(1.13a)

= < £A(t− z/c)ejω0(t−z/c)
¤

(1.13b)

with the complex envelope

A
³
t− z

c

´
=
X
m

Eme
j(m∆ω(t−z/c)+φm) = complex envelope (slowly varying).

(1.14)
ejω0(t−z/c) is the carrier wave (fast oscillation). Both carrier and envelope
travel with the same speed (no dispersion assumed). The envelope function
is periodic with period

T =
2π

∆ω
=
2c

c
=

L

c
. (1.15)

L is the roundtrip length (optical)!

Examples:
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We assume N modes with equal amplitudes Em = E0 and equal phases
φm = 0, and thus the envelope is given by

A(z, t) = E0

(N−1)/2X
m=−(N−1)/2

ej(m∆ω(t−z/c)). (1.16)

With
q−1X
m=0

am =
1− aq

1− a
, (1.17)

we obtain

A(z, t) = E0
sin
£
N∆ω
2

¡
t− z

c

¢¤
sin
£
∆ω
2

¡
t− z

c

¢¤ . (1.18)

The laser intensity I is proportional to E(z, t)2, averaged over one optical
cycle: I ∼ |A(z, t)|2. At z = 0, we obtain

I(t) ∼ |E0|2
sin2

¡
N∆ωt
2

¢
sin2

¡
∆ωt
2

¢ . (1.19)

Figure 1.12: (a) mode-locked laser output with constant mode phase. (b)
Laser output with randomly phased modes.

Figure by MIT OCW.
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(a) Periodic pulses given by Eq. (1.19), period T = 1/∆f = L/c

• pulse duration
∆t =

2π

N∆ω
=

1

N∆f
(1.20)

• peak intensity ∼ N2|E0|2
• average intensity ∼ N |E0|2 ⇒ peak intensity is enhanced by a
factor N .

(b) If phases of modes are not locked, i.e. φm random sequence

• Intensity fluctuates randomly about average value (∼ N |E0|2),
same as modelocked case

• correlation time is ∆tc ≈ 1
N ·∆f

• Fluctuations are still periodic with period T = 1/∆f .

In a usual multimode laser, φm varies over t.

1.5 History

1960: First laser, ruby, Maiman [4].

1961: Proposal for Q-switching, Hellwarth [5].

1963: First indications of mode locking in ruby lasers, Guers and
Mueller [6],[7], Statz and Tang [8]. on He-Ne lasers.

1964: Activemodelocking (HeNe, Ar, etc.), DiDomenico [9], [10] and
Yariv [11].

1966: Passive modelocking with saturable dye absorber in ruby by A.
J. Dellaria, Mocker and Collins [12].

1966: Dye laser, F. P. Schäfer, et al. [13].

1968: mode-locking (Q-Switching) of dye-lasers, Schmidt, Schäfer [14].

1972: cw-passive modelocking of dye laser, Ippen, Shank, Dienes [15].
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1972: Analytic theories on active modelocking [21, 22].

1974: Sub-ps-pulses, Shank, Ippen [16].

1975: Theories for passive modelocking with slow [1], [24] and fast
saturable absorbers [25] predicted hyperbolic secant pulse.

1981: Colliding-pulse mode-locked laser (CPM), [17].

1982: Pulse compression [20].

1984: Soliton Laser, Mollenauer, [26].

1985: Chirped pulse amplification, Strickland and Morou, [27].

1986: Ti:sapphire (solid-state laser), P. F. Moulton [28].

1987: 6 fs at 600 nm, external compression, Fork et al. [18, 19].

1988: Additive Pulse Modelocking (APM),[29, 30, 31].

1991: Kerr-lens modelocking, Spence et al. [32, 33, 34, 35, 36].

1993: Streched pulse laser, Tamura et al [37].

1994: Chirped mirrors, Szipoecs et al. [38, 39]

1997: Double-chirped mirrors, Kaertner et al.[40]

2001: 5 fs, sub-two cycle pulses, octave spanning, Ell at. al.[42]

2001: 250 as by High-Harmonic Generation, Krausz et al.[43]
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Figure 1.13: Pulse width of different laser systems by year.
Courtesy of Erich Ippen. Used with permission.
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Figure 1.14: Pulse width of Ti:sapphire lasers by year.

1.6 Laser Materials
Laser
Material

Absorption
Wavelength

Average
Emission λ

Band
Width

Pulse
Width

Nd:YAG 808 nm 1064 nm 0.45 nm ∼ 6 ps
Nd:YLF 797 nm 1047 nm 1.3 nm ∼ 3 ps
Nd:LSB 808 nm 1062 nm 4 nm ∼ 1.6 ps
Nd:YVO4 808 nm 1064 nm 2 nm ∼ 4.6 ps
Nd:fiber 804 nm 1053 nm 22-28 nm ∼ 33 fs
Nd:glass 804 nm 1053 nm 22-28 nm ∼ 60 fs
Yb:YAG 940, 968 nm 1030 nm 6 nm ∼ 300 fs
Yb:glass 975 nm 1030 nm 30 nm ∼ 90 fs
Ti:Al2O3 480-540 nm 796 nm 200 nm ∼ 5 fs
Cr4+:Mg2SiO4: 900-1100 nm 1260 nm 200 nm ∼ 14 fs
Cr4+:YAG 900-1100 nm 1430 nm 180 nm ∼ 19 fs

Transition metals: (Cr3+, Ti3+, Ni2+, CO2+, etc.) (outer 3d-electrons)
→ broadband

Rare earth: (Nd3+, Tm3+, Ho3+, Er3+, etc.) (shielded 4f -electrons)
→ narrow band.
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